
Int. J. Math. And Appl., 6(1–A)(2018), 187–198

ISSN: 2347-1557

Available Online: http://ijmaa.in/
A
p
p
lications•ISSN:234

7-
15

57
•
In

te
r
n
a
ti
o
n
a
l
Jo

ur
na

l of Mathematics
A
n
d

its

International Journal of Mathematics And its Applications

On the Properties of k-Fibonacci-Like Sequence

Arfat Ahmad Wani1,∗, Paula Catarino2 and Rouf Ur Rafiq3

1 School of Studies in Mathematics, Vikram University, Ujjain, (M.P.), India.

2 Department of Mathematics, School of Science and Technology, University of Trás-os-Montes e Alto Douro, (Vila Real Portugal).

3 Department of Mathematics, Faculty of Environmental Science, Islamic University of Science and Technology, Kashmir, India.

Abstract: In this article, we introduce a new generalization of Fibonacci sequence and we call it as k-Fibonacci-Like sequence. After
that we obtain some fundamental properties for k-Fibonacci-Like sequence and also we present some relations among

k-Fibonacci-Like sequence, k-Fibonacci sequence and k-Lucas sequence by some algebraic methods.

MSC: 11B37, 11B39.

Keywords: Fibonacci Sequence, Generalized Fibonacci Sequence, k-Fibonacci Sequence and k-Lucas Sequence.

c© JS Publication.

1. Introduction

Fibonacci sequence is the most prominent examples of recursive sequence. It is famous for possessing wonderful and amazing

properties; though some are simple and known, others find broad scope in research work. The most well-known Fibonacci

sequence is given by the following recurrence relation:

Fn = Fn−1 + Fn−2, n ≥ 2 and F0 = 0, F1 = 1 (1)

The Fibonacci sequence has been studied extensively and generalized in many ways. However, in the present article, we

are most interested in the generalizations of the Fibonacci sequence. Several authors made possible generalizations of the

Fibonacci numbers, included the real numbers (and sometimes the complex numbers) in their domain. The two most

intriguing generalizations of Fibonacci sequence are k-Fibonacci sequence 〈Fk,n〉 [1] and k-Lucas sequence 〈Lk,n〉 [2]. Chong

et al. [3] introduced the generalized Fibonacci sequence 〈Un〉 and obtained some identities for it and the authors defined

generalized Fibonacci sequence 〈Un〉 as

Un+2 = pUn+1 + qUn, n ≥ 0 and U0 = 0, U1 = 1 (2)

where p, q ∈ Z+. Panwar et al. [4] presented some properties of generalized Fibonacci sequence and is given by the following

equation:

Fk = pFk−1 + qFk−2, k ≥ 2 and F0 = a, F1 = b (3)
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where p, q, a, b are positive integers. In [5] the authors introduced another generalized Fibonacci sequence and they named

it as Fibonacci-Like sequence and is given by

Hn = 2Hn−1 + Hn−2, n ≥ 2 and H0 = 2, H1 = 1 (4)

Some new generalizations are introduced for Fibonacci and Lucas sequences by Bilgici [6] and these generalizations are

defined respectively by

fn = 2afn−1 +
(
b2 − a

)
fn−2, f0 = 0, f1 = 1 (5)

ln = 2aln−1 +
(
b2 − a

)
ln−2, l0 = 2, l1 = 2a (6)

where a, b are non-zero real numbers. 〈qn〉 is another generalization of Fibonacci numbers introduced by Edson and Yayenie

[7], which is delineated by

q0 = 0, q1 = 1, qn =

 aqn−1 + qn−2 if n is even

bqn−1 + qn−2 if n is odd
(n ≥ 2) (7)

Some other generalizations are introduced by the authors in [8–11].

2. Preliminary Notes

Definition 2.1 ([1]). For k ∈ R, the k-Fibonacci sequence 〈Fk,n〉 is defined recurrently by

Fk,n+1 = kFk,n + Fk,n−1, n ≥ 1 and Fk,0 = 0, Fk,1 = 1 (8)

Definition 2.2 ([2]). For k ∈ R, the k-Lucas sequence 〈Lk,n〉 is defined recurrently by

Lk,n+1 = kLk,n + Lk,n−1, n ≥ 1 and Lk,0 = 2, Lk,1 = k (9)

Definition 2.3. For k ∈ R, the k-Fibonacci-Like sequence say 〈Vk,n〉 is defined by the following equation:

Vk,n+1 = kVk,n + Vk,n−1, n ≥ 1 and Vk,0 = 2m, Vk,1 = p + mk (10)

where m and p are positive integers.

Then by [12], all the above three recurrence relations have the common characteristic equation y2 − ky − 1 = 0, with two

distinct roots r and s. Note that r and s are

r =
k +
√
k2 + 4

2
and s =

k −
√
k2 + 4

2
(11)

Also we examine easily r and s have the following properties:

a) rs = −1, r + s = k and r − s =
√
k2 + 4

b) r2 − 1 = kr and s2 − 1 = ks

c) r2 + 1 = kr + 2 = (r − s) r and s2 + 1 = ks + 2 = − (r − s) s
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3. Main Results

3.1. Some Fundamental Results of k-Fibonacci-Like Sequence 〈Vk,n〉

Theorem 3.1 (Binet’s Formula for 〈Vk,n〉). For n ∈ Z+, the nth term for 〈Vk,n〉 is given by the following equation:

Vk,n = p
rn − sn

r − s
+ m (rn + sn) (12)

where r and s are given in the equation (11).

Proof. The general form of k-Fibonacci-Like sequence (10) may be expressed in the form:

Vk,n = Arn + Bsn (13)

where A and B are constants that can be determined by the initial conditions of recurrence relation (10). So put the values

n = 0 and n = 1 in equation (13), we have

A + B = 2m and Ar + Bs = p + mk

After solving the above system of equations for A and B, we achieve

A =
p + mk − 2ms

r − s
and B =

2mr − p−mk

r − s
(14)

Thus,

Vk,n =
1

r − s

[
(p + mk − 2ms) rn + (2mr − p−mk) sn

]
= p

rn − sn

r − s
+

1

r − s
(mkrn − 2msrn −mksn + 2mrsn)

= p
rn − sn

r − s
+

1

r − s

(
mkrn + 2mrn−1 −mksn − 2mrsn−1)

= p
rn − sn

r − s
+

1

r − s

[
mrn−1 (rk + 2)−msn−1 (sk + 2)

]
= p

rn − sn

r − s
+

1

r − s

[
mrn (r − s) + msn (r − s)

]
= p

rn − sn

r − s
+ m (rn + sn)

Hence the result.

Theorem 3.2 (General form for Negative k-Fibonacci-Like Numbers 〈Vk,−n〉). For n ∈ Z0, the nth term for 〈Vk,−n〉 is

given by

Vk,−n = (−1)n
[
m (rn + sn)− p

rn − sn

r − s

]
(15)

Proof. From equation (13), we have

Vk,−n =
(
Ar−n + Bs−n)

=
A

rn
+

B

sn
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= (−1)−n (Asn + Brn)

After the use of value of A and B from the equation (14), we achieve

Vk,−n =
(−1)n

r − s

[
(p + mk − 2ms) sn + (2mr − p−mk) rn

]
= (−1)n

[
−pr

n − sn

r − s
+

2mrn+1 −mkrn − 2msn+1 + mksn

r − s

]

= (−1)n
[
−pr

n − sn

r − s
+

mrn (2r − k)−msn (2s− k)

r − s

]

= (−1)n
[
−pr

n − sn

r − s
+

mrn (r − s) + msn (r − s)

r − s

]

= (−1)n
[
−pr

n − sn

r − s
+ m (rn + sn)

]

= (−1)n
[
m (rn + sn)− p

rn − sn

r − s

]

Hence the result.

Theorem 3.3 (Generating Function for 〈Vk,n〉).

∞∑
n=0

Vk,ny
n =

2m + (p−mk) y

1− ky − y2
(16)

Proof. Since

∞∑
n=0

Vk,ny
n =

∞∑
n=0

(Arn + Bsn) yn

= A

∞∑
n=0

rnyn + B

∞∑
n=0

snyn

=
A

1− ry
+

B

1− sy

=
(A + B)− (As + Br) y

1− ky − y2

Since A + B = 2m and As + Br = − (p−mk) and then

∞∑
n=0

Vk,ny
n =

2m + (p−mk) y

1− ky − y2

as required.

Theorem 3.4. Let 〈Vk,n〉 denote the k-Fibonacci-Like sequence defined in equation (10), we have the following results:

n∑
i=1

Vk,i =
Vk,n+1 + Vk,n − Vk,1 − Vk,0

k
(17)

n∑
i=1

Vk,2i =
Vk,2n+1 − Vk,1

k
(18)

n∑
i=1

Vk,2i−1 =
Vk,2n − Vk,0

k
(19)

∞∑
i=1

Vk,i

ti
=

Vk,0 + tVk,1

t2 − tk − 1
, ∀ t ∈ R and t > r (20)
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Proof (17). Since Vk,n+1 = kVk,n + Vk,n−1 and then

n∑
i=1

Vk,i+1 = k

n∑
i=1

Vk,i +

n∑
i=1

Vk,i−1

n+2∑
i=2

Vk,i = k

n∑
i=1

Vk,i +

n−1∑
i=0

Vk,i

n∑
i=1

Vk,i + Vk,n+1 − Vk,1 = k

n∑
i=1

Vk,i +

n∑
i=1

Vk,i − Vk,n + Vk,0

n∑
i=1

Vk,i =
Vk,n+1 + Vk,n − Vk,1 − Vk,0

k

Hence the result.

Proof (18). Since Vk,2n = kVk,2n−1 + Vk,2n−2, we have

n∑
i=1

Vk,2i = k

n∑
i=1

Vk,2i−1 +

n∑
i=1

Vk,2i−2

n∑
i=1

Vk,2i = k

n∑
i=1

(Vk,2i−1 + Vk,2i − Vk,2i) +

n∑
i=1

Vk,2i−2

n∑
i=1

Vk,2i = k

2n∑
i=1

Vk,i − k

n∑
i=1

Vk,2i +

n∑
i=1

Vk,2i − Vk,2n + Vk,0

k

n∑
i=1

Vk,2i = k

2n∑
i=1

Vk,i − Vk,2n + Vk,0

By using equation (17), we have

k

n∑
i=1

Vk,2i = Vk,2n+1 + Vk,2n − Vk,1 − Vk,0 − Vk,2n + Vk,0

n∑
i=1

Vk,2i =
Vk,2n+1 − Vk,1

k

Hence the proof.

Proof (19).

n∑
i=1

Vk,2i−1 = k

n∑
i=1

(Vk,2i−1 + Vk,2i − Vk,2i)

n∑
i=1

Vk,2i−1 = k

2n∑
i=1

Vk,i −
n∑

i=1

Vk,2i

Bu using equations (18) and (19), we get the desired result.

Proof (20). If we consider the equation (13), we get

∞∑
i=1

Vk,i

ti
= lim

n→∞

n∑
i=1

Ari + Bsi

ti

= lim
n→∞

(
A

n∑
i=1

ri

ti
+ B

n∑
i=1

si

ti

)

= lim
n→∞

{
A

r
t

[(
r
t

)n − 1
]

r
t
− 1

+ B
s
t

[(
s
t

)n − 1
]

s
t
− 1

}

= A
− r

t
r
t
− 1

+ B
− s

t
s
t
− 1
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= A
r

t− r
+ B

s

t− s

=
t (Ar + Bs)− (Ars + Brs)

(t− r) (t− s)

=
t (Ar + Bs)− (rs) (A + B)

t2 − t (r + s) + rs

=
Vk,0 + tVk,1

t2 − tk − 1

Hence the result.

Lemma 3.1. For n ∈ Z0, the following result holds:

2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2
=

rn − sn

r − s
(21)

Proof. If we consider equation (13), we have

2mVk,n+1 − (p + mk)Vk,n = 2m
(
Arn+1 + Bsn+1)− (p + mk) (Arn + Bsn)

= Arn (2mr − p−mk)−Bsn (p + mk − 2ms)

By using equation (14), we get

2mVk,n+1 − (p + mk)Vk,n = ABrn (r − s)−ABsn (r − s)

= AB (r − s) (rn − sn)

After the use of value AB =
m2k2 + 4m2 − p2

(r − s)2
, the proof is clearly seen.

Theorem 3.5 (Catalan’s Identity for 〈Vk,n〉). For l, n ∈ Z0, we get

Vk,n+lVk,n−l − V 2
k,n =

(−1)n−l

m2k2 + 4m2 − p2
[
2mVk,l+1 − (p + mk)Vk,l

]2
, 0 ≤ l ≤ n (22)

Proof. If we consider equation (13), we have

Vk,n+lVk,n−l − V 2
k,n =

(
Arn+l + Bsn+l

)(
Arn−l + Bsn−l

)
− (Arn + Bsn)2

= AB
(
rn+lsn−l + rn−lsn+l − 2rnsn

)
= AB (rs)n−l

[(
r2l + s2l

)
− 2 (rs)l

]
= (−1)n−l (m2k2 + 4m2 − p2

)(rl − sl

r − s

)2

=
(−1)n−l

m2k2 + 4m2 − p2
[
2mVk,l+1 − (p + mk)Vk,l

]2
This completes the proof of the theorem.

Theorem 3.6 (Cassini’s Identity for 〈Vk,n〉). For n ∈ N, we have

Vk,n+1Vk,n−1 − V 2
k,n = (−1)n−1 (m2k2 + 4m2 − p2

)
(23)

We prove the equation (23) by two ways as Proof (1) and Proof (2).
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Proof (1). If we put l = 1 in equation (22), we get the result.

Proof (2). To prove the required result, we use Cramer’s rule. Consider a 2× 2 linear system of equations


Vk,nx1 + Vk,n−1x2 = Vk,n+1

Vk,n+1x1 + Vk,nx2 = Vk,n+2

 (24)

Certainly V 2
k,n−Vk,n+1Vk,n−1 6= 0 for n ≥ 1. Let D = V 2

k,n−Vk,n+1Vk,n−1 then by the concept of Cramer’s rule, we achieve

x1 = (D)−1

∣∣∣∣∣∣∣
Vk,n+1 Vk,n−1

Vk,n+2 Vk,n+1

∣∣∣∣∣∣∣ and x2 = (D)−1

∣∣∣∣∣∣∣
Vk,n Vk,n+1

Vk,n+1 Vk,n+2

∣∣∣∣∣∣∣
By virtue of the recurrence relation (10), x1 = k and x2 = 1 is the unique solution of the system (24). Therefore

1 = (D)−1

∣∣∣∣∣∣∣
Vk,n Vk,n+1

Vk,n+1 Vk,n+2

∣∣∣∣∣∣∣
Vk,n+2Vk,n − V 2

k,n+1 = −
(
Vk,n+1Vk,n−1 − V 2

k,n

)
Let Uk,n = Vk,n+1Vk,n−1−V 2

k,n and Uk,n+1 = Vk,n+2Vk,n−V 2
k,n+1. Then clearly Uk,n+1 = −Uk,n is a first order homogeneous

recurrence relation. Thus Uk,n = (−1)n+1 (m2k2 + 4m2 − p2
)

is its general solution. Therefore

Vk,n+1Vk,n−1 − V 2
k,n = (−1)n+1 (m2k2 + 4m2 − p2

)
Vk,n+1Vk,n−1 − V 2

k,n = (−1)n−1 (m2k2 + 4m2 − p2
)

∵ (−1)n+1 = (−1)n−1

Hence the result.

Corollary 3.7.

n∑
i=1

V 2
k,i =

Vk,n+1Vk,n − Vk,0Vk,1

k
(25)

Proof. Since

V 2
k,i =

(
Vk,i+1 − Vk,i−1

k

)2

n∑
i=1

V 2
k,i =

n∑
i=1

(
Vk,i+1 − Vk,i−1

k

)2

=
1

k2

(
n∑

i=1

V 2
k,i+1 +

n∑
i=1

V 2
k,i−1 − 2

n∑
i=1

Vk,i−1Vk,i+1

)

=
1

k2

{
n∑

i=1

V 2
k,i+1 +

n∑
i=1

V 2
k,i−1 − 2

n∑
i=1

[
V 2
k,i − (−1)i

(
m2k2 + 4m2 − p2

)]}

=
1

k2

[(
n∑

i=1

V 2
k,i + V 2

k,n+1 − V 2
k,1

)
+

(
n∑

i=1

V 2
k,i + V 2

k,n + V 2
k,0

)
− 2

n∑
i=1

V 2
k,i + 2

(
m2k2 + 4m2 − p2

) n∑
i=1

(−1)i
]

Since
n∑

i=1

(−1)i =
(−1)n − 1

2
and then

n∑
i=1

V 2
k,i =

1

k2

[
V 2
k,n+1 − V 2

k,n − V 2
k,1 + V 2

k,0 + 2
(
m2k2 + 4m2 − p2

) (−1)n − 1

2

]
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=
1

k2

[
V 2
k,n+1 − Vk,n+1Vk,n−1 − (−1)n

(
m2k2 + 4m2 − p2

)
− V 2

k,1 + V 2
k,0 + (−1)n

(
m2k2 + 4m2 − p2

)
−
(
m2k2 + 4m2 − p2

)]

Since −V 2
k,1 + V 2

k,0 −
(
m2k2 + 4m2 − p2

)
= −kVk,0Vk,1 and then

n∑
i=1

V 2
k,i =

1

k2

[
Vk,n+1 (Vk,n+1 − Vk,n−1)− kVk,0Vk,1

]
=

Vk,n+1Vk,n − Vk,0Vk,1

k

This completes the proof of the corollary.

Theorem 3.8 (d’ Ocagne’s Identity for 〈Vk,n〉). For l, n ∈ Z0, we have

Vk,lVk,n+1 − Vk,l+1Vk,n = (−1)l
[
2mVk,n−l+1 − (p + mk)Vk,n−l

]
, 0 ≤ l ≤ n (26)

Proof. To prove the equation (26), we shall use induction on l. Certainly the result is true for l = 0. Suppose that the

result is true for all values j less than or equal l − 1 and then

Vk,l−2Vk,n+1 − Vk,l−1Vk,n = (−1)l−2 [2mVk,n−l+3 − (p + mk)Vk,n−l+2

]
and

Vk,l−1Vk,n+1 − Vk,lVk,n = (−1)l−1 [2mVk,n−l+2 − (p + mk)Vk,n−l+1

]
Now we prove that the equation (26) is true for l and then

Vk,lVk,n+1 − Vk,l+1Vk,n = Vk,n+1 (kVl−1 + Vk,l−2)− Vk,n (kVk,l + Vk,l−1)

= k (Vk,n+1Vk,l−1 − Vk,nVk,l) + Vk,n−1Vk,l−2 − Vk,nVk,l−1

= (−1)l−1 k
[
2mVk,n−l+2 − (p + mk)Vk,n−l+1

]
− (−1)l−1 [2mVk,n−l+3 − (p + mk)Vk,n−l+2

]
= (−1)l−1 [2m (kVk,n−l+2 − Vk,n−l+3)− (p + mk) (kVk,n−l+1 − Vk,n−l+2)

]
= (−1)l−1 [−2mVk,n−l+1 + (p + mk)Vk,n−l

]
= (−1)l

[
2mVk,n−l+1 − (p + mk)Vk,n−l

]
as required.

Theorem 3.9 (Generalized Identity for 〈Vk,n〉). For l, n, q ∈ Z+, we have the following result

Vk,qVk,n − Vk,q−lVk,n+l =
(−1)q−l+1

(p2k2 + 4m2 − p2)

[
2mVk,l+1 − (p + mk)Vk,l

][
2mVk,n+l−q+1 − (p + mk)Vk,n+l−q

]
(27)

where 1 ≤ l ≤ q and 1 ≤ n ≤ q

Proof. If we consider the equation (13), we get

Vk,qVk,n − Vk,q−lVk,n+l = (Arq + Bsq) (Arn + Bsn)−
(
Arq−l + Bsq−l

)(
Arn+l + Bsn+l

)
= AB

(
rqsn − rq−lsn+l + rnsq − rn+lsq−l

)
= AB

[
rqsn

(
1− sl

rl

)
+ rnsq

(
1− rl

sl

)]
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= AB

[
rq−lsn

(
rl − sl

)
− rnsq−l

(
rl − sl

)]
=

(
m2k2 + 4m2 − p2

)
r − s

(
rl − sl

)
r − s

(
rq−lsn − rnsq−l

)

By using equation (21), we have

Vk,qVk,n − Vk,q−lVk,n+l =

[
2mVk,l+1 − (p + mk)Vk,l

]
r − s

(rs)q−l+1
(
rn+l−q − sn+l−q

)
=

(−1)q−l+1

(p2k2 + 4m2 − p2)

[
2mVk,l+1 − (p + mk)Vk,l

][
2mVk,n+l−q+1 − (p + mk)Vk,n+l−q

]
This completes the proof of the theorem.

Theorem 3.10 (Binomial Form of 〈Vk,n〉). For n ∈ Z0, the following result holds

Vk,2n =

n∑
i=0

(
n

i

)
kiVk,i (28)

Proof. Again from the equation (13), we achieve

Vk,2n = A
(
r2
)n

+ B
(
s2
)n

= A (kr + 1)n + B (ks + 1)n

= A

n∑
i=0

(
n

i

)
(kr)i + B

n∑
i=0

(
n

i

)
(ks)i

=

n∑
i=0

(
n

i

)
ki
(
Ari + Bsi

)
=

n∑
i=0

(
n

i

)
kiVk,i

Hence the result.

3.2. Relation Properties

In this subsection we present the results which establishes the relation of k-Fibonacci-Like sequence 〈Vk,n〉 with k-Fibonacci

sequence 〈Fk,n〉 and k-Lucas sequence 〈Lk,n〉.

Theorem 3.11. For n ∈ Z0, the following result holds:

2mVk,n+1 − (p + mk)Vk,n =
(
m2k2 + 4m2 − p2

)
Fk,n (29)

Proof. In order to prove the required result, we will use induction on n. Clearly the result is true for n = 0. Suppose that

the result is true for all values j less than or equal n and then

2mVk,n+2 − (p + mk)Vk,n+1 = 2m (kVk,n+1 + Vk,n)− (p + mk) (kVk,n + Vk,n−1)

= k
[
2mVk,n+1 − (p + mk)Vk,n

]
+
[
2mVk,n − (p + mk)Vk,n−1

]
=
(
m2k2 + 4m2 − p2

)
(kFk,n + Fk,n−1)

=
(
m2k2 + 4m2 − p2

)
Fk,n+1

as required.
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Theorem 3.12. For n ∈ N, we have

2mVk,n+2 − (p + mk)Vk,n+1 + 2mVk,n − (p + mk)Vk,n−1 =
(
m2k2 + 4m2 − p2

)
Lk,n (30)

Proof. In order to prove the equation (30), we use induction on n. Let n = 1, we get

2mVk,3 − (p + mk)Vk,2 + 2mVk,1 − (p + mk)Vk,0

= 2m
(
mk3 + pk2 + 3mk + p

)
− (p + mk)

(
mk2 + pk + 2m

)
+ 2m (p + mk)− (p + mk) 2m

= m2k3 + 4m2k − p2k

=
(
m2k2 + 4m2 − p2

)
Lk,1

= R.H.S

Assume that the result is true for all values j less than or equal n− 1 and then

2mVk,n − (p + mk)Vk,n−1 + 2mVk,n−2 − (p + mk)Vk,n−3 =
(
m2k2 + 4m2 − p2

)
Lk,n−2 and

2mVk,n+1 − (p + mk)Vk,n + 2mVk,n−1 − (p + mk)Vk,n−2 =
(
m2k2 + 4m2 − p2

)
Lk,n−1

Now we prove that the result is true for n and then

2mVk,n+2 − (p + mk)Vk,n+1 + 2mVk,n − (p + mk)Vk,n−1

= 2m (kVk,n+1 + Vk,n)− (p + mk) (kVk,n + Vk,n−1) + 2m (kVk,n−1 + Vk,n−2)− (p + mk) (kVk,n−2 + Vk,n−3)

= k
[
2mVk,n+1 − (p + mk)Vk,n + 2mVk,n−1 − (p + mk)Vk,n−2

]
+
[
2mVk,n − (p + mk)Vk,n−1 + 2mVk,n−2

− (p + mk)Vk,n−3

]
= k

(
m2k2 + 4m2 − p2

)
Lk,n−1 +

(
m2k2 + 4m2 − p2

)
Lk,n−2

=
(
m2k2 + 4m2 − p2

)
(kLk,n−1 + Lk,n−2)

=
(
m2k2 + 4m2 − p2

)
Lk,n

as required.

Theorem 3.13. For n ∈ Z0, the following result holds:

Vk,n = pFk,n + mLk,n, p, m ∈ Z0 (31)

Proof. To prove the required result we use mathematical induction on n. Certainly the result is true for n = 0. Let us

suppose that the result is true for all values j less than or equal n and then

Vk,n+1 = kVk,n + Vk,n−1

= k (pFk,n + mLk,n) + (pFk,n−1 + mLk,n−1)

= p (kFk,n + Fk,n−1) + m (kLk,n + Lk,n−1)

= pFk,n+1 + mLk,n+1

as required.
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Theorem 3.14. For n ≥ 0 and l ≥ 1 the following result holds:

Vk,n+1Vk,l + Vk,nVk,l−1 =
(
m2k2 + 4m2 + p2

)
Fk,n+l + (2mp)Lk,n+l (32)

Proof. In order to prove the equation (32), we use induction on l. For l = 1 and n = 0, we have

L.H.S = Vk,1Vk,1 + Vk,0Vk,0

= (p + mk)2 + 4m2

= m2k2 + 4m2 + p2 + 2mpk

and

R.H.S =
(
m2k2 + 4m2 + p2

)
Fk,1 + (2mp)Lk,1

= m2k2 + 4m2 + p2 + 2mpk

Let us suppose that the result is true for all values i less than or equal l. Now we prove that the result is true for l + 1 and

then

Vk,n+1Vk,l+1 + Vk,nVk,l = Vk,n+1 (kVk,l + Vk,l−1) + Vk,n (kVk,l−1 + Vk,l−2)

= k (Vk,n+1Vk,l + Vk,nVk,l−1) + (Vk,n++1Vk,l−1 + Vk,nVk,l−2)

= k
[(
m2k2 + 4m2 + p2

)
Fk,n+l + (2mp)Lk,n+l

]
+
[(
m2k2 + 4m2 + p2

)
Fk,n+l−1 + (2mp)Lk,n+l−1

]
=
(
m2k2 + 4m2 + p2

)
(kFk,n+l + Fk,n+l−1) + (2mp) (kLk,n+l + Lk,n+l−1)

=
(
m2k2 + 4m2 + p2

)
Fk,n+l+1 + (2mp)Lk,n+l+1

as needed.
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