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1. Introduction and Preliminaries

The study of fixed point theory become a subject of great interest due to its applications in Mathematics as well as in other
areas of research. There are many researchers who have worked in fixed point theory of contractive mapping see [4, 11].
In [4], Banach presented a most out standing result concerning to contraction mapping. This famous result is known as
Banach contraction principle. In [6], L. G.Huang, X. Zhang proved the contraction mapping principle in cone metric space.
In 2012, Ozavsar and Cevikel [7] introduced the concept of multiplicative contraction mapping and proved some fixed point
theorems of such mappings on a complete multiplicative metric space. They also gave some topological properties of the
relevant multiplicative metric space. Recently Nisha Sharma et al. [8] studied related fixed point theorems for commuting
and weakly compatible maps in a complete multiplicative metric spaces.

In this paper we proved the existence and uniqueness of fixed points of weakly compatible and commuting maps in a complete

multiplicative metric space, which are improvements of the result of Nisha Sharma et al. [8].

Definition 1.1 ([7]). Let X be a nonempty set. A multiplicative metric is a mapping d : X x X — RT satisfying the

following conditions:
(1). d(z,y) > 1 for all z,y € X and d(z,y) =1, if and only if x = y.
(2). d(z,y) = d(y,x) for all z,y € X.

(3). d(z,y) < d(z,z).d(z,y) for all z,y,z € X. (Multiplicative triangle inequality)
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Also (X, d) is called a multiplicative metric space.

Example 1.2 ([7]). Let d* : (RT)" x (RT)" — R* be defined as follows d*(z,y) =| R T, where
a ifa>1

T = (21,22, 0, Tn), ¥ = (Y1,Y2, -, Yn) € RT and | . |*: RT — RT is defined | a |*= . Then (RM)™,d*) is a
L gfa<1

multiplicative metric space.

Definition 1.3 (Multiplicative convergence [7]). Let (X, d) be a multiplicative metric space, {x,} be a sequence in X and
x € X. If for every multiplicative open ball Be(xz) = {y/d(z,y) < €}, € > 1 there exists a natural number N such that for

n > N, z, € Be(x), the sequence {x,} is said to be multiplicative converging to =, denoted by x, = x (n — o).

Definition 1.4 ([7]). Let (X,d) be a multiplicative metric space, {xn} be a sequence in X and x € X. the sequence {xn}

is called a multiplicative Cauchy sequence if, for each € > 1, there exists N € N such that d(zn,zm) < €, for all m,n > N.

Definition 1.5 ([7]). Let (X, d) be a multiplicative metric space. A mapping f : X — X is called a multiplicative contraction

if there exists a real constant X € [0,1) such that d(fz, fy) < d(z,y)* for all 2,y € X.

Definition 1.6 (Multiplicative continuity [7]). Let (X,dx) and (Y, dy) be two multiplicative metric spaces and f: X =Y
be a function. If for every e > 1, there exists § > 1 such that f(Bs(z)) C Be(f(x)), then we call f multiplicative continuous

atr € X.

Definition 1.7 ([7]). Let (X,d) be a multiplicative metric space. we call (X, d) is complete if every multiplicative Cauchy

sequence in X 1s multiplicative convergent to some x € X.

Definition 1.8 ([7]). Let S,T be self maps of a multiplicative metric space (X,d), then S,T are said to be compatible if

limp 00 d(STxr, T'Sxyn) = 1, whenever {z,} is a sequence in X such that limn—e0 STp = limp—ocTxn = 2 for some z € X.

Definition 1.9 ([3]). Two self maps of multiplicative metric space S, T of a non empty set X are said to be weakly compatible

is STx = TSz whenever Sx = Tx.

Recently Nisha Sharma et al. [8] proved the following fixed point theorem for commuting and weakly compatible maps in a

complete multiplicative metric space.

Theorem 1.10 ([8]). Let (X,d) be a complete multiplicative metric space and P, @, R, S,T and U be self maps of X

satisfying the following conditions
(1). TU(X) C P(X) and RS(X) C Q(X) and

(2). d(RSz, TUy) < (d(Pz,Qy).d(Pz, RSz).d(Qy, TUy).d(Pz, TUy).d(Qy, RSw).d(TUy,RSm))% for all z,y € X, X €

[0,1) is a constant.

Assume that the pairs (TU,Q), (RS, P) are weakly compatible. Pairs (T,U), (T,Q), (U,S), (R,S), (R, P) and (S, P) are

commuting pairs of maps. Then P,Q,R,S,T and U have a unique common fixed point in X.

2. Main Result

In this section we improve Theorem 1.10 (Nisha Sharma et al. [8]) by allowing A in [0, %) Now we state and prove our first

result.
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Theorem 2.1. Let (X,d) be a complete multiplicative metric space and P, Q, A, and B be self maps of X satisfying the

following conditions

(1). A(X) C P(X) and B(X) C Q(X) and

>

d(Pz, .d(Pz,Bz).d(Qy,A
(2). d(Bz, Ay) < (Pr, Qu)-d(. /- (Qy.Ay) for allz,y € X, A€ [0,1) is a constant.

d(Pz,Ay).d(Qy,Bz).d(Ay,Br)

Assume that the pairs (A, Q) and (B, P) are weakly compatible. Suppose either P(X) or Q(X) is closed. Then P,Q, A and

B have a unique common fized point in X.

Proof. Let zo € X, by (i) we can define inductively a sequence y, € X such that y2n = Bran = Qrant1 and yont1 =

Axony1 = Pronys for allm =1,2,3,.... Then

d(Y2n, y2n+1) = d(BT2n, AT2n11)

ol

ngn 7QI2n+1) d(PIQn,BEQn).d(ngn ,Al‘zn)
d(Pzan,ATon1).d(QT2nt1y,Bx2n).d(Azoni1,BT2n)

ol

Al}zn 1,B$2n) (A.’L’Qn_1,B(EQn).d(BJZQn,BZEQn)
Al’zn 1,A$2n+1) d(Bany,Bxgn).d(AzgnJrl,Bxgn)

>

d(Y2n—1,Y2n)-d(Y2n—1,Y2n)-d(Y2n,y2n)

d(y2n—1,Y2n+1)-A(Y2nY,Y2n)-d(Y2n+1,Y2n)

o>

d*(Y2n—-1,92n)-d(Y2n-1,Y2n+1)-d* (Y2n+1,Y2n) }

IN
wl>

IN

d*(yan—1,y2n)-d° (Y2n,Y2nt1) }

o d(Yon, Yont1) < d(y2n—1, Y2n) ~d(y2n7y2n+1)>\

- . A
S d(yzn, yant1) < d(yen— 1,y2n) =X = d(yan—_1,y20)". (write : =h)

d(y2nt1,Y2n+2) = d(Y2nt2, Yont1) = d(Brany2, AToni1)

ol

d(Pzany2,Qron—1).d(Prony2,Brony2).d(Qront1,AT2n41)

d(Pzany2,AT2n41).d(Qr2n+1y,Bxant2).d(Ax2nt1,Brant2)

ol>

{ d(y2n+1,92n)-d(Y2n+1,Y2n+2).d(Y2n,y2n+1)

<
d(Y2n+1,Y2n+1)-d(Y2ny,Y2n+2)-Ad(Y2n+1,Y2n+2)
A
3
A (yan y2n+1)-d° (Yant1,y2n12) }
h . A
S d(Yany1, yant2) < d(Yan, Yant1) T = d(Yan—1,Y2n) . (write T = h)

S d(Ynt1,Yn) < d(ynvynfl)h

< [d(Yn—2, ynfl)h}h

2

= d(yn—1,yn—2)"

IN

n

= d(y1,y0)"
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S d(Ynt1,yn) < d(yr,yo)" = lasn— oo (0 h<1)

S d(Yny1,Yn) = 1

We show that {y,} is a multiplicative Cauchy sequence in X.

A(Yns Yn+x) < d(Yn, Yn+1)-d(Ynt+1, Ynt2) - - A(Yntk—1, Yn+k)

BT prtl prtk—1
<d(yo,y1)" -d(yo,y1) <o d(yo, y1)

npnt+lgn+2 L pntk—1
= [d(yo, )" T
:d(yl,yo)lhfih — lasn—o00, k—>oo (- h<1)
Therefore d(yn,yn+x) — 1. Therefore {y,} is a multiplicative Cauchy sequence in X. Since X is Complete multiplicative
metric space, so there exists r € X, such that y, — 7. i.e., d(yn,r) — 1. Therefore d(y2n,r) — 1 and d(yn+1,7) — 1 ie.,
d(Bzxan,r) — 1 and d(Azany1,7) — 1 ie., d(Qxant1,7) — 1 and d(Pzx2n42,7) — 1. Without loss of generality, suppose

Q(X) is closed, and B(X) C Q(X), so there exists some u € X such that Qu = r. Now

d(Pz2n,Qu).d(Px2n,Brayn).d(Qu,Au)
d( B, Au) < (Pz2n,Qu).d(Pron,Bron).d(Q
d(Pzan,Au).d(Quy,Bxar,).d(Au,Bxan)
%
d(Pxan,r).d(Pxon,Bxay).d(r,Au)
d(Pz2n,Au).d(ry,Bxay,).d(Au,Bxay)
On letting n — oo
d(r,r).d(r,r).d(r, Au
oy < | AT G A0

d(r, Au).d(r,r).d(Au, )

Therefore d(r, Au) < (d3(r, Au))% = d(r, Au)* < d(r, Au), a contradiction if r # Au. Therefore Au = r. Therefore
Au = Qu = r. Since (A4, Q) are weakly Compatible, QAu = AQu = Qr = Ar. Therefore r is a coincident point of A and

Q. Now

>

d(Pz2n,Qr).d(Pr2n,Bx2y).d(Qr,Ar)
d(Pzan,Ar).d(Qry,Bzay).d(Ar,Bxay,)

d(Bzxan, Ar) <

On letting n — oo

>

sy < | 40 @A) @

d(r, Ar).d(Qr,r).d(Ar, 1)
< {d2 (r,Qr).d* (Ar,r) .d(Qr, Ar) }§

d(r, Ar) < { d? (r, Ar).d® (r, Ar) }§

Therefore d(r, Ar) < d(r, Ar)% < d(r, Ar), a contradiction if r # Ar. Therefore Ar = r. Therefore Ar = Qr = r. Therefore

r is a fixed point of A and Q. Now Au=r = r € A(X) = r € P(X). So there exists v € X such that r = Pu,

A

d(Bv, Au) < d(Pv, Qu).d(Pv, Bv).d(Qu, Au)
d(Pv, Au).d(Qu, Bv).d(Au, Bv)
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o>

d(r, Bv).d(r,r)
d(r, Bv).d(r, Bv)

Therefore d(Bv,r) = d(Bv, Au) < d(r, Bv)* < d(r, Bv), a contradiction if 7 # Bv. Therefore Bv = r. Since (P, B) are
weakly Compatible,
PBv = BPv = Pr=Br,

d(Br,r) = d(Br, Ar)

wl>

d(Pr,Qr).d(Pr, Br).d(Qr, Ar)
d(Pr, Ar).d(Qr, Br).d(Ar, Br)

2
3

d(Br,r).d(Pr, Bur).d(r,r)

d(Br,r).d(r, Br).d(r, Br)

Therefore d(Br,r) < [d(Br, 7‘)]% < d(Br,r), a contradiction if r # Br. Therefore Br = r. Therefore Br = Pr = r.
Therefore r is a fixed point of B and P.
and hence Ar = Qr = Br = Pr = r. Therefore r is a fixed point of A,B,P and Q.

Uniqueness: Let s be another common fixed point of A, B, P and Q. Then by (1)

wl>

d(Pr,Qs).d(Pr, Br).d(Qs, As)
d(Pr, As).d(Qs, Br).d(As, Br)

d(r,s) = d(Br, As)

IN

3

d(r,s).d(r,r).d(s, s)
d(r, s).d(s,r).d(s,r)

2 42
3 3

= [d(r,5)"]% = d(r,s)

Therefore d(r, s) < d(r, 5)]% < d(r,s), a contradiction if r # s. Therefore r = s. Therefore r is a unique common fixed point
of A, B, P and Q. O
The following theorem is a corollary of Theorem 2.1 for six self maps.

Theorem 2.2. Let (X,d) be a complete multiplicative metric space and P, Q, R, S, T and U be self maps of X satisfying

the following conditions.

(1). TU(X) C P(X) and RS(X) C Q(X) and

o>

d(Pz, .d(Pz,Bz).d(Qy,A
(2). d(RSz,TUy) < (P, Qy)-d( )-d(Qy,Ay) forallz,y € X, A €0, %) is a constant.

Pairs (T,U), (T,Q), (U,Q), (R,S), (R,P) and (S, P) are commuting pairs. Then P, Q, R, S, T and U have a unique

common fized point in X.

Proof. Put TU = A, and RS = B then (i) and (ii) of theorem 2.1 are satisfied. Hence P, @), A, B have unique common
fixed point say r, then Ar = Qr = Br = Pr = r ie., TUr = Qr = RSr = Pr = r = T(TUr) = T(Qr) = Q(Tr)
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(.- (T,Q) commute) = T(r) = Q(T'r). Therefore Tr is a fixed point of Q. Now RS(r) = Pr = R(RSr) = R(Pr) = P(Rr)
(.- (R, P) commute) = R(r) = P(Rr). Therefore Rr is a fixed point of P. Again Ar = TU(r) = T(Ar) = T(TUr) =
TUTr)=TU(Tr) (. (T,U) commute) = T(r) = TU(Tr) = A(Tr). Therefore Tr is a fixed point of A and Br = RS(r) =
P(Br) = R(RSr) = R(SRr) = RS(Rr) (. (R, S) commute). Therefore Rr is a fixed point of B. Rr = P(Rr) = B(Rr) and
Tr = Q(Tr) = A(Tr). Now

Therefore Ur is a fixed point of Q and Ar = TUr = U(Ar) = U(TUr) (. (U, A) commute) = U(Ar) = U(r) = AUr = Ur.
Therefore Ur is a fixed point of A. Therefore Tr and Ur are fixed points of A and Q. Similarly Rr and Sr are fixed points
of B and P.

d(Rr,Tr) = d(BRr, ATr)

ly

d(PRr,QTr).d(PRr, BRr).d(QTr, ATr)

d(PRr,ATr).d(QTr, BRr).d(ATr, BRr)

wl>

d(Rr,Tr).d(Rr, Rr).d(Tr,Tr)

—_  —

d(Rr,Tr).d(Tr, Rr).d(Tr, Rr)

= d(Rr,Tr)s

Therefore d(Rr,Tr) < d(Rr, Tr)% < d(Rr,Tr), a contradiction if Rr # Tr. Therefore Rr = Tr. Therefore Rr is a
common fixed point of A, @, P and B. i.e., TU, Q, P and RS. But r is a unique common fixed point of A, @, P and
B. ie, TU, Q, P and RS. Therefore Rr = r is a unique common fixed point of P, Q, R, S, T and U. Similarly we find
d(Sr,Ur) = d(BSr,AUr) < d(Sr, UT)% < d(Sr,Ur), a contradiction if Sr # Ur. Therefore r is a unique common fixed
point of P, Q, R, S, T and U. O

Corollary 2.3. In addition to Theorem 2.1, If x is a fized point of P and B, and y is a fized point of A and Q. Then

T =1y.

Proof. By Theorem 2.1, A, B, P and @ have unique fixed point. Suppose z is fixed point of B and P, and y is fixed point
of A and Q. Now

d(z,y) = d(Bz, Ay)

o>

d(Pz,Qy).d(Pz, Bx).d(Qy, Ay)

IN

d(Pz, Ay).d(Qy, Bz).d(Ay, Bx)
A, y)-d(e, 2) dyy) |
d(x,y).d(y, z).d(y, x)
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= d(z,y) "

d(z,y) < d(az,y)% < d(z,y), a contradiction if x # y. Therefore x = y. O

References

[1] A.Azam, B.Fisher and M.Khan, Common fized point theoremsin complex valued metric spaces, Numerical Functional
Analysis and Optimization, 32(3)(2011), 243-253.

[2] Agamieza E.Bashirov, Emine Misirli Kurpinar and Ali Ozyapici, Multiplicative calculus and its applications, J. Math.
Analy. App., 337(2008), 36-48.

[3] Al.Perov, On the Cauchy problem for a system of ordinary differential equations, Pvi-blizhen met Reshen Diff Uvavn.,
2(1964), 115-134.

[4] S.Banach, Sur les operations dans les ensembles abstraits et leur application auz equations integrales, Fundam. Math.,
3(1922), 133-181.

[5] G.Junck, Commuting maps and fized points, Am Math Monthly., 83(1976), 261-263.

[6] L.G.Huang and X.Zhang, Cone metric spaces and fized point theorem for contractive mappings, J Math Anal Appl.,
332(2007), 1468-1476.

[7] M.Ozavsar and Adem C.Cevikel, Fized points of multiplicative contraction mapping on multiplicative metric spaces,
arXiv:1205.5131 vl, (2012).

[8] Nisha Sharma, Jyotika Dudeja and Arti Mishra, Related fized point theorems for Commuting and Weakly Compatible
maps in complete multiplicative metric space, Int. Journ. of Computational and Applied Mathematics, 12(1)(2017),
105-113.

[9] R.H.Haghi, Sh.Rezapour and N.Shahzadb, Some fized point generalizations are not real generalization, Nonlinear Anal.,
74(2011), 1799-1803.

[10] S.Sessa, On a weak commutativity codition of mappings in fized point consideration, Publ. Inst Math., 32(46)(1982),
149-153.
[11] W.Chistyakov, Modular metric spaces- I: Basic concepts, Nonlinear Anal., 72(2010), 1-14.

[\
5]
—



	 Introduction and Preliminaries
	Main Result
	References

