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Abstract: Let G = (V(G), E(G)) be a graph and let f: V(G) — {0,1} be a mapping from the set of vertices to {0,1} and for each
edge uv € E assign the label |f(u) — f(v)|. If the number of vertices labeled with 0 and the number of vertices labeled
with 1 differ by at most 1 and the number of edges labled with 0 and the number of edges labeled with 1 differ by at most
1, then f is called a cordial labeling. We discuss cordial labeling of graphs obtained from duplication of certain graph
elements in helm and closed helm.
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1. Introduction

We begin with simple, finite, undirected graph G = (V(G), E(G)) where V(G) and E(G) denotes the vertex set and the
edge set respectively. For a finite set A, |A| denotes the number of elements of A. For all other terminology we follow Gross

[2]. We provide some useful definitions for the present work.

Definition 1.1. The graph labeling is an assignment of numbers to the vertices or edges or both subject to certain condi-

tion(s).
A detailed survey of various graph labeling is explained in Gallian [1].

Definition 1.2. For a graph G = (V(G), E(G)), a mapping f : V(G) — {0,1} is called a binary vertex labeling of G and
f(v) is called the label of the vertex v of G under f. For an edge e = uv, the induced edge labeling f* : E(G) — {0,1}
defined as f*(uwv) = |f(u) — f(v)|. Let vs(0),v5(1) be the number of vertices of G having labels 0 and 1 respectively under f

and let ef(0),ez(1) be the number of edges having labels 0 and 1 respectively under f*.

Definition 1.3. Duplication of a vertex v of a graph G produces a new graph G’ by adding a new vertex v’ such that
N(®@') = N(v). In other words a vertex v’ is said to be duplication of v if all the vertices which are adjacent to v in G are

also adjacent to v’ in G'.
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Definition 1.4. Duplication of an edge e = uv of a graph G produces a new graph G’ by adding an edge ¢’ = u'v’ such that
N@') = N@u)U{v'} —{v} and N(v') = N(v) U {u'} — {u}.

Definition 1.5. The wheel W, is join of the graphs C,, and K;. i.e W,, = C,, + K1. Here vertices corresponding to C,, are
called rim vertices and Cy, is called rim of W,, while, the vertex corresponding to Ki is called the apex vertex, edges joining

the apex vertex and a rim vertex is called spoke.

Definition 1.6 ([1]). The helm Hy, is the graph obtained from the wheel W, by adding a pendant edge at each rim vertez.

FEach pendent edges are called outer spoke.

Definition 1.7 ([1]). The closed helm CH,, is the graph obtained from a helm by joining each pendent vertex to form a
cycle, here vertices corresponding to this cycle are called outer rim vertices and vertices corresponding to wheel except the

apex verter are called inner rim vertiecs.

Definition 1.8. A binary vertez labeling f of a graph G is called a cordial labeling if |vs(1)—vs(0)| < 1 and |es(1)—ef(0)] < 1.

A graph G is said to be cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by Cahit [3] in which he proved that the wheel W, is cordial if and only if
n # 3 (mod 4). Vaidya and Dani [4] proved that the graphs obtained by duplication of an arbitrary edge of a cycle and a
wheel admit a cordial labeling. Prajapati and Gajjar [5] proved that complement of wheel graph and complement of cycle
graph are cordial if n # 4 (mod 8) or n # 7 (mod 8). Prajapati and Gajjar [6] proved that cordial labeling in the context
of duplication of cycle graph and path graph. In this paper, for every natural number n the set {1,2,...,n} will be denoted
by [n].

2. Main Results

Theorem 2.1. The graph obtained by duplicating all the vertices except the apex vertex of the helm H, is cordial.

Proof. Let V(H,) = {w} U {u;,v;/1 <i <n}and E(H,) = {wui,uv;/1 < i < n}pU{upur} U{uiuip1/1 <i<n—1}.
Let G be the graph obtained by duplicating all the vertices except the apex vertex in H,. Let u},u5,...,u},, v, 5, ..., v, be
the new vertices of G' by duplicating u1,us, ..., un, v1,v2, ..., v, respectively. Then V(G) = {w} U {u;,v;, uj,v;/1 < i < n}
and E(G) = {unu1, unu1, unt) } U {uitit, winirr, wing 1 /1 <@ <n— 1} U {wus, wug, uivi, ujvi, uiv;/1 < i < n}. Therefore

|[V(G)] =4n + 1 and |E(G)| = 8n. Define a vertex labeling f : V(G) — {0,1} as follows:

1 if z = w;
fl@) =19 1 ifz € {u;,v';}, i € [n];

0 if z € {v;,us}, i €[n].

Thus vf(1) = 2n + 1 and vf(0) = 2n. The induced edge labeling f* : E(G) — {0,1} is f*(uv) = |f(u) — f(v)], for every
edge e = uwv € E. Therefore

1 if e € {usvs,wu's}, i € [n];

1 ife e {uviuipr,uivi41}, i € [n—1];

if e € {wu;,viu'i, wiv';}, i € [n];

ife:uiui_‘_l, i€ [nfl];

o o o

if e = unus;

1 if e € {unu1, upul}.
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Thus ef(1) = 4n and e;(0) = 4n. Therefore f satisfies the conditions |vs(1) — vf(0)] < 1 and |es(1) — ef(0)] < 1. So, f

admits cordial labeling on G. Hence G is cordial. O
Theorem 2.2. The graph obtained by duplicating all the vertices of the helm H, is cordial.

Proof. Let V(H,) = {w} U {u;,v;/1 < i < n} and E(H,) = {wus,wivi/1 < i < n} U {upur} U{uuig1/1 < i <
n — 1}. Let G be the graph obtained by duplicating all the vertices in H,. Let w’, ul,uj, ..., u,, v, v3, ..., v, be the new
vertices of G by duplicating w, w1, uz, ..., Un, V1, V2, ..., Uy, Tespectively. Then V(G) = {w,w'} U {u;, vi, v}, v;/1 < i < n} and

E(G) = {unu1, upur, unul FU{utigr, wjnirr, w1 /1 <@ < n—1}U{wus, wug, uvs, uivs, uivg, w'u; /1 < 4 < n}. Therefore

|[V(G)| =4n + 2 and |E(G)| = 9n. Define a vertex labeling f : V(G) — {0,1} as follows:

1 if z =w';

1 if x =wu;, i € [n];

R G ) KLY SV .

=t ifx =1, i €[n];
flx) =

0 if x = w;

%ﬁl)i if . =wv;, 1 € [n];

0 ifz=1u'y, i €n].

Thus even vf(1) = 2n + 1 and v¢(0) = 2n + 1. The induced edge labeling f* : B(G) — {0,1} is f*(uv) = |f(u) — f(v)], for

every edge e = uv € E. Therefore

1 if e = wuy, @ € [n];

% if e = uv;, 7 € [n];

1 if e € {u/suit1,uii11}, i € [n—1];
o) = 0 if e = usttit1, @ € [n—1];

0 if e € {w'us, wu's}, i € [n];

%_l)i if e € {u;v'i,viu's}, i € [n];

0 if e = upu;

1 if e € {upu1, unul}.

(-t (-t
gn — (L) on + (HEE)
2 2
and |ef(1) —er(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Thus ef(1) =

and ef(0) =

. Therefore f satisfies the conditions |vf(1) — vs(0)] < 1

Theorem 2.3. The graph obtained by duplicating all the edges other than spoke edges of the helm H, is cordial.

Proof. Let V(H,) = {w} U {u;,vi/1 < i < n} and E(H,) = {ki = wus,m; = wv;/1 < i < n}U{l; = wuig/1 <
i < n—1}U{l, = upui}. Let G be the graph obtained by duplicating all the edges other than spoke edges in
H,. For each i € 1,2,..n, let I} = a;b; and m}; = c;d; be the new edges of G by duplicating I; and m; respectively.
Then V(G) = {w} U {ui,vi,a:,bi,¢,d;i/1 < i < n} and E(G) = {wui, uivs, wes, aibi, ¢;ds, a;ivi, was, wb /1 < 4 < n} U
{Uunu1, Crti1, Unci, bp¥1, Unai, bp_1u1, bpuz } U{Uilit1, CiUit1, UiCit1, biVig1, wiair1/1 < i <n—1}U{biui+2/1 <i<n—2}.

Therefore |V(G)| = 6n+ 1 and |E(G)| = 14n. Define a vertex labeling f : V(G) — {0,1} as follows:

1 if x =w;
f(@) =1 1 ifz € {ui,vi, e}, i € [n];
0 ifze {ai,bi,di}, XS [n] .
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Thus v¢(1) = 3n + 1 and vf(0) = 3n. The induced edge labeling f* : E(G) — {0,1} is f*(uv) = |f(u) — f(v)], for every
edge e = uv € E. Therefore

1 ifee {cidi,awi,wai,wbi}, i€ [n};

0 if e € {wus, u;vs, wez, aibs b, @ € [n];
0 ifee {uiui+1, ciui+1,uici+1}7 1 E [TL — 1] 3
f*(e) = 1 ifee {bwi+1,u,-ai+1}, 1€ [n — 1] ;

1 ife:biui_‘_Q, iE[an];

1 if e € {bp—1u1, bnuz, bpvi, unai};

0 if e € {unu1, crur,unci}.

Thus ef(1) = Tn and ef(0) = 7n. Therefore f satisfies the conditions |vs(1) — vf(0)] < 1 and |es(1) — ef(0)] < 1. So, f

admits cordial labeling on G. Hence G is cordial. O
Theorem 2.4. The graph obtained by duplicating all the vertices of the closed helm CH,, is cordial.

Proof. Let V(CH,) = {w} U {us,vi/1 < i < n} and E(CH,) = {wu;,wvi/l < i < n} U {upui,vevi} U
{uwiviy1,vivig1 /1 < @ < n — 1}. Let G be the graph obtained by duplicating all vertices of CH,. Let
w, Uy, U, .y U, VY, VY, ..., vr, be the new vertices of G by duplicating w, u1, u2, ..., Un, V1, V2, ..., Uy, Tespectively. Then V(G) =
{w,w'} U {ui,vi,uf,vi/1 < i < n} and E(G) = {unu1, vav1, Uy v1, Uavl, Uput, nu] } U {wug, wivs, wiuh, uivg, wivg, u;v; /1 <
i <1} U {uitlig1, ViVig1, Vivigt, ViViyq, UWitit1, Uittiy1/1 <@ < n —1}. Therefore |V(G)| = 4n + 2 and |E(G)| = 12n. Define

a vertex labeling [ : V(G) — {0, 1} as follows:

1 ifz=w;
1 ifz € {u;,0's}, i € [n];
0 if x = w;

0 ifz € {vi,u's}, i €[n].

Thus v(1) = 2n+ 1 and v£(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is f*(uv) = |f(u) — f(v)], for every

edge e = wv € E. Therefore

1 if e € {uvi,wui}, @ € [n];
1 ifee {v’ivprl,uiu’¢+1,u’¢ui+1, vi’l)/7;+1}, 1€ [TL — 1] ;
if e € {uiuit1,viviz1}, 1 € [n—1];

if e € {w'sus, win's, uv's,u' 505}, i € [n];

o O O

if e € {unu1,vnv1l};

O !/ ! ! /
1 if e € {v,v1, V007, Up U1, Uy }.

Thus ef(1) = 6n and ef(0) = 6n. Therefore f satisfies the conditions |vs(1) —vf(0)] < 1 and |ef(1) —ef(0)] < 1. So, f

admits cordial labeling on GG. Hence G is cordial. O
Theorem 2.5. The graph obtained by duplicating all the outer rim vertices of the closed helm CH,, is cordial.

Proof. Let V(CH,) = {w}U{u;,v;/1 <i<n}and BE(CH,) = {wu;, uivi/1 <1 < npU{unur, vovi pU{uitig, vivigr /1 <
i <n—1}. Let G be the graph obtained by duplicating all the outer rim vertices in CH . Let v{, v, ..., v;, be the new vertices

of G by duplicating v1, va, ..., v, respectively. Then V(G) = {w}U{u;,v;,v;/1 <i < n} and E(GQ) = {wu,, wivi,u;vi/1 < i <
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n} U {unut, vnvi, vpv1, vnv1 F U {witliz1, 0ivig1, vivitet, viviy1 /1 <4 < n — 1}. Therefore |V(G)| = 3n + 1 and |E(G)| = Tn.

Define a vertex labeling f : V(G) — {0, 1} as follows:

0 if z = w;

1 if x =w, i € [n];
f(z) =

0 ifx =wv;, i €[n];

%ifx:'u’i,ie[n],

_\n _ynt1
3n+ (LG10) Bn+ 1+ (B
Thus vf(1) = — and vy(0) = 5

f*(uv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

The induced edge labeling f* : E(G) — {0,1} is

1 if e € {wu;, usvi}, @ € [n];

71“_21)”1 if e=v"sv541, i € [n—1];

71+(_21)H1 if e = w;v';, i € [n];

Fe) = # ife=v;v'i41, i € [n—1];

0 if e € {vivit1, wiuit1}, 1 € [n—1];

0 if e € {upu1,vnv1};

%ﬁl)n if e = v, v1;

% if e = vlv1.

14(—1)"t! 14(—1)"t?

Thus ef(1) = mh ( 2< 2) ) and ef(0) = " ( 2< 2> ) Therefore f satisfies the conditions |vs(1) —vr(0)] <1
and |es(1) — ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.6. The graph obtained by duplicating all the vertices except the apex verter of the closed helm CH,, is cordial.

Proof. Let V(CH,) = {w} U {ui;,v;/1 < i < n} and E(CH,) = {wu;,uvi/l < i < n} U {usui,vpvi} U
{uiti+1,vivig1/1 < i < n — 1}. Let G be the graph obtained by duplicating all the vertices except the apex ver-
tex in CH,. Let uj,us,...,ul,,v],v5,...,v, be the new vertices of G by duplicating w1, us, ..., Un,v1, V2, ..., Un Tespec-
tively. Then V(G) = {w} U {us,vi,uj,vi/1 < i < n} and E(G) = {wus,uvi, wiug, uivj,uiv; /1 < i < n} U
{Uitit1, Vivig1, ViVi41, ViVi g1, Uithin1, Uty 1 /1 < @ < n—1}U0{unu1, vnv1, Vpv1, Ve o], Upus, unuy . Therefore |V (G)| = 4n+1

and |E(G)| = 11n. Define a vertex labeling f : V(G) — {0, 1} as follows:

0 if x = w;

1 if x =wu;, 1 € [n];
fl) =

0 if x =v;, i € [n];

w if v € {us,v";}, i € [n].

+ ()™

Thus vf(1) = 2n + ! 5 and vy(0) = 2n + # The induced edge labeling f* : E(G) — {0,1} is f*(uv) =



Cordiality in the Context of Duplication in Helm and Closed Helm

|f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e € {wus, uivi}, i € [n];
0 if e € {vivit1, uitit1}, © € [n—1];
%ﬁl)i if e =w;v's, i € [n];
w if e € {w;u's,u'5v:}, i € [n];
e % if e € {v"ivit1,uit i1}, i € [n—1];
o7 w if e € {viuiy1,viv" i1}, i € [0 —1];
w if e = ulu1;
w if e = vlv1;
0 if e € {unu1, vnv1, unu };
1 if e = v, 1.

14 (=1 t?
1n - ()

1 4 (B
3 and ef(0) = 3 . Therefore f satisfies the conditions |vs(1) —vs(0)] <1

and |es(1) — ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Thus ef(1) =

Theorem 2.7. The graph obtained by duplicating all the edges other than spoke edges of the closed helm CH,, is cordial.

Proof. Let V(CH,) = {w} U {ui,v;/1 < ¢ < n} and E(CH,) = {ji = wu;,li = wiv;/1 < i < n}U
{ki = wiuit1,mi = vivit1/l < i < n — 1} U {kn = unpui,mn, = wv,vi}. Let G be the graph obtained
by duplicating all the edges other than spoke edges in CH,. For each i € 1,2,.n let ki = a;b;,l, =
cid; and m; = e;fi be the new edges of G by duplicating k;,l;and m, respectively. Then V(G) = {w} U
{ui,vi,ai,bi,¢i,di,eq, fi/1 < i < n} and E(G) = {wui,uivs, cids, aibi, a;v;, was, whs, wes, e; fiyesui /1 < i < n} U
{bihit2,vi fir2/1 < i < n— 2} U {witlig1, Vivig1, bivig1, filit1, Vi€it1, UiQit1, diVip1, Vidit1, Cilit1, Uicit1/1 < i < n —
1} U{unur, vpv1, bpv1, faur, vner, unar, dpvi, vndy, i, Unci, by—1u1, bnua, vn_1f1, vn fo}. Therefore |V(G)| = 10n + 1 and

|E(G)| = 22n. Define a vertex labeling f : V(G) — {0, 1} as follows:

1 if x = w;
f(:C) = 0 ifze {ui7di7ei,fi}, 1€ [n];

1 if x € {vi,ai,bi, ¢}, i € [n].

Thus vf(1) = 5n + 1 and v;(0) = 5n. The induced edge labeling f* : E(G) — {0,1} is f*(uv) = |f(u) — f(v)], for every

edge e = uv € E. Therefore

1 if e € {wu;, uivi, c;d; }, i € [n];

0 if e € {witit1, Vivig1, bivit1, fittit1},t € [n — 1];

1 if e € {biwiyo,vifiya},i € [n—2[;

ffle)=< 0 ifee {aibi, a;vi, wa;, whi, wes, e fi, equi b, 1 € [n];

1 if e € {vieit1, WiGit1, diVigy1,Vidit1, CiUit1, UiCit1},1 € [n — 1];

0 if e € {unu1, vpv1,bpv1, frui};

1 if e € {vper, una1, dnv1, vndi, cpin, Uncr, bn—1u1, bptiz, Vn—1f1,vn f2}.

Thus ef(1) = 11n and ef(0) = 11n. Therefore f satisfies the conditions |vf(1) — vs(0)] < 1 and |ef(1) — ef(0)] < 1. So, f

admits cordial labeling on G. Hence G is cordial. ]
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3. Conclusion

we have derived seven new results by investigating cordial labeling in the context of duplication in helm and closed helm.

More exploration is possible for other graph families and in the context of different graph labeling problems.
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