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1. Introduction

Fixed point theory is one of the most important topics in Mathematics, specially in analysis. Due to its application in
various disciplines like engineering, computer science, biological sciences, economics etc., some authors took their interest in
fixed point theory and its application. The Banach fixed point theorem [1] popularly known as Banach contraction mapping
principle is a rewarding results in fixed point theory. For decades, the Banach contraction principle has been improved on
different directions at different spaces by mathematicians.

In 1993, Czerwik [2] introduced firstly the concept of b—metric space and proved some fixed point theorems of contractive
mappings in b—metric space. In the sequel, several papers have been published on the fixed point theory of various classes
of single-valued and multi-valued operators in b—metric spaces (see [3]-[6]). On the other hand, more recently, Samet et
al. [7] introduced the concept of a— admissible and « — ¥ —contractive mappings and presented fixed point theorems for
them. In [8] and [9], Zoto et al. studied generalized a» contractive mappings and (o —1), ¢)— contractions in b—metric—like
space. Also, it should be noted that some authors have studied the fixed point theorems in the generalized metric space and
b—metric space (see [10]-[12]). In particular, Ma et al. [13] studied the sufficient conditions for the existence of a unique
common fixed point of generalized as — 1»—Geraghty contractions in an as—complete partial b—metric space. In 2021, Hao
and Guan [14] introduced a new class of generalized weakly contractive mappings in the framework of b—metric spaces.
Motivated and inspired by Theorems 26 in [13] and Theorem 10 in [14], in this paper, our purpose is to introduce the
concept of generalized (g — asp, ), ) contractive mapping and obtain a few common fixed point results in the framework of
b—metric space. Furthermore, we provide an example that elaborated the useability of our result. Meanwhile, we present

an application to the existence of solutions to an integral equation by means of one of our results.

* E-mail: guanhy8010Q163.com
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2. Preliminaries

Firstly, we recall some definitions and lemmas in b—metric space.

Definition 2.1 ([2]). Let X be a nonempty set and s > 1 be a given real number. A mapping d : X x X — [0, +00) is said

to be a b—metric if and only if, for all x,y,z € X, the following conditions are satisfied:
(i). d(z,y) =0 if and only if v = y;
(ii). d(z,y) = d(y, z);

(i). d(z,y) < s(d(z, z) + d(y, 2)).

In general, (X, d) is called a b—metric space with parameter s > 1.

Remark 2.2. Obviously, every metric space is a b—metric space with s = 1. We can find several examples of b—metric

spaces which are not metric spaces [15].

Example 2.3 ([16]). Let (X, p) be a metric space, and d(z,y) = (p(x,y))?, where p > 1 is a real number. Then d(z,y) is

a b—metric space with s = 2P~ 1.

Definition 2.4 ([17]). Let (X,d) be a b—metric space with parameter s > 1. Then a sequence {zn} in X is said to be:
(i). b—convergent if and only if there exists x € X such that d(xn,x) — 0 as n — +o0;
(ii). a Cauchy sequence if and only if d(zn,Zm) — 0 when n,m — +oo.

As usual, a b—metric space is called complete if and only if each Cauchy sequence in this space is b—convergent.

Definition 2.5 ([18]). Let f and g be two self-mappings on a nonempty set X. If w = fx = gz, for some x € X, then x is
said to be the coincidence point of f and g, where w is called the point of coincidence of f and g. Let C(f,g) denote the set

of all coincidence points of f and g.

Definition 2.6 ([18]). Let f and g be two self-mappings defined on a nonempty set X. Then f and g is said to be weakly

compatible if they commute at every coincidence point, that is, fx = gx = fgx = gfz for every x € C(f,g).
We cite the following lemma to obtain our main results:
Lemma 2.7 ([16]). Let (X,d) be a b—metric space with parameter s > 1. Assume that {zn} and {yn} are b—convergent to

x and y, respectively. Then we have

id(ac, y) < liminf d(zn, yn) < limsup d(zn, yn) < s>d(z, y).

52 n—+00 n—+oo

In particular, if v =y, then we have lim,—, o0 d(Zn,yn) = 0. Moreover, for each z € X, we have

%d(x, z) < liminfd(zn, z) < limsupd(z,, z) < sd(z, z).

n—+o00 n——+oo
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3. Main Results

In this section, we will establish some results for the existence of a common fixed point of generalized weakly contractive
mappings in the setting of complete b—metric spaces. Furthermore, we also provide an example to support our result.

A function f: X — [0,4+00), where (X,d) is a b—metric space, is called lower semicontinuous if, for all z € X and {z,} is
b—convergent to x, we have

f(z) <liminf f(zn).

n——+oo

Let © denote the class of all mappings 3 : Rt — [0, %) We denote ¥ the class of the functions ¢ : [0, +00) — [0, +00)

satisfying the following conditions:
(1). % is non-decreasing,

(2). v is continuous,

(3). ¥(t) =0 if and only if t = 0.

Definition 3.1. Let (X,d) be a b—metric space with parameter s > 1, and let f,g: X — X and a: X x X — [0,400) be
given mappings and p > 1 is an arbitrary constant. The mapping f : X — X is said to be g — asp —admissible if, for all

z,y € X, a(gz, gy) > s* implies a(fz, fy) > sP.

Definition 3.2. Let (X,d) be a b—metric space with parameter s > 1, and let f,g : X — X two self-mappings. Assume
that o : X x X — [0,+00) and p > 1 is a constant. A mapping f is called a generalized (g — asp, 1, @) contractive mapping,
if there exists v € ¥, 8 € Q and L > 0, é + L < 1 such that

Y(algz, gy)ld(fz, fy) + o(fz) + (fy)]) <BW(M(z,y,d, f,9,0))0(M(z,y,d, f,g,¢)) + Lb(N(z,y,d, f,g,¢)), (1)

for all z,y € X with a(gz, gy) > s and d(fz, fy) + o(fz) + ¢(fy) # 0, where

M(z,y,d, f,g,) = max {d(ga:, gy) + ¢(97) + »(gy), %{d(fw, gz) + o(fx) + w(gz) + d(fy, gy) + o(fy) + ¢(gy)},
%S{d(f% gy) +e(fz) + e(gy) + d(fy, 9z) + (fy) + so(g:v)}} ;

and N(z,y,d, [, g,¢) = % min{d(fz, fy) + ©(fz) + o(fy), d(fy, gv) + o(fy) + ¢(gy)},

Remark 3.3.
(i). Note that, for g = I, the definition reduces to an aspr-admissible mapping in a b—metric space.
(#). For s = 1, the definition reduces to the definition of an a—admissible mapping in a metric space.
(%i). If take ¥ (t) = t, the definition reduces to an g — asr-admissible mapping in a b—metric space.
Let (X,d) be a complete b—metric space with parameter s > 1 and a: X x X — [0, 4+00) be a function. Then

(Hsp). If {z,} is a sequence in X such that gz, — gz as n — +oo, then there exists a subsequence {gzn, } of {gz,} with

a(gzn,,gx) > sP for all k € N;

(Usp). For all u,v € C(f,g), we have the condition of a(gu, gv) > s? or a(gv, gu) > sP.
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Theorem 3.4. Let (X,d) be a complete b—metric space with parameter s > 1 and let f,g: X — X be given self-mappings
satisfying g is injective and f(X) C g(X) where g(X) is closed. Suppose ¢ : X — [0,+00) is a lower semicontinuous

function and o : X X X — [0,400). If the following conditions are satisfied:
(i). f is g — asp— admissible mapping,
(i). f is generalized (g — asr, v, @) contractive mapping,
(@i). there is ko € X with satisfying a(gxo, fxo) > s,
(). properties (Hsp) and (Usp) are satisfied,
(v). « has a transitive property type sP, that is, for x,y,z € X, a(z,y) > s? and a(y, z) > s? = a(z,z) > sP.

Then f and g have a unique coincidence point in X. Moreover, f and g have a unique common fized point provided that f
and g are weakly compatible.
Proof. Let zo € X such that a(gzo, fro) > sP(using condition (iii)). Define the sequence {z,} and {y,} in X by

Yn = fxn = gxpy1 for allm € N. If y, = yp41 for some n € N, then we have y, = Yyn+1 = fTn+1 = gTn+1 and we have

nothing to prove. Without loss of generality, assume that y, # yn+t1 for all n € N. According to condition(i), we get

a(gro, gr1) = agxo, fro) > s°,

a(gz1, gr2) = affxo, fr1) > 57,

a(gze, gr3) = a(fz1, fra) > s'.

Therefore, continuing this process, we obtain a(gxn, §Tn+1) = @(Yn—-1,yn) > s® for all n € N. Applying (1) with z = =z,

and y = Tp41, We obtain

Y(Ad(Yn, Ynt1) + @ (Yn) + @(Un+1)) < Y("[d(Yns Yn+1) + ©(Yn) + @(Yn+1)])
< w(a(gﬂcn, ganrl)[d(fxna fInJrl) + W(fmn) + ‘P(fxn+1)})
S ﬂ(w(M(xna Tn+1, d7 fa 9, @))w(M(xTH Tn+1, d7 fa 9, 90))

+ Lw(N(:CTLv Tn+1, d7 fa 9, SO))7
where

1
M(l’n, Tn+1, da .f7 g, 30) = max{d(ga:n, g$n+1) + SD(gfL'n) + SD(gl",H»l), i{d(fx”a gx’"«) + ‘P(fxn) + S"(gwn)JF

d(frnt1,9n+1) + @(fTnt1) + @(9Tnt1)}, %{d(ffvm 9Tn+1) + o(f2n) + ©(gTn+1)

+d(frnt1, 970) + o(frni1) +0(gzn)}}
<max{d(yn—1,Yn) + ¢(Yn-1) + ¢(yn), ()

%{d(yn, Yn—1) + 9(Yn) + ©(Yn—1) + d(Yn+1,Yn) + @(Yn+1) + ©(yn)},

Q%{d(yn» Yn) + @(yn) + ©(Yn) + d(Yn+1,Yn-1) + @(Yn+1) + @(Yn-1)}}

<max{d(yn—1,yn) + @(Yn-1) + @©(Yn), d(Yn+1,Yn) + @(Yn+1) + @(yn)}
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and

N(mn, ZTnt1,4d, f, 9, ‘P) % min{d(fxn, fxn-!—l) + ‘P(fxn) + QD(fZ‘n+1), d(fxn-&-lv gxn-ﬁ-l) + ‘P(fxn-!—l) + ‘P(gmn-!—l)}

= % min{d(yn, Ynt+1) + @(Yn) + @(Yn+1), d(Yn+1,Yn) + @(Yn+1) + ©(yn)} (4)

< d(Yn+1,Yn) + P(Yn+1) + @(Yn).

I (Y, ys1) + @) + ©(Yas1) > s Y1) + @(yn) + (1), for some n € N, by means of (2), (3) and (4), we have

’(/)(d(y”a yn+1) + @(y’ﬂ) + (p(yn+1)) Séw(M(xna Tn+1, dv .f7 g, QO)) + L1/’(N($na Tn+1, d7 fv g, SD))
Sgw(d(ymh Yn) + @(Ynt1) + ©(yn)) + LY(d(Yn+1,Yn) + @(Ynt1) + ©(yn))

<Y(A(Yn, Yn+1) + ©(Yn) + @(Yn+1)),

which is a contradiction. Hence, we have

A(n, Ynt1) + @) + @(Ynt1) < d(yn, yn—1) + ©(yn) + ©(yn-1), (5)
M(m’m Tn+1, d7 f?g7 90) < d(yn, y’nfl) + (P(y") + SO(:L/nfl), (6)
and N(l’n, Tn+1, d7 f7 g9, SO) < d(yn7 y’ﬂfl) + So(yn) + So(yn*l) (7)

From (5), we deduce that {d(yn,Yn+1) + ©(yn) + ©(Yn+1)} is a non-increasing sequence and consequently there exists r > 0

such that

lim (d(yYn; yn+1) + @(Yn) + @(Ynt1)) = 7.

n—-+oo

Having in mind (2), (6) and (7), one can obtain

¢(d(ym yn+1) + Qﬁ(yn) + Qﬁ(yn+l)) < /B(w(M(xn,xn+17 d: fvgv (p))w(M(mnvaH-l»CL f: 9, Lp)) + L¢(N($n,$n+1,d, f7 9, 50))
1
5

< =P(dYns Yn—1) + ©(Yn) + @(Yn-1)) + LY(d(Yyn, Yn-1) + @(yn) + ¢(yn-1))

< P(d(Yn, Yn—1) + @(Yn) + P(Yn-1))- (8)

We claim that » = 0. On the contrary, assume that r > 0. Taking limit as n — oo in (8), we have

P(r) = lm  P(d(yn, yn+1) + ©(yn) + ©(Yn+1))

n——+oo

< lim ﬂ(w(M(mn,ZCn+1,d, fag7%))¢(M(xn7xn+l7d7f7gago))+Lnli}}}oow(N(x”7xn+1ad7f7g7¢)))

T n—+oo

< lim_ @Ay yn) + o(un) + o) + L lim (d(yn, yn—1) + @ (Yn) + ¢(yn-1))

8§ n—+oo

< Hm_ Y(d(Yn, Yn-1) + @©(yn) + ©(Yn-1))

n—-+oo

—0(0).

The above holds unless lilf (d(YnsYn+1) + ©(Yn) + @(yn+1)) = 7 = 0. It follows that lirf d(Yn,Yn+1) = 0 and
S too n—-+0o

n

Lim o(yn) = 0.

Now we shall prove that {y,} is a Cauchy sequence in X. If {y»} is not Cauchy, that is, there exists € > 0 for which one

can find sequences {ym, } and {yn, } of {yn} satisfying n; is the smallest index for which ny > my > k,

e < d(Ymy, Yny )5 (9)
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and d(Ymy, Yny—1) < €. (10)
By the triangle inequality in b—metric space and (9), (10), we have
€ < d(Ymy, Yny) < 8d(Ymys Yng—1) + SA(Yng—1,Yn),) < € + $d(Ynj—1, Yn,, )-
By passing to limit as k — +oco in the above inequality, we have € < lim sup d(Ym,, Yn, ) < se. Also,
k—+oco
d(y’mk ) ynk) S Sd(ymk ) y’nkfl) + Sd(y’nk*h Yny, )7 (11)
d(y’mk ) ynk) S Sd(ymk ) y’mkfl) + Sd(ymkfla Yny, )7 (12)
d(ymkfla ynk) S Sd(ymkfly ymk) + Sd(ymk 9 ynk ) (13)
Taking account into (9), (10) and (11), we obtain
€ _ ..
= < limsup d(ymk7ynk_1) <e.
S k—+oo
Using (9), (12) and (13), we get
€ . 2
- < limsupd(Ym,—1,Yn,) < s°¢.
S k—+o0
Similarly,
d(ymk—lv ynk_l) < Sd(ymk_17 ymk) + Sd(ymk ) ynk—l),
A(Yrmy s Yrg) < 8AYmg s Ymp—1) + A Ymg—1, Yng—1) + 8" A Yng—1, Yny )
so there is
£ < limsup d(Ymy 1, Ynp—1) < S€.
52 k—+o00
In view of the definition of M(x,y,d, f, g, ), we deduce
M(zm,,, Tny., d, [, 9, 0) = max{d(gzm,, gTn,.) + ¢(9Tm,) + P(9Tn, ),
1
Sld(famy, gom,) +o(fem,) +¢(g2m,) + d(f2ny, g2n,) + @(fTn,) + o(92n,)},
1
?S{d(fxmk 1 9%n,,) + @(frmy) + 9(gTn,) + d(fTny, 9Tm,,) + @(fTn,) + ©(gTmy, ) }} (14)

= max{d(Ymy, -1, Yn,—1) + P(Ymp—1) + @ (Yn,—1),

2

1
{dWmp Ymi—1) + P (Ymy,) + @ Yme—1) + AdYny Yng—1) + @ (Yny) + @(Ynp—1)},
1
25 1AYms Yni=1) + @ (Ym) + @ (Yni—1) + dWYnys Ymi=1) + P (Yny) + P (Yme-1) 1}

Taking the upper limit as k — +o0 in (14), we obtain

2
1t SUp M (g f, 9,9) < maxcfse, 0, 5555} = se.
S

k—+oco
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Also, we have

1 .
= 5 min{d(Ym, Yni) + P (Yme) + @ (Yne ), dYni, Yni=1) + @ (Yny) + o (yn,—1)}-
It follows that

limsupN(xmk,$nk7d7 f’ g, SO) < se.

k—+oco

Using the transitivity property type s” of a, we have a(gZm,, gZn, ) > s¥. As we have seen in (1) with z = 2, and y = =, ,

one can get

Y(se) < Y(s”e)
< Y(a(grmy, gTn,) ligiup[d(ymmynk) + ©(Ymy,) + 2 (yny)])
S hgiup 5(¢(M($Mk ) x"k ’ d» fa 9, @)))’(/)(M(l‘mk ) x"k I d7 fa 9, 90)) + hrgiup L"/’(N(xmk ) x”k ’ da fv 9, 90))

< () + Lij(s2)

< ¥(se),

which is a contradiction. It follows that {y,} is a Cauchy sequence in X. The completeness of X ensures that there exists a

u € X such that

lim d(yn,u) = nll)lfoo d(fzn,u) = HBTOO d(gzni1,u) =  lim  d(yn,ym) = 0. (15)

n——+oo n,m—-+oo

Furthermore, we have u € g(X) since g(X) is closed. It follows that one can choose a z € X such that u = gz , and one can
write (15) as

lim d(yn,92) = lim d(fzn,g2) = lim d(gzn+1,92) =0.

n—+o00
By virtue of the definition of ¢, we get
¢(92) = p(u) < liminf p(y,) = 0.

n—-+4oo

That is, ¢(gz) = ¢(u) = 0. The property Hs» yields that there exists a subsequence {yn, } of {yn} so that a(yn,—1,9z) > s*

for all k € N. If fz # gz, taking * = x,, and y = z in contractive condition (1), we deduce that

Y(d(fony,, f2) + o(fan,) + o(f2) SO(SP[A(fan,, f2) + o(fzn,) + o (f2)])
SP(aYnp—1,92)[d(fny, f2) + o(frn,) + @(f2)]) (16)

S/B(w(M($nk,Z,d, f?g’ @)))w(M(mnkazada fa g7 50)) + L’(:b(N(m’ﬂkaZ?d? fa g7 30))7

where
M(:an7zv d: f7g7 ()0) = max{d(gmnk,gz) + (p(gxnk) + SO(gZ),

A0 90,) + 0(f2ng) + 9(07ny) + d(f2,92) + 9(f2) + p(92)),

o020 92) + 9l m) + (92) + d(F2 g7m,) + (1) + 0lgn, )1}
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= max{d(Yn;,—1,92) + @(Un,—1) + ©(g92),
%{d(ynk sYng—1) T P(Yny) + P(Yny—1) +d(f2,92) + o(f2) + p(g2)},
1

g{d(ynk 1 92) + ©(Yny,) + 0(92) + d(f2, Yny,—1) + ©(f2) + @(Ynp-1)}},

= L i {d(yn £2) + ol + (F2),d(f2 92) + o(F2) + ol92)}.

2
By simple calculation, we obtain
limsup M(zn,, 2,d, f,9,¢) < d(fz,g2) + ¢(f2), (17)
k—+o0
and limsup N(zn,, 2, d, f,g,¢) < d(fz, 9z) + o(fz). (18)
k—+oo

By taking the supper limit as k — +oo in (16) and using (17) and (18), one can get

Y(A(f2,92) + 9(F2) < TU(d(f297) + @lf2)) + Lb(d(f7,97) + p(/2)
< Y(d(fz,92) + ¢(f2)).
Evidently, d(fz, gz) + ¢(fz) = 0, which implies that fz = gz and ¢(fz) = 0.

Now we claim that z is the unique coincidence point of f and g. If not, there exist 2,2’ € C(f,g) and z # 2’, according to

the property of Usr, we deduce that a(gz, gz') > s*, applying (1) with z = z and y = 2’, we obtain that

D(d(fz, f2') + @(f2) + o(f2) S o(sPld(f2, £2) + o(f2) + o (f2)])
< ¥(algz, g2")[d(fz, f2') + o(f2) + o(£2)]) (19)

<BW(M (2,2, d, f,9,0))0(M(z,2',d, f,g9,¢)) + LY (N(2,2',d, f,g,¢)).

Here,

M(z,2',d, f,g,¢) = max {d(gz, 97') + ©(g2) + (g2'), %{d(fz,gd +o(fz) + @(gz) + d(f2', 92") + o(f2') + »(92)},
35 {092 + 0U02) + 9(a) + A3, 92) + 0(1) + olg2)} |

< d(gz,92") + ¢(g7),
N(z,2',d, f,g,¢) = % min{d(fz, fz') + ¢(fz) + o(f2),d(f2', 92") + ©(f2) + ¢(92)}

< d(gz,92') + ¢(g2").
It follows from (19) that

¥(d(gz,92") + p(g2)) < %w(d(gz,g%) +0(92") + Ly (d(gz, 92") + ¢(92"))

< (d(gz,g2") + @(g2)).

Hence, we get that d(gz, gz’) + ¢(gz’") = 0, which implies that gz = gz’ and (gz’) = 0. Since g is a injective mapping, then
z = 2, that is z is a unique coincidence point of f and g. Further, owing to the weak compatibility of f and g, it is easy to

show that z is a unique common fixed point of f and g. This completes the proof. O
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Example 3.5. Let X = [0, +00) and d(z,y) = (x — y)?. Define mappings f,g: X — X by

2 702
x} z € [0,1] o z € [0,1]
fr= 8 and gz = 78
2z, x>1, Zm’ z > 1.

Define mapping o : g(X) x g(X) — [0,+00) by

S, z,y € [07 Z]
a(z,y) =

0, otherwise.

Define mappings 1 : [0, +00) = [0,400) and ¢ : X — X with ¥(t) = t, p(z) = 2%, € [0, +-00).

Let B be a function on [0,+00) defined by B(t) = i—g + ﬁ for all t > 0, then 8 € Q. It is clear that f(X) C g(X).

For z,y € X such that a(gz,gy) > s, we can know that gz,gy € [0,%] and this implies that z,y € [0,1], so we obtain

fz, fy €0, ﬂ by definitions and o(fz, fy) > s. That is, f is g — as—admissible mapping. For all z,y € [0, 1], we have

B(M(z,y,d, f,g,0))0(M(x,y,d, f,g,¢)) >L[¢(d(g$7 gy) + ¢(9z) + ©(gy))]

—49
16,72 Tyt Tax?
=l —5 ) (%
16 49

49 32

7+ (L

(z* +y' — 2%y

1
25(374 +y' —2%y”).

According to above inequalities, remark that

Y(algz, gy)ld(fz, fy) + o(fz) + o(fy)]) =

Sﬁ(M(:'E7 y7 d7 f7 g? @))w(M(:L‘7 y? d? f? g’ LP)) + L'l/](N(:L., y’ d’ f? SO))'

with L > 0, % + L < 1. It follows that f is a generalized (g — asp, ¥, @) contractive mapping and all conditions of Theorem

8.4 are satisfied with s = 2. It is easy to obtain that 0 is the unique common fized point of f and g.
If ¢ = 0 in Theorem 3.4, we can get the following sequence:

Corollary 3.6. Let (X,d) be a complete b—metric space with parameter s > 1 and let f,g: X — X be given self-mappings
satisfying g is injective and f(X) C g(X) where g(X) is closed. Suppose p > 1 is a constant, and a : X x X — [0,400) a

given mapping. If the following conditions are satisfied:
(i). f is g — asr— admissible mapping,

(#). for each z,y € X

Y(algz, gy)d(fz, fy)) <Bp(Mi(x,y)))(Mi(z,y)) + Lp(Ni(z,y)),
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where

Mi(e,) = max{d(ge, gv), 3 {d(F2, 92) + d(fy, 99)}, 5, 99) + ATy, 92},

and Ni(e,y) = 5 min{d(fz, f9),d(fy,9)},

(#i). there is o € X with satisfying a(gxo, fxo) > s,
(). properties (Hsp) and (Usp) are satisfied,
(v). a has a transitive property type sP, that is, for x,y,z € X, a(z,y) > s* and a(y,z) > s* = a(z,z) > sP.

Then f and g have a unique coincidence point in X. Moreover, f and g have a unique common fized point provided that f

and g are weakly compatible.

If we consider corresponding problem in the setting of metric space, that is, s = 1 in Theorem 3.4, one can obtain that:

Corollary 3.7. Let (X,d) be a complete b—metric space with parameter s > 1 and let f,g: X — X be given self-mappings
satisfying g is injective and f(X) C g(X) where g(X) is closed. Suppose p > 1 is a constant, and a : X x X — [0,+00) a

given mapping. If the following conditions are satisfied:
(i). f is g — asp— admissible mapping,

(#). for each r,y € X

Y(algz, gy)d(fx, fy)) <BYp(Ma(z,y)))v(Mz2(z,y)) + Lp(N(z,y)),

where

Ma(x,y,d, f,g,) = max {d(gx, gy) + ¢(9z) + »(gy), %{d(fw, gz) + o(fx) + w(gz) + d(fy, gy) + o(fy) + v(gy)}

%{d(fx, gy) +o(fz) + ¢(gy) + d(fy, gx) + o(fy) + w(g:r)}} ;

(@i). there is ko € X with satisfying a(gxo, fxo) > s,
(). properties (Hsp) and (Usp) are satisfied,
(v). « has a transitive property type s?, that is, for x,y,z € X, a(z,y) > s? and a(y, z) > s? = a(z,z) > sP.

Then f and g have a unique coincidence point in X. Moreover, f and g have a unique common fized point provided that f

and g are weakly compatible.

Theorem 3.8. Let (X, d) be a complete b—metric space with parameter s > 1. Let f : X — X be a given mapping and

¢ : X — [0,400) be a lower semicontinuous with ¢(t) = 0 for t € Fix(f). Suppose p > 3 is a constant. If the following

conditions are satisfied:
(i). f is asp-admissible mapping,

(i1). there is xo € X with satisfying a(xo, fzo) > P,
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(%i). if there exist ¢ € ¥, and % + L < 1 such that
vale, p)d(fz, fo) + (f2) +o(f9) < Ty, d, £,9)) + Lola(e, v, d, 1,9),

where

h(x,y,d, f, ) = max {d(w, y) +¢(@) + ¢(y), %{d(% fx) + @) +o(fr) +d(fy,y) +e(fy) +e(y)},
5 [9) + () + 9(0) + dUf2) + 9(0) + 9} |

a(w,,d, f,) = 5 min{d(z,y) + 9(@) + (), d(fy, ) + o(f0) + $w)}.

(iv). properties (Hsp) and (Usp) are satisfied when g = I.
(v). a has a transitive property type s*, that is, for x,y,z € X, a(z,y) > s* and a(y, z) > s = a(z,z) > sP.
Then f has a unique common fized point.

Proof. The proof is similar to that of Theorem 3.4, we omit it. O

4. Application

In this section, by using Theorem 3.8, we will show the existence of a solution to the integral equation:
T
u(t) = / G(t,r,a(r))dr. (20)
0
Let X = C([0,T]) be the set of real continuous functions defined on [0, T]. For p > 1, we define

d(z,y) = (p(z,y))" = sup |z(t) —y(t)|” for all z,y € X.
te[0,T]

It is easy to prove that (X,d) is a complete b—metric space with s = 2P ~!. Consider the mapping f : X — X defined by
T
fz(t) = / G(t,r,z(r))dr
0

and let £ : R Xx R — R be a given function.

Theorem 4.1. Consider equation (20) and suppose that
(i). G:[0,T] x [0,T] x R — R* is continuous,
(i). there exists xo € X such that &(zo(t), fzo(t)) > 0 for all t € [0,T).

(i4). for allt € [0,T] and z,y € X, £(x(t),y(t)) > 0 implies £(fz(t), fy(t)) > 0.
(w). properties (Hsp) and (Usp) are satisfied when g =1,

(v). there exists a continuous function v : [0,T] x [0,T] — Rt such that

T
sup / ~y(t,r)dr < 1.
1J0

te[0,T
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(vi). there exists a constant L € (0,1) such that for (t,r) € [0,T] x [0,T7,

|Gt z(r) — Gt 7, y(r))] < S:Jrﬂ(t’ rz(r) —y(r)l-

Then the integral equation (20) has a unique solution x € X.

Proof. Define a: X x X — [0,400) by

s”, if &(z(t),y(t)) > 0,
a(z,y) =

0, otherwise.

It is easy to prove that f is asp-admissible. For z,y € X, by virtue of assumptions (i)-(vi), we have

Pd(fx(t), fy(t)) = s” tes[tépT] [fz(t) — fy()]”

T T
=s" sup | G(t,r,w(r))d?“—/ G(t,r,y(r))dr’
tefo,7] Jo 0

< sP sup (/ |G(t, 7, z(r)) = G(t,r,y(r))|dr)”

te[0,T]

s? sup / ~v(t, )|z r)|dr)?
s ([ et niet) - vl
< s* sup ( / {| ==, 7r)dr)? sup |z(t) —y(t)”
te[0,T7] SP'H tE[O,T]l ® @

< w(h(x7 y7 d7 f’ (p))’

[V

which implies that

[y

Yoz, y)d(fz, fy) + o(fx) + o(fy) < =v(h(z,y,d, f, ) + Lv(q(z,y,d, f,¢)).

[V

Therefore, letting 1 (t) = t, and ¢(t) = 0, all the conditions of Theorem 3.8 are satisfied. As a result, the mapping f has a

unique fixed point x € X, which is a solution of the integral equation (20). O
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