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Abstract: In this paper a generalization of the derivative due to Caputo and Fabrizio in [3] is introduced. We present some useful
properties, evaluate its Laplace transform and also obtain the k-fractional integral associated with the new fractional
derivative. We will also resolving the k-fractional logistic equation Given by Cerutti [4] with a new fractional operator
called on the k-Caputo-Fabrizios fractional derivative with a non-singular kernel. In the same way we will see that when
k = a = 1 the solution matches with the one given by Camargo and Bruno-Alfonzo [6].
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1. Introduction

As it is well known, in 2015 Caputo and Fabrizio have introduced a new fractional derivative with smooth kernel. Based on

the Caputo fractional given by

1

D0 = iy [ 62O an )

when f € W2'[a,b] and 0 < a < 1. If in (1) by changing the kernel (£t — A\)~® with the function e  T-a" and ﬁ with

M(a)
T—a

we obtain the following new definition of fractional derivative without singular kernel Michele Caputo and Mauro
Fabrizio of order o, 0 < o < 1.

t
°FDE 1) = TR [ 00y, @

T l-a
where M () is a normalization function such that M(0) = M(1) = 1 (see [3]). In this paper, by using the k-Gamma

function introduced by Diaz and Pariguan [5] and the k-Pochhammer symbol, we present a generalization of the so called

Caputo-Fabrizio derivative. To do this will start recalling some definitions and properties.

Definition 1.1. Let z be a complex number that Re(z) > 0. The k-Gamma function is given by the following integral
oo 1 itk
Ty(2) = / e dt 3)
0
The relationship between I'x(z) and the classical I'(z) is expressed by

Tu(z) = ki7'T (%) (4)
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It can be seen that I't(2) is such that I'v(z) — I'(2) as k — 1. The fractional integral associated with Caputo-Frabrizio

fractional derivative is given by (see [6]).

11—«

UL 0 = G IO + 3y | T %)

If f is function such that f*)(a) =0, s =1,2,...,n (see [3])
DM D) f(1)) =T DL (D™ £ (1)) (6)

The Laplace transform of the Caputo-Frabrizio fractional derivative is given by (see [3])

sC{f ()} — £(0)

LD F(4)}(s) = s+ (1—9)a

2. Main Result

Definition 2.1. Let f € W'?[a,b] Sobolev spaces, 0 < a < 1. Then, the k-Caputo fractional derivative of order o of the
function f is given by

o —a 1
D) = i) = i o

' e g
= [ =0T (®)
where I,ilfa)f(t) is the k-Riemann-Livoville fractional integral (see [7, 11]).

If in (8) we replaces I'y(1 — o) = k:l_Taflf(l_T“) we obtain

a 1 ¢ _(a=1
CFD((;,t),kf(t) — ﬁ/ (t—N) (% +1)f<1)()\)d)\ (9)
KEEr(ize) Ja
a—1 .
now if we consider %jj_l) = % — 1 then, by changing the kernel (¢ — )\)7(71“) with the function e~ (7= = and
-5

F<11_Ta> with Mf_T(a%) in (9), we obtain the following

Definition 2.2. Let f € W'2[a,b] , 0 < a < 1. Then the k-Caputo-Frabrizio fractional derivative of order o of the function
f is given by

o Mip() [* _ (e _1yp_
CFDth)’kf(t):?;/ e~ (T=a— D *)f(l)()\)d)\ (10)

where My (%) is normalization function such that My (0) = My(1) = 1.
Note that if f(t) =c, c € R, CFth)}kf(t) =0 and CFDé?‘t)ykf(t) — D((l‘?‘t)f(t) as k — 1.

Lemma 2.3. If f is a function such that f<5)(a) =0cons=1,...,n. Then
D) (D™ f (1) = DM (D) (1) (11)
Proof. We begin considering n = 1, then from definition (10), we have

1—a

lefTaa

CF p@ (pM ey —CF po (f Dy = G [F (00 1@y
etk (Df(1) = at k() = =7 [ e = 70

hence, after an integration by part and assuming f (1)(a) = 0, we have

M (%)

l—«
——=1l—a
k% 5=

a1 o 1—o g

kw5

/t e~ (a0 p@ 3\ — Fy )
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o M (%) k ok 1y
DLDVIO) = = {f(”(t)f(il_a - 1) / e~ ”f%)dx} (12)
k T a
otherwise
o d | Mi(3) (-
D(l)(CFDi,t),kf(t)) — dt{ ﬂf_a/ ( 1)(t /\)f(l)( )d)\]
kw5 Ja
_ ]1\{11(%) i |:/te (1 1)(t—/\)f(1)( )d/\:|
kR 1;0‘ dt a
By applying the Leibniz rule
My(& ¢ -
D(l)(CFDz(laz) f(t) = %(lk) |:f(1)(t) _ (1 ka _ 1)/ e—(ﬁ—l)(t—/\)f(l)()\)d)\} (13)
o k™% - - a

thus, from (12) and (13) it results
D) DV (1) = DV (DL (1))
It is easy to generalize the proof for any n > 2.

Lemma 2.4. Let f be a sufficiently well-behaved function and let o be a real number, 0 < a < 1. The Laplace transform of

the k-Caputo-Frabrizio fractional derivative of the function f is given by

cF ple) Mk(ﬂ)(sF(S) — f(0))
Proof. By using the definition (10) and taking into account some of their basic properties
cF ) _ Mi(%)  [* (B 1—n) p)
£{°" }(s)ﬁ{klz“l;a/o e f (A)d)\}(s)
M (g) . —E__1)(t—
_ M) Lo, )
_ @c {e O] (s)
o Mi(%) 1) (1 —1)t
= et {10} eefe O
_ M(%) B 1
= e (PO~ SO0
c CFD(a) _ M;.(3)(sF(s) — £(0)) 15
{ }(S) EF (s + (1—s)a+k —1) (15)
where L{f(t)} (s) = F(s). O
Note that if in (15) £ — 1 we have (7).
3. The Associated k-Fractional Integral
Consider now the following fractional differential equation
DI () =ult), t>0 (16)
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By applying the Laplace transform to the equation (16) we obtain

{7 D11} (s) = £{ult)} (5)
that is, taking into account (14), we have

Mi(5)(sF(s) = f(0))

B+ (1—s)a+k—1) = £{u)} () (17)
M (3) (sF(s) = (0)) = L{u®} )k F s+ (1L =s)a+k—1) (18)
thus, from (17) and (18) it results
F(s) = £lu®} <5>w:4<j(2 )(1 —datk=1), SO
= 1O £y o) (kMk(t)— ?) k]‘E[I:(—:)a_ 1))
= @ + L{u(t)} (s) (klka]\;:((%)_ O kw;;\xé? - 1)> (19)

By applying the inverse Laplace transform to the equation (19) and taking into account some of their basic properties, it

results

sy = 10)e7 {3+ B + =D e L o

s %) s
l1—a
e ) E+a—1 (°
(0) M (%) (t) Me(®) s (s)
In other words, the function defined as
l1—a 11—«
E® 1 —-a) Ee Hek+ta-1) [
ft)=c+ L2+ ! / u(s)ds (20)
M () M () 0

where ¢ € R is a constant, is also a solution of (16). Thus, we consequence, we expect that the k-Caputo-Frabrizio fractional

integral type must be defined as follows

Definition 3.1. Let 0 < o < 1. Then the k-Caputo-Frabrizio fractional integral of order o of a function f is given by

CF () . kliTailk—l-i-oc ¢ le_Ta
0 = /O U+ ) (21)

Note that CFI,ia)f(t) — P as k- 1.

4. Logistic Equation with Caputo-Frabrizio Derivative

The logistic equation was first published in 1838 by Pierre Franois Verhulst to exemplify the increasing world population
based on the available statistics, this exemplify is closely related to the exponential growing, studied afterwards by Thomas
Robert Multhus. The logistic equation can be applied to models dependent on time and covers a vast area of application, such
as, the population increase, epidemic diseases spreading and social networks broadcasting among others. In this paper we are

solving the k-fractional logistic equation given by Cerruti with a new fractional operator with a non-singular nucleus defined
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by Caputo-Frabrizio and generalized by Pablo I. Pucheta. After the considerations made by Camargo and Bruno-Alfonso
in ([6]), we present the equation.

CED@ f(t) = A1 - f(1)] (22)

Where ¥ D) denote the Caputo-Fabrizio fractional derivative introduced in (1). By applying the Laplace transform to

the equation (22) taking into account some of their basic properties and M (o) = 1, we have

F (o _ sF(s) - f(0)
ﬁ{c Df )f(t)}(s)—m (23)
where L(f) = F(s)
LU= f@)} ) = A =~ F(s)) (24)
Thus, from (23) and (24) we have
SE()—10) _ (1 g
s+(1—-s)a _)\(s E( )>
SF(s) — f(0) = (s+ (1 — s)a)As™ ' — (s + (1 — s)a)AF(s)
sF(s) + (s + (1 = 8)a)AF(s) = (s + (1 — s)a)As~ " + f(0)
F(s)[s 4+ As 4+ aX —aXs] = A+ (1 — s)ars™ ' + £(0)
F(s)[s(14+X—aX) +aX = A+ (1 —s)ars™ " + £(0)
A+ (1—s)ars™" + f(0)
F(s) = s(14+X—aX)+aX
)\+(175J)ro;>\s’>\1+f(0)
F(s) = LA 25
( ) s+ 1+f\xia)\ ( )
Distributing in (25) and considering that
=l () (26)
S+ Tacan
—a
TR 1} (s) (27)

Thus, from (26) and (27), we have

B by ,aj\i 7o¢j; al 770‘3‘t f(O) 70‘3\(2
PO = e e - e s e et A e )
(28)
If in (28) applying the inverse Laplace transform it results
_—aAt A a 7(0)
= A—aX — —
F#t)=em (1-1—)\—04/\ ! 1+)\—a)\+1+)\—a)\>+1 (29)
Note that if @ = 1, then (29) coincides with classical logistic equation.
5. Logistic Equation with the k-Caputo-Frabrizio Derivative
After the considerations made by Cerutti in ([4]), we presented the equation.
a a—1
DM () = KT AL~ £(2)] (30)
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By applying the Laplace transform to the equation (30) taking into account some of their basic properties and M (%) = 1,

we have
c{e D 0} () = WSO (31)
k% k=1 (s+(1—-s)a+k—1)
where L(f) = F(s)
a—=1 a—1 1
c {k AL — f(t)]} (s) = k“F A (E - F(s)) (32)
Thus, from (31) and (22) we have
— a— —(1—a)
__ sF(e) = f0) — KT (1 - F(s)) Al ~ R (33)
E® k=1 (s+(1-9s)a+k—1) s s
k(sF(s) — f(0)) 1
= - —-F 4
(s+(1—-9s)a+k—-1) A s (5) (34)
If in (34) we clear F(s), we obtain
((s+(1=s)a+(k—1))As "L +kf(0))
F(s) = k:;_(zil X (35)
S + kig\fa)?
—aAf(k—1)A
F(s) = k+ /\)\7 a a,\}r(k—l),\ - k+>\:z/)\\+(k71)>\
s+ E+A—aA (S—O) (S_W)
a 1 £(0) 1
- + (36)
— oAt (k—D)A _ ot (k—DX
FtA—odsy ot -kt A—ads g qrin2
Considering that
1 —(aX(k=1))\)t
— =L {ew} (s) (37)
At (k—DA
S + kiifa)?
—(aAf(k—1))) e
k+t_<a/:\+(k71))\) =L {6 SRR 1} (s) (38)
(s =0) (S T T Efa—an )
and if replaced (37), (38) in (36), it result
—(aA(k=1)N) — (@At (k=1)M)t
Fls) = 5oy AA_ L {e Frasax } (s)— L {e Trran 1} (s)
a\ —(aA(k—=1)M)t f(()) —(aX(k—1)M)t
N — E+X—aX - 7 kE+X—aX
k—l—)\—a)\l:{e }(S)+k+)\—a>\£{e }(S) (39)
Applying inverse Laplace transform in (39), we have
A —(aX(k=1)M)t —(aX(k—=1)\)t al —(aX(k—=1)\)t f(()) —(ax(k—1D)N)t
[ k+X—aX — k+X—aX e — k+X—aX - 7 k+X—aX 4
UC Il e ¢ K+ A—ax k+A—ax (40)
—(aA(k=1)M)¢ A a\ £(0)
t) = EFx—ax -1 1 41
fe)=e (k—i-)\—a)\ Fir—ar kir—an) (41)

Note that if k =1 (41) coincide with (29).
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