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1. Introduction

Fibonacci sequence is the most prominent examples of recursive sequence. It is famous for possessing wonderful and amazing

properties;

though some are simple and known, others find broad scope in research work. The most well-known Fibonacci

sequence is given by the following recurrence relation:

Fo=F.1+4+F,2,n>2and Fp =0, F1 =1 (]_)

The Fibonacci sequence has been studied extensively and generalized in many ways. However, in the present article, we

are most interested in the generalizations of the Fibonacci sequence. Several authors made possible generalizations of the

Fibonacci numbers, included the real numbers (and sometimes the complex numbers) in their domain. The two most

intriguing generalizations of Fibonacci sequence are k-Fibonacci sequence (Fy ) [1] and k-Lucas sequence (L ) [2]. Chong

et al. [3] introduced the generalized Fibonacci sequence (U,) and obtained some identities for it and the authors defined

generalized Fibonacci sequence (U,) as

Unto =pUny1+qUp, n>0and Up =0, Uy =1 (2)

where p,q € Z". Panwar et al. [4] presented some properties of generalized Fibonacci sequence and is given by the following

equation:

Frp =pFx—1+qFx—2, k>2and Iy =a, 1 =b 3)
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where p, ¢, a,b are positive integers. In [5] the authors introduced another generalized Fibonacci sequence and they named

it as Fibonacci-Like sequence and is given by
HnZQHn,1+Hn,2, nZQand H0:2, H1:1 (4)

Some new generalizations are introduced for Fibonacci and Lucas sequences by Bilgici [6] and these generalizations are

defined respectively by

fo=2afn1+ > —a) faz, fo=0, =1 (5)

ln=2alp—1+ (0®—a)ln—2, lo=2, h =2a (6)

where a, b are non-zero real numbers. (¢,) is another generalization of Fibonacci numbers introduced by Edson and Yayenie

[7], which is delineated by

aGn-1+ qn—2 if n is even
=0, =1, g= ! ! (n=2) (M)
bqn—l + qn—2 ’lf n s odd

Some other generalizations are introduced by the authors in [8-11].

2. Preliminary Notes

Definition 2.1 ([1]). For k € R, the k-Fibonacci sequence (Fy ) is defined recurrently by
Fynt1 =kFyn+ Frno1, n>1and Frpo=0, Fp1=1 (8)
Definition 2.2 ([2]). For k € R, the k-Lucas sequence (Li,n) is defined recurrently by
Lint1 =kLgpn + Lign—1, n>1and Lyo =2, Li1 =k (9)
Definition 2.3. For k € R, the k-Fibonacci-Like sequence say (Vi) is defined by the following equation:
Vint1 = kVin + Vien—1, n>1and Vi o =2m, Vi1 =p+mk (10)

where m and p are positive integers.

Then by [12], all the above three recurrence relations have the common characteristic equation y* — ky — 1 = 0, with two

distinct roots r and s. Note that r and s are

— /2
r:72 and 5:71c 2k+4 (11)

Also we examine easily r and s have the following properties:
a)rs=—-1,r+s=kandr—s=+vk?>+4
b) 2 —1=krand s> —1=ks

)P4+ l=kr+2=(r—s)rand s’ +1=ks+2=—(r—s)s
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3. Main Results
3.1. Some Fundamental Results of k-Fibonacci-Like Sequence (V)
Theorem 3.1 (Binet’s Formula for (Vi ,)). Forn € Z%, the n'* term for (Vi) is given by the following equation:

no_ gn

Vien = pe +m(r" +s") (12)

r—s
where v and s are given in the equation (11).

Proof. The general form of k-Fibonacci-Like sequence (10) may be expressed in the form:
Vien = Ar™ + Bs™ (13)

where A and B are constants that can be determined by the initial conditions of recurrence relation (10). So put the values

n =0 and n =1 in equation (13), we have
A+ B=2m and Ar + Bs=p+mk

After solving the above system of equations for A and B, we achieve

_ p+mk—2ms mr —p —mk

A and B:2 (14)
r—s r—s
Thus,
1 " "
Vk’nzi[(p+mkf2ms)r +(2mrfpfmk)s}
r—s
" —s" n n n n
=p + (mkr™ — 2msr™ — mks"™ + 2mrs"™)
r—s r—s
" —s" n n—1 n n—1
=p + (mkr + 2mr —mks" —2mrs )
r—s r—s
" —s" 1 n—1 n—1
= k+2)— k+2
L —l—ris[mr (rk+2) —ms" ™" (sk + 2)]
n_ n 1
=p "% 4 [mr"(r—s)—&—msn(r—s)}
r—s r—s
" —s" n n
=p +m(r" +s")
r—s
Hence the result. O

Theorem 3.2 (Ceneral form for Negative k-Fibonacci-Like Numbers (Vi,_,)). For n € Zo, the n'" term for (Vi ) is

given by

(15)

Proof.  From equation (13), we have
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= (=1)"" (As" + Br")

After the use of value of A and B from the equation (14), we achieve

1"
Vi, —n = (r 7)5 [(p +mk — 2ms) s + (2mr — p — mk) r"}
— (-1 —_ r"—s”+2mr”+1—mkrn—2ms"+1+mk5":|
r—s r—s
n_ r'"—s"  mr"(2r —k)—ms" (2s -k
o [ e e =) = ms” 25—
r—s r—s
n- r'—s"  mr"(r—s)+ms"(r—s
R Lt (=) ms" >]
r—s r—s
P g"
— _17’L _ n n
D" [ "= +s>]
r" —s"
_ _177. n ny _
(1" |m " ™) pr_s}
Hence the result. O

Theorem 3.3 (Generating Function for (Vi ,)).

- n_ 2m+(p—mk)y
Viny = ————— 16
nZ:O kol [y — (16)
Proof.  Since
Z Viny" = Z (Ar" 4+ Bs™)y"
n=0 n=0
) SR
n=0 n=0
A B

:1—ry 1—sy
(A+B)— (As+ Br)y

1—ky—y?
Since A+ B = 2m and As + Br = — (p — mk) and then
c- n_ 2m+(p—mk)y
St = 2O
1—ky—y?
n=0
as required. 0

Theorem 3.4. Let (Vi ) denote the k-Fibonacci-Like sequence defined in equation (10), we have the following results:

S Vint1 + Vin — Vi1 — Vi
ZVk,i _ VEnt1 k, ; k,1 k,0 (17)
=1
u Vieont1 — Vi
ZVk,Zi _ % (18)
=1
~ Vion — Vi
ka’2i71 _ w (19)

i=1

i Vi Vieo+ 1tV
3

T —tho 1 VteR and t>7r (20)

=1
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Proof (17). Since Vi,n+1 = kVi,n + Vi,n—1 and then

n n n
g Viiv1 =k E Vi + E Viyi—1
i—1 i—1 i—1

n+2

n n—1
D Vii=kY Vii+ > Vi
=2 i=1 i=0

Z Vii + Vintr — Vien = kz Vi,i + Z Vi,i = Vieon + Vo

i=1 i=1 i=1

a Vi1 +Ven — Vi1 — Vio
Z Vii = k
=1

Hence the result.

Proof (18). Since Vi 2n = kVi,2n—1 + Vi 2n—2, we have

Z Vioi =k Z Vi,2i—1 + Z Vi, 2i—2
i=1 i=1 i—1

Z Vioi =k Z (Vi,2i—1 + Vi,20 — Vi,24) + Z Vi, 2i—2
i—1

i=1 1=1

n 2n n n
Z Vioi =k Z Vii — k Z V26 + Z Vi,2i — Vieon + Vio
i—1 i—1 i—1 i—1

n 2n
k Z Vijoi =k Z Vie,i — Vi,2n + Vio
i=1 i=1

By using equation (17), we have

kiz Vi2i = Viean+1 + Viean — Vit — Vo — Viean + Vo
i=1

ZVk,m‘ _ Vk,2n+}€* Vi1

i=1
Hence the proof.

Proof (19).
Z Vioi-1 =k Z (Vie,2i—1 + Vi,20 — Vi,24)
i—1 i—1
n 2n n
Z Vioi-1 =k Z Vi — Z Vi, 24
i—1 i—1 i—1

Bu using equations (18) and (19), we get the desired result.

Proof (20). If we consider the equation (13), we get

o Vi . <= Ar' 4 Bs
$ Vi gy 3 AT B
: t* n—o0 4 t*
i=1 =1

= lim <A i—&-B 51>

n—oo tt g
i=1 i=1
N O A (0 e
e
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r s
t—r+Bt—s

__ t(Ar + Bs) — (Ars 4 Brs)

ST G-ni-9

__t(Ar + Bs) — (rs) (A+ B)

N t2—t(r+s)+rs

~ Veo+tVi

2 —tk—1

A

Hence the result.

Lemma 3.1. Forn € Zy, the following result holds:

2mVini1 — (p+mk) Ve 7" — 5"

m2k2 + 4m?2 — p? r—s

Proof. If we consider equation (13), we have

2mVieni1 — (p+ mk) Vi = 2m (Ar" ™' + Bs" ™) — (p + mk) (Ar" + Bs™)

= Ar" (2mr —p — mk) — Bs" (p + mk — 2ms)
By using equation (14), we get

2mVint1 — (p+ mk) Vi = ABr™ (r — s) — ABs™ (r — s)
— AB(r—5) (" — ")

m2k? + 4m? — p?

After the use of value AB = 3
(r—s)

, the proof is clearly seen.

Theorem 3.5 (Catalan’s Identity for (Vi .)). Forl,n € Zo, we get

9 (71)77‘—1 5
VienttVen—t = Vi = MERE T AmZ — 2 [2mVi 11 — (p+mk) Via]”, 0<1<n

Proof. If we consider equation (13), we have
Vk,n+le,n7Z — Vk2,n = <Arn+l + Bsn+l) (Arnfl + Bsnfl) . (AT” + Bsn)Q
_ AB (Tn+lsn7l + Tn718n+l _ 27‘”8”)
= AB (rs)"" [(r2l + sQl) -2 (rs)l}

I N2
= (—1)" (m2k? + 4m? — p?) <7’ s )

r—s
(71)n—l 5
= R g 2Vki (P mR) Vi

This completes the proof of the theorem.

Theorem 3.6 (Cassini’s Identity for (Vi ,)). For n € N, we have
Vien+1Vien—1 — V;in = (—1)n_1 (m2k2 +4m? = pz)

We prove the equation (23) by two ways as Proof (1) and Proof (2).
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Proof (1). If we put I =1 in equation (22), we get the result. O

Proof (2). To prove the required result, we use Cramer’s rule. Consider a 2 x 2 linear system of equations

Virn®1 + Vien—122 = Vintt
(24)
Vin+121 + Vien®2 = Vi ngo

Certainly V,in —Vin+1Vin—1 #0forn > 1. Let D = sz,n — Vi,n+1Vik,n—1 then by the concept of Cramer’s rule, we achieve

Viensr Vin— Vi Vien
o1 = (D) Rtl Ven—1f 23 = (D) k k,n+1

Vk,n+2 Vk,n+1 Vk,n+1 Vk,n+2

By virtue of the recurrence relation (10), 1 = k and x2 = 1 is the unique solution of the system (24). Therefore

1= (D)71 Vk,n Vk,n+1

Vin+1 Vint2

2 2
Viernt2Ven — Vg1 = — (Vk,nﬁ»le,nfl — Vk,n)

Let Ug,n = Vient1 Vi n—1 —Vlfm and Ui, n+1 = Vint2Vin _VkZ,n+1- Then clearly U nt+1 = —Uk,» is a first order homogeneous

recurrence relation. Thus Uy, = (—1)""" (m?k® + 4m?® — p?) is its general solution. Therefore

Vient1Vin-1 — Vit = (=1)""" (m*k* + 4m® — p°)
Vint1Vin—1 — Ve, = (=1)" 1 (m?E* + 4m® —p*) -+ (-1)"*' = (-1)"!
Hence the result. O

Corollary 3.7.

" s Vine1Vien — Vi,oVia
Z Vi = A

Proof.  Since

Vlii:<vk1+l sz 1)2

(s
{2

1 n n n i
=5 [(Z VRi+ Vidu — Vi 1) + (Z Vii+ Vi, + Vk%) — 25 V2 (P 4 4w —p?) S0 (<)

=1 =1 =1 =1

Vk'H—l_sz 1)2

1

.
Il

T =

sz+l+zvkz 1—22‘/1@1 1sz+1>

I’
—

n

%=

N
,_.

Vkl+1+2v,” 1—22[\@1— —1)" (m*k? + 4m? —p)]}

3

Since 3 (—-1)" = (_1)% and then
i=1

kaz:

—

)" -1
Vi1 — Vi — Vs + Vo + 2 (mk* + 4m® — p?) ( )2 ]



On the Properties of k-Fibonacci-Like Sequence

1 n n
=2 |:Vlc2,n+1 — Vient1Vieyn—1 — (=1) (m2k2 +4m® — pQ) - Vk2,1 + V}f,o +(-1) (m2k2 +4m? — pQ)

_ (m2k2 +4m? — pZ)]
Since kaQYl + Vﬁo — (m2k2 +4m? — p2) = —kVi,0Vk,1 and then

= 1
Z Vi = w2 [Vk,n+1 (Vieynt1 — Vien—1) — ka,OVk,l}
i—1

~ Vent1Ven — VioVia
- k

This completes the proof of the corollary. O

Theorem 3.8 (d’ Ocagne’s Identity for (Vi n)). Forl,n € Zo, we have
Vit Vins1 — Vi1 Vien = (1) [2mVin—141 — (p+mk) Vint], 0<1<n (26)

Proof. To prove the equation (26), we shall use induction on [. Certainly the result is true for [ = 0. Suppose that the

result is true for all values j less than or equal [ — 1 and then

Viei—2Vint1 — Vigm1Vien = (1) 72 [2mVin—143 — (p + mk) Vin—142] and

Vieie1Vint1 — Vi Vin = (1)1 [2mVin—i112 — (p+ mk) Vin—141]
Now we prove that the equation (26) is true for [ and then

VieaVien+1 — Vit 1 Viern = Vien1 (BVic1 + Viei—2) — Vien (Vi + Viei—1)
=k (Ven+1 Vi1 — Vien Viet) + Vien—1Vaii—2 — Vieon Viei—1
= (=)' k[2mVin—i2 — (0 + mk) Vien—i51] — (=1)' " [2mVin—143 — (p + mk) Vin—142]
= (="' [2m (EVin—142 = Vien-143) — (0 + mk) (Vi1 — Vinoi42)]
= (fl)l_1 [f2ka,n_l+1 + (p + mk) Vk,n_l}

= (=1)' [2mVin-141 — (0 + mk) Vieni]
as required. O

Theorem 3.9 (Generalized Identity for (Vi ,)). Forl,n,q € ZT, we have the following result

(~prtH
(k2 + 4m? — p?)

Vie,aVie,n — Vie,g—itVient = [2mVi, 41 — (p + mk) Via] [2mVingi—g41 — (p + mk) Vi ns1—q) (27)

where 1 <l <qgandl1 <n<gq

Proof. If we consider the equation (13), we get

Vie,aVie,n — Vie,g—t Vet = (Ar? + Bs?) (Ar™ + Bs™) — (Arqfl + Bsqfl) (AT"H + BS"H)

1 nyl 1 g1
= AB (rqs” —ptTlign Ty gl pntlga )

1 1
ris" (1 — %) 4+ r"s? (1 — TZ>:|
r s

=AB
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r—s r—s
By using equation (21), we have

[Qka,lJrl — (p =+ mk) Vk,l]

—l41 - 4l
Vi,aVien — Vi1Vt = (rs)? (7‘” 5" q)

r—5
(_l)qu»l
= (p2k2 +4m? — pz) [Qka,l+1 - (p + mk) Vk,l} [2ka,n+l—q+1 - (p + mk) Vk,n+l—q]
This completes the proof of the theorem. O

Theorem 3.10 (Binomial Form of (Vi »)). Forn € Zo, the following result holds

Vi,2n = Z (?) k' Vi (28)

i=0
Proof. Again from the equation (13), we achieve

Vien = A (r?)" + B (s%)"

:A(kr+1)"+B(ks+1)

Hence the result. O

3.2. Relation Properties

In this subsection we present the results which establishes the relation of k-Fibonacci-Like sequence (Vi,») with k-Fibonacci

sequence (Fy ) and k-Lucas sequence (L .).

Theorem 3.11. For n € Zy, the following result holds:
2mVignt1 — (p+ mk) Vign = (mzk2 +4m® — p2) Fin (29)

Proof. In order to prove the required result, we will use induction on n. Clearly the result is true for n = 0. Suppose that

the result is true for all values j less than or equal n and then

2mVint2 — (p + mk) Vieng1 = 2m (kVint1 + Vin) — (0 + mk) (kVin + Vien—1)
= k[Qka,nJ,—l - (p + mk) Vk,n] + [Qka,n - (p + mk) Vk,n—l]
= (mzk2 +4m?* — pz) (kFkm + Frn-1)

= (m2k2 +4m® — Pz) Finia

as required. O
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Theorem 3.12. For n € N, we have
2mVint2 — (p + mk) Vieng1 + 2mVin — (p + mk) Vi1 = (m2k2 +4m? — p2) Lk n (30)
Proof. 1In order to prove the equation (30), we use induction on n. Let n = 1, we get

2mVi,s — (p+ mk) Vo + 2mVi 1 — (p + mk) Vio

=2m (mk3 + pk® + 3mk +p) — (p + mk) (mk2 + pk + 2m) + 2m (p + mk) — (p + mk) 2m
=m?k® + 4m?k fp2k

= (m2k2 +4m? — pz) Ly

=R.H.S
Assume that the result is true for all values j less than or equal n — 1 and then

2mVin — (0 + mk) Vi1 +2mVi n_2 — (p + mk) Van—s = (m2k2 +4m? — p2) Ly n—2 and

2mVint1 — (0 + mk) Ve +2mVign1 — (p + mk) Vg n—o = (m2k2 +4m?® — pz) L1
Now we prove that the result is true for n and then

2mVi nyo — (p+ mk) Vi ng1 + 2mVign — (p + mk) Vi1
=2m (Vin+1 + Vien) — (0 + mk) (Vi + Vien—1) + 2m (kVin—1 + Vien—2) — (p + mk) (EVi,n—2 + Vi,n—3)
=k[2mVins1 — (0 + mk) Vi + 2mVin—1 — (p 4+ mk) Vin—2] + [2mVin — (p+ mk) Vin—1 + 2mVin_o
— (p+mk) Vin—3]
=k (m2k2 +4m? — p2) Lin—1+ (m2k2 +4m? — p2) Lin—2
= (m’k* + 4m® — p°) (kLgn—1 + Lin—2)

= (m2k2 + 4m? —p2) Lin

)

as required. O

Theorem 3.13. For n € Zo, the following result holds:
Vk,n =pFin+ mkan, p, m € Zo (31)

Proof. To prove the required result we use mathematical induction on n. Certainly the result is true for n = 0. Let us

suppose that the result is true for all values j less than or equal n and then

Vint1 = kVin + Vin—1
=k (pFin +mLin) + (PFen—1+mLkn-1)
=p (ka,n + Fk,n—l) +m (kLk,n + Lk,n—l)

= pFint1 +mLgni1

as required. O
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Theorem 3.14. Forn > 0 and [ > 1 the following result holds:
Vient1View + Vi Vi1 = (m°k* + 4m? + p*) Fi st + (2mp) Li st (32)
Proof. 1In order to prove the equation (32), we use induction on I. For [ =1 and n = 0, we have

LH.S = Vi1 Vi1 + VioVio

= m*k? + 4m? + p* + 2mpk
and

RH.S = (m*k? + 4m® +p°) Fi,1 + (2mp) Ly
= m?k? +4m® + p* + 2mpk

Let us suppose that the result is true for all values ¢ less than or equal [. Now we prove that the result is true for [ + 1 and

then

Vi1 Vit + Vien Var = Vinrr (BVieg + Vi) + Vien (KVai—1 + Vii—2)
=k (Vi1 Vea + VenVai—1) + Venar+1 V-1 + Vin Vii—2)
= k[(m2k2 + 4m? +p2) Fint1 + (2mp) Lk’n+li| + [(kaQ + 4m? +p2) Finti—1 + (2mp) Lk,n+l71]
= (m2k2 + 4m? +p2) (kFknt+1 + Fenti—1) + (2mp) (kLk,n+1 + Li,nti-1)

= (m2k2 +4m? + p2) Finti+1 + (2mp) L nti41

as needed. O
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