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1. Introduction

In recent years, the theory of impulsive differential equations emerge as an important area of research, since such equations
have many applications in the control theory, physics, biology, population dynamics, economics, etc. Because of difficulties
caused by impulsive perturbations there is a less consideration regarding the oscillation problem for impulsive differential
equation [4, 5, 9, 10, 14, 23]. In [11], the problem of interval oscillation criteria of impulsive differential equation with

damping of the form

(r()¢a (@) +p(t)dalz’) + a(t)ps(z’) = e(t), t# m,

A(T(t)¢a($/))+ql¢g($) = €, t:Tk7k: 1727"‘

was studied by Ozbekler in the year 2009. Using the same approach in [5], Huang et.al. considered the oscillation of second

order forced FDE with impulses

a(t) + p() f(a(t — 7)) =e(t), t#tx,

x(t:) = apx(ty), :Jc'(tz') =bpa'(ty), k=12, -

and established some interval oscillation criteria which generalized some known results for the equations without delay or
impulses [2, 6, 12, 16, 21]. In the last decades, interval oscillation of impulsive differential equations was stimulating the

interest of many researchers, see for examples [3, 8, 11, 13, 15, 17, 19, 20]. For more details, one can refer the monographs
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[1, 7, 18, 22] and reference cited therein. Most of the existing literature determined on the interval oscillation criteria for
the case of without delay and with out damping and only a very few papers appeared for the case of with delays. As far
as authors knowledge, it seems that there has been no paper dealing with interval oscillation criteria for impulsive partial
differential equations. Motivated by this gap, we consider the following impulsive partial differential equations with damping

term of the form

2 [ (fu 20) )] ( Srue)) + a0 et = 7))+ o O ulnt = 7)

= a(t)Au(z,t () Au(z,t — pj) + F(x,t), t#tg,

m

u(z, 1) = (1+ ar)u(z, tk),
Ut(w,tz):(l-i-ﬂk)’lh(l‘,tk), k=1,2,---, ($,t)€QX]R+EG,

where € is a bounded domain in RY with a piecewise smooth boundary 99, A is the Laplacian in the Euclidean space RY
and Ry = [0, +00). Equation (1) is enhancement with the boundary condition,

Ou(z, t)

5o bule ulz ) =0, (1) €92 Ry, 2)

where + is the outer surface normal vector to 9Q and u(x,t) € C(9 x [0, +00), [0, +00)).

In the sequel, we assume that the following hypotheses (A) hold:

(Al) T(t) € CI(R+7(O7+OO))7p(t) € C(R-HR)» Q(mzt)7Qi(x7t) € C(G7R+)7 q(t) = Hgg‘](m,t)7 ql(t) = melgql(x,t), 1=
1,2,---,n, f, fi € C(R,R) are convex in Ry with uf(u) > 0, uf;(u) > 0 and %”) >e>0, %”) > € >0 for u # 0,

’L:].,Q,"',T'L,t—T<t,t_pj<t,t_1}inoot—7':tlzllloot—pj:+OO,j:1,2,"',m

(A2) F € C(G,R),g € C(R,R) is convex in Ry with ug(u) > 0, g(u) < u for u # 0, g~ € C(R,R) is continuous function

with ug™"(u) > 0 for u # 0 and there exist positive constant n such that ¢~'(uv) < ng~"(u)g™*(v) for uv # 0.

(As) a(t),a;(t) € PC (R4+,Ry), j =1,2,...,m, where PC represents the class of functions which are piecewise continuous

in t with discontinuities of first kind only at ¢t =t5, £k =1,2,---, and left continuous at t =t,, k=1,2,---.
(A4) u(z,t) and its derivative us(z,t) are piecewise continuous in ¢ with discontinuities of first kind only at t = t,
k=1,2,---, and left continuous at t = tx, u(z,tr) = u(x,ty ), us(x, tr) = ue(x,ty, ), k=1,2,---

(As) a, Bk are real constants satisfying ar > —1,ar < Bk, 0 <t1 <--- <tp <--- and . 11111 ty =400,k =1,2,---
—+0o0

Definition 1.1. A solution u of the problem (1)-(2) is a function v € C*(Q x [t—1,+00),R) N C(Q x [t_1,+00),R) that

satisfies (1), where

t_q:= min{O, min {mft—p]}}, t1:= min{O, inft—r}.
1<5<m | >0 >0

Definition 1.2. The solution u of the problem (1)-(2) is said to be oscillatory in the domain G, if it has arbitrary large

zeros. Otherwise it is non-oscillatory.

For convenience, we introduce the following notations:

1 n
§= @/ﬂ“(x’t)d% Q(t) = eq(t) + ;eiqi(t), where Q| = /de.
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2. Main Results

In this section, the intervals [c1,d1] and [c2, d2] are considered to establish oscillation criteria. So we also assume that

(A6) cs,ds & {tr}, s = 1,2, k = 1,2,---, with 1 < di, c2 < d2 and r(t) > 0, ¢(¢t) > 0, ¢:(t) > 0,7 =1,2,---,n for

t €1 —7,d1] U [ca — 7,d2] and F(t) has different signs in [c1 — 7,d1] and [c2 — T, d2], for instance, let

F(t)<0 for te€e1—7,di], and F(t) >0 for t€ [ca— T, d2]

Denote

I(s):=max{i: to <t; <s}, rs:=max{r(t): te€cs,ds]}, s=1,2.

Du(cs,ds) = {u € C'([es, ds], R) u(t) #0, ucs) =u(ds) =0, s =1,2}.
Lemma 2.1. If the impulsive differential inequality

(g (U ()] + pOg(U"(£) + (Ut —7) + 3 gVt —7) < F(1), ¢ # 1

=1

Uth) = (1 + ar)U(tr)
U/(tz) = (1+6k)U/(tk)7 k:172,"'

has no eventually positive solution, then every solution of the boundary value problem defined by (1)-(2) is oscillatory in G.

Proof.  Suppose to the contrary that there is a non-oscillatory solution u(z,t) of the boundary value problem (1) — (2).
Without loss of generality, we may assume that u(z,t) > 0 in QX [to, +00) for some to > 0, u(x,t—7) > 0 and u(z,t—p;) > 0,

j=1,2--- ,m. For t # tg,t > to,k = 1,2,---, we multiplying both sides of equation (1) by and integrating with

1
1€2]
respect to x over the domain €2, we obtain

& o (3 (g [ twnae))| 4000 (5 (g [ ute0a0)) + g [ ate0nstutans - s
+ﬁzﬂ:/ qi(x,t)fi(u(a;,t—T))dx:a(t)ﬁ/nAu(%t)dl’ (4)

Zaj |Q|/Au p]dx—i—‘Q'/Fmtd

From Green’s formula and the boundary condition (2), we see that

/ Aulz, s = [ 242D 4 —/ (e, yu(z, 1)dS < 0 )
Q oo 07 a9
and for j =1,2,--- ,m, we have
/ Au(z,t — p;)dz = Mds = —/ w(z, t)u(z,t — p;)dS <0, (6)
Ele) oy a0

where dS is surface component on 9€2. Furthermore applying Jensen’s inequality for convex functions and using the as-

sumptions on (A1), we get that

/ q(x,t) f(u(z,t — 7))dz > q(t) / flu(z,t —7))dz
Q Q

[\
w
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> cqlt) [ ulot -7 ™)
Q
and fori =1,2,---,n
[ w0 fitutet =0z = o) [ fitutat - 7)do
Q Q
> EiQi(t)/ u(z,t — 7)dz. (8)
Q
Take
1
Fl) = = / P, t)da. ©)
12 Jo
Combining (4)-(9), we get that
[r(®)g(U' (1)) +p(O)g(U' (1) + eg(U(t —7) + Y eqs()U(t — ) < F()
=1
For t = tx,k =1,2,- -, multiplying both sides of the equation (1) by ﬁ, integrating with respect to « over the domain €2,

and from (As), we obtain

1 1
@/ w(z, tf)dz = (1 +ak)@/ u(zx, ty)dz
Q Q

1 N 1
— = —
il /Qut(x, ty)dr = (1+ Br) o] Aut(x, ty)dz,
. 1
since U (t) = 0] Jo u(z, t)dx, we have

U(ti) =(1 + ax)U(t)

U'(t0) =1+ Bi)U (tr).-

Therefore U(t) is an eventually positive solution of (3), which contradicts the hypothesis and completes the proof. O

Theorem 2.2. Assume that conditions (A1) — (As) hold, furthermore for any T > 0 there exist cs,ds satisfying (Ag) with
T<c <d1,T§Cz<d2 and

(%) f:)o g ? <%) ds = o0, (#1)u(t) € Dy(cs,ds) such that

4o N2 — o) w(t)] . [reon CORS _ R DR
[ vt [ot e = st 59 ae [ Qi e X [ ewn i
- / QU () R,y (1)t < o1 2 (1)), (10)
t1(ds)
for I(cs) < I(ds), s = 1,2, where Q(t) = eq(t) i:leiqi(t),
(+a )T-i(_lzljﬁ =ty SUetET)
R =¢ .
W, te [tk+77tk+1),

then every solution of the boundary value problem (1) — (2) is oscillatory in G.
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Proof.  Assume to the contrary that u(¢) is a non-oscillatory solution of (2) and (1.2). Without loss of generality we may
assume that U(t) is an eventually positive solution of (3). Then there exists t1 > to such that U(¢t) > 0 for ¢t > ¢;. Therefore

it follows from (3) that
[r(t)g(U"()]" < F(t) = p()g(U'(t) — ea(t)U(t = 7) — i €iqi()U(t —7) <0 for t€ [ta,+00). (11)
i=1
Thus U’(t) > 0 or U'(t) <0, t > t; for some t1 > tg. We now claim that
U'(t) >0 for t>t. (12)

Suppose not, then U’(t) < 0 and there exists t2 € [t1, +00) such that U’(t2) < 0. Since r(t)g(U’(¢)) is strictly decreasing on

[t1, +00). It is clear that

r(t)g(U'(1)) < r(t2)g(U'(t2)) = —c,

where ¢ > 0 is a constant for ¢ € [t2, +00), we have

U'(t) < —cog™" (%) ,  where co =ng~'(c) for t € [ta, +00).

)

Integrating the above inequality from t2 to t, we have

U() < Ults) — eo /t:g*1 (%) ds.

Letting ¢t — 400, we get

lim U(t) = —

t——4o0

which contradiction proves that (12) holds. Define the Riccati Transformation

_ r(®g(U'(1)
w(t) := OR (13)
It follows from (3) that w(t) satisfies
F(t) - Ut—7) w?(t)  pt)w(t)
") < =2 — t qi(t - - .
WS ey [+ ;E “O\ —gm "m0
By the assumption, we can choose c1,d1 > to such that r(¢) > 0, ¢(¢) > 0 and ¢;(t) > 0 for ¢t € [c1 — 7,d1], i =1,2,--- ,n

and F(t) <0 for ¢t € [c1 — 7,d:1] from (3) we can easily to see that

[\
w
w
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Fort =t,, k=1,2,---, one has

r(t)g(U(t)) _ (1+Br)
U(ty)) T (T4 a)

w(tl) = w(ty). (15)

At first, we consider the case in which I(ci) < I(di). In this case, all the impulsive moments in [ci,d;] are
tren+1, tr(eny+2, ", tr(a;). Choose u(t) € Dy(c1,d1) and multiplying by u?(t) on both sides of (14), integrating it

from ¢; to di, we obtain

trer)+1 9 , tr(er)+2 5 , dy 9 ,
/ u” (H)w (t)dt+/ u” (Hw (t)dt+---+/ uw’ (t)w' (t)dt
t

cq tr(eq)+1 I(dy)
_ tl(c1)+1u2 w(t) [tz u? w?(t) L “ o2 w?(t)
< / Gty /<> ey /tw G
tr(cq)+1 -7 tr(e)+1TT 5 —r tr(eq)+2 9 —T
—/ o uz(t)Q(t)%dt—/ o u (t)Q(t)%dt—/ o L (t)Q(t)%dt
1 tr(ep)+1 trep)+1+7
I e u—r7) ., [ w2 ut—r)_, d1u2 w(t)
/%)W (R /tw Q) et [ pte) e

Using the integration by parts on the left-hand side, and noting that the condition u(ci) = u(d1) = 0, we get

kzi%jﬂf(tk) [w(te) —w(t)] < - /:<c1>+1 or(t) {u’(t) - wr dt
- =(<Z)>+ / or(t) [u/ (1) — M0 e / () or() ') - W}
B /H i (t)Q(t)%;ﬂdt - (<Z))+ { / + u%t)@(t)%‘t)”dt - + u%ﬂ@(ﬂ%dt
- /t d() uz(t)Q(t)%dt - / d P2 () 7:((:)) . 16)

Now for t € [c1,d1]\ 7k, k € N from (3), it is clear that

That is,

This implies that

U(it—1).

is non-decreasing on [cl, dl]\tk. There are several case, we will estimate )

in each interval of ¢.

Case 1: For t € (tg, tkt1] C [c1,d1]. We consider two sub cases:
Case 1.1: If t € [ty + 7,tk41], then t — 7 € [tk, tky1 — 7] and there are no impulsive moments in (¢ — 7,t), then for any

t € [tk + 7,tr+1] one has

U(s) - Ut =U'(&)(s —te), &1 € (tk,5),
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U(s) 2 U'(&1)(s = t).

Since U’ (t)exp [ %

dv is non-increasing in [c1, t], we have

13 (v v , 5 (v v
v@ern [ Ly vy [P g,

Y S0
From the fact that r(t) is non-decreasing, we get

U'(s)exp [, T/(Uza(t)p(v)

IPEICETICOP
pfcl 7”(1)) d

U(s) >U'(s) (s —tg) .

dv

U(s) > (s —tw)

‘We obtain

Integrating it from ¢ — 7 to ¢, we have

Ut—71) _t—7—1g

U0 > >0

Case 1.2: If t € (tg,t, + 7) then t — 7 € (t, — 7,t) and there is an impulsive moment ¢ in (¢t — 7,¢). Similar to Case 1.1,

we obtain

U'(s) < 1
U(s) s—ty+T1

, for any s € (tx — 7, tk).

Integrating it from ¢t — 7 to ¢, we get

>0, te (trte+7) (17)
For any t € (tk,tr + 7), we have

Ut) = Ut) < U'(E0)(t — tw).
Using the impulsive conditions in equation (3), we get

Ut) — (1 + ar)U(ts) < (14 Be)U" (tr)(t — tr)
U/

U() (), .
Using lgéf:; < %, we obtain
U(t) 1
Ute) <(1+oax)+ ;(1 + Be)(t — tr).

[\
w
(524
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That is,

Ulty) T
Ut) = (I+ o)+ 1+ Bi)(t —tx)

(18)

From (17) and (18), we get

Ut — _

(t—1) > t—tg >0.
U(t) (T4 ar)7 + (1 + B)(t — t)

Case 2: If t € [c1,t7(c;)4+1), We consider three sub cases:

Case 2.1: If tjc,) > ci —7and t € [tyc,) +7,tr(c;)+1] then t —7 € [trc,),t1(c;)+1 — 7] and there are no impulsive moments

in (t — 7,t). Making a similar analysis of the Case 1.1 and using Mean-value Theorem on (t;(c,), tr(c;)+1], We get

Ult—r1) t—T—t[<C1)>O
U(t) t—tre) .

Case 2.2: If tj,) > c1 — 7 and t € [c1,t(c,) +T), then t — T € [e1 — T,t1(c,)) and there is an impulsive moments t7(.,) in

(t — 7,t). Making a similar analysis of the Case 1.2, we have

-7 E b -
U(t) (1+a1(61))7+(1+ﬁ1(61))(t_t1(01)) n

Case 2.3: If t;(c,) < c1 — 7 then for any t € [c1,t1(c;)41]s t — T € [c1 — T, t1(c;)+1 — 7] and there are no impulsive moments

in (t — 7,t). Making a similar analysis of the Case 1.1, we obtain

Ult—r1) t—T—t[(Cl)>0
U(t) t=trer) .
Case 3: For t € (t;(4,),d1], there are three sub cases:
Case 3.1: If t;q,) +7 < di and ¢ € [tyq,) + 7,d1] then t — 7 € [t;(4,),d1 — 7] and there are no impulsive moments in
(t — 7,t). Making a similar analysis of the Case 2.1, we have

Ult—1) _t=7—tray
U(t) t—tr(a,)

> 0.
Case 3.2: If t;(q,) + 7 < di and t € [t;(a,),tr(a,) + 7), then t — 7 € [trq,) — 7,t1(q,)) and there is an impulsive moments
tr(d,) in (t — 7,t). Making a similar analysis of the Case 2.2, we obtain

U(t_T) > titl(‘il) >0
U(t) (L4 ar@))T + (1 + Brean)) (¢ = tray) —

Case 3.3: If t;(q,) +7 > di then for any ¢ € (t7(q,),d1], we get t —7 € (ty(a,) — 7, d1 — 7] and there is an impulsive moments

tr(a,) in (t — 7,t). Making a similar analysis of the Case 3.2, we get

Ut-r) S t—tra,) >0
U(t) (L4 ar@))T + (1 + Brean))(t = tray) —

Combining all these cases, we have
R}(Cl)(t) for t € [e1,tr(ey)+1)
> R;lc(t) for tG(tk,tk_‘_ﬂ, k:I(Cl)+1,~~~ ,](dl)—l

Ria,)(t)  for t€ (tray)+1,di].
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Hence by (16), we have

I(dy) dy 2 t
u(t)w(t I(ep)+1
> o) [wie) - wied)] < [ oo o) - o0 0O | ar - [ w0 0
k=I(c1)+1 2 1
R 2 1 “, 1
- Y [TTeweoriod- [T R0 Rlw, (0 (19)
k=I(c1)+1” 1tk tr(dy)
For all t € (c1,tr(c;)+1], Where
U) 20" (t—c1), €€ (c1t) (20)
/
By the monotonicity of U’ (t)exp fctl %d‘g and (20) we have
/
U'(t)exp fctl UL e AL (Sig)p(s) ds
O T,
exp fq Tds
U)>U'(t)(t—c1)
for some § € (c1,t). It follows
U'(t) P
U(t) “t—c
Taking t — t7(c;)+1, it follows that
w(t) < 0
rit) —t—a
Then we get,
Or(t)
< Y
w(tree;)+1) < ——
r
W(tr(e)+1) < m (21)
c1
Similarly we can prove that on (tx—1,tx], k = I(c1) +2,---,I(d1),
wltn) < g 22
Hence (21) and (22), we have
I(dy)
ar = Br| o U (er)+1 = Br(er)+1 2
>
kz[%;)Jrl [ 1+ o :| U (tk)w(tk) Z T (1+a1((;1)+1)(t1((;1)+1 761)'“ (tI(C1)+1)
If) ar — Bk
+ u? (tr)
h=l(on) 42 (I + ar)(tr —ti—1)
> 18 [u? (1)), (23)

[\
w
~
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Thus we have

I(dy)
> [M} (b )w(te) > riTIE [u® (8)].

k=I(c1)+1 L ay

Therefore (19), we get

[ [ew’(t)f —p(t)M} at— [T PO R O

(1) 5
H(d)—1 tht1 dy
_ / WE(H)QU) R (1) dt — / WV (OQ) Rayy (1)t > m 11 [ (1))
k=I(c1)+1" tk tr(dy)

which contradicts (10).
If I(c1) = I(d1) then 1% [u?(¢)] = 0 and there are no impulsive moments in [c1,d1]. Similar to the proof of (19), we obtain

/ ") [9(u'<t>>2 fp(t)M] dt = / TR 0QU) Ry ()t > 0.

r3(t) e

This again contradicts our assumption. Finally if U(t) is eventually negative, we can consider [c2,d2] and reach similar

contradiction. The proof of theorem is complete. O

Next we obtain some new oscillatory results for (1) — (2), by using integral average condition of Philos type. Let D = {(¢,s) :
to < s < t},Hi,H2 € CY(D,R). If Hy, Hy € H, then Hi(t,t) = H2(t,t) = 0 and Hi(t,s) > 0, Ha(t,s) > 0 for t > s and
h1, ho € LlOC(D,R) such that

OH(t, s)
ot

OHa(t, s)

= hl(t7 S)Hl(tvs)y Os

= —ha(t,s)Halt, s). (24)

For X € (cs,ds),s = 1,2,

I(As)—1

Fl’s :/ I(CS)+1 (t CS)Q( )R](cs)( )dt + Z /

s

_ /d w(t) [hl(t, c)r(t) — %t) _p(t)} Hy(t,cs)dt

tk+1 As
1 (t cs) ()Ri(t)dt—i—/ Hi(t,cs)Q(t) Ria,)(t)dt

tr(xs)

r(t)
and
tr(s)+1 L .
[os = / Hy(ds, t)Q(t) Ria,) (t)dt + / H>(ds, t)Q(t) Ri(t)dt + / Ha(ds, )Q(t) R} (a, (t)dt
) R=I()+1 7 tr(ds)
o w(t) w(t)
- /cs r(t) {hQ(ds’t)T(t) ~ e —p(t)} Hy(ds, t)dt.

Theorem 2.3. Assume that conditions (A1) — (As) hold, furthermore for any T > 0 there exist cs,ds satisfying (Hg) with
1 < A <di <c2 <A <dsa. If there exists Hi, Ho € H such that

1
— T —— I A(Hy, Hy; cs, ds )
Hi(M,er) * Ha(di, M) 2 > A(Hy, Hajcs, do) (25)

where

T

T2 [H (cy e0)] + Ta(ds, 3s)

A(H17H2§637ds) = {H (T
1

Hi(hsyco) © TI5: [Ha(ds, ‘)]} : (26)

then every solution of the boundary value problem (1) — (2) is oscillatory in G.

238



V. Sadhasivam, K. Logaarasi and T. Raja

Proof.  Suppose to the contrary that there is a non-oscillatory solution u(z,t) of the boundary value problem (1) — (2).
Notice whether or not there are impulsive moments in [c1, A1] and [A1,d1], we should consider the following cases I(c1) <
I(\) < I(dh), I(c1) = I(\) < I(dh), I(c1) < I(\) = I(dy) and I(c1) = I(A1) = I(dy).

Moreover, the impulsive moments of U(t — 7) having following two cases, t7(x,) + 7 > As and t7(x,) + 7 < As.

Consider the case I(c1) < I(A1) < I(d1), with trony) +7 > As.

For this case, the impulsive moments are tr(x,)4+1, tr(x;)+2> " » tr(dy) in [Ar,da].

Multiplying by Hi(t,c1) on both sides on (14), integrating it from c¢1 to A1, we obtain

M Uit—r1) M M w?(t) M w(t)
H1 (t, Cl)Q(t)idt S — H1 (t, cl)w/(t)dt — H1 (t, 61) dt — H1 (t, Cl)p(t) dt.
o U(t) e o or(t) o r(t)
Applying integration by parts on the R.H.S of first integral we get,
A1 U t_ I()‘l)
Hl(t,cl)Q(t)Mdt <— > Hiltk,e) [w(ts) — w(ty)] = Hi(Ar, en)w(M)
o U(t)
k=I(cy1)+1
tr(cy)+1 D‘l) 1 tet1 A1 2
n R + ha(t enw(t) — PP 0O g a
r(t) Or(t)
1 k= I(cl)+1 tr(xy)
Then we get,
A Ut—r) M pt)w(t)  w(t)
H1 t701Qt7dt—/ |:h1 t,C1wt _— Y — :|H1 t,Cl dt
[ QR [ menw - TS - T e
I(x1)
<— > Hiltk,c) [ +aﬁk} w(ty) — Hi(A1, c)w(Ar). (27)
k=I(c1)+1 k
By Theorem 2.2, we divide the interval [c1, A1] into several and calculating the function %, we obtain
A1 Ut — 1 t1(01)+1 I(d1)—1 tk+1
it e)QO Uiz [ ) QU RNy e+ Y / (1, e1)Q(E) Ryt
€ €1 k=I(c1)+1
dy )
+/ Hi(t,c1)Q(t) Ri(ay) (t)dt. (28)
t1(ar)
From (27) and (28), we obtain
t1(01)+1 I(dy) -1 tk+1
L meenemriey @i > [T i@ Rl
€1 k=I(c1)+1
@ ] M pH)w(t)  w(t)
=+ H, (t,Cl)Q(t)RI(dl)(t)dt — h1 (t,C1)w(t) — T — 0 (t) H; (t, Cl)dt
tr(dy) 1 " "
I(A1) an— B
<= > Hilts,c1) {u} w(ty) — Hi(A1, e)w(). (29)
k=1(c1)+1 1+

On the other hand multiplying both sides of (14) by H2(d1,t) and integrating from A\; to di and using the similar of above,

we get
tr(xp)+1 I(d1)—1 tk+1 L dq L
/ Hy(d, )Q(t) Ripnyy(B)dt + > / Ha(dy, k) Q(t)Rk(t)dt+/ Hs(d1,t)Q(t) Ria,)(t)dt
A1 k=I(\1)+1 tr(dy)

e N OIS0
Al [hg(dl,t) (t) D) 0r(t)} Hy(dq,t)dt
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I(dy1)

ak — Bk
< — ki[%;)Jrl Hg(dl,tk) |: 1+ an :| w(tk) + Hz(dl,)\l)’w()\l). (30)

Dividing (29) and (30) by Hi(A1,c1) and Ha(d1, A1) respectively and adding them, we get

I(X1)

1 1 1 i *Bk]
. T4 To < | Hi(tg, 1) | 22 =2 |
o e " T a2 S 0w k:I(;l)H 1(tk, c1) { T w(tr)
I(d
TR (i) Hy(dy, tr) [ak *5’“} w(ty)] . (31)
Hj(dy, A1) bl O 1 1+ ag
Using the method as in (23) , we obtain
I(A1) _
S e |2 () < I o)
=I(c1)+1
32)
I(d1) _ (
— Y Ha(d,t) hk Bk:| w(ty) < —r 18 [Ha(dy, )],
k=I(31)+1 + ok
From (31) and (32), we obtain
1 T1 A 1 d
Tii+ Tot < —4— 2 TMIH(, e1)] + —— T [Ho(dy, )] b < A(H:, Ha; e1,d 33
H1(>\1,Cl) 1,1 HQ(dl,)\l) 2,1 > {Hl(Al,Cl) 1[ 1( Cl)] H2(d17>\1) M[ 2( 1 )}} ( 1, H125€C1 1) ( )

which is contradiction to the condition (25). Suppose u(z,t) < 0, we take interval [c2,d2] for equation (1).The proof is

similar and hence omitted. O

3. Example

In this section, we present an example to illustrate our results established in Section 2.

Example 3.1. Consider the following impulsive partial differential equation

% [%g (%u(m,t))] +tg <%u(r7 t)) + %u(n t—m/8)+ gu(:c,t —7/8)
= %Au(w,t)—k%Au(w,t—ﬂ)+F(x,t), t#2%kn+ % (34)

u(z, ) = gu(az,tk), u(w, ) = gut(x,tk), ty=2krx %, k=12,---.

for (z,t) € (0,7) x Ry, with the boundary condition
ug(0,t) + u(0,t) = ue(m,t) +u(m,t) =0, t#te, k=1,2,---. (35)

Here r(t) = 1/53,p(t) = t,a(t) = 4/3,a1(t) = 1/53, q(t) = 4/3, ¢1(t) = 2/3, p1(t) = 7, f(u) = fi(u) = u, F(t) =
2¢ " [tcost +sin(t — §)], ax = 3/2,Bk =5/2. Let 7 = §,tpp1 —t = 5 > %. Also for any T > 0, we choose k large enough
such that T < ¢1 = 4km — 5 < di = 4km and c2 = 4km + 3 < d2 = 4kw + 5,k = 1,2,---,. Then there is an impulsive
movement ty = 4km — Lin [c1,d1] and an impulsive moment tp11 = 4km + Fin [c2, d2].

For e = e1 = 1, we have Q(t) = 2, and we take u(t) = sindt, ty,) = 4km — %’r,tf(dl) = 4km — %, then by using simple

calculation, the left side of Equation (10) is the following :

[ [ew’(t))? —p(t)u%)w(t)} at— [ Qo R (0

c1
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I(dp)—1 th

-y Q(t)u?(t)RE(t)dt — / QU ()R, (1)t

k=I(cq)+1 " k-1 tr(dy)

Ak
21/53/ [2(16 cos® 4t) — tsin® 4¢(—2)] dt
4

kr—%
dkm— T 15—E—4J€7r—|—7—7T
—2/ sin? 4t 8 77r4 dt
4k7r7% t—4l€7T+ Z
thr—F t—4k7r+£
72/ sin” 4t dt
PR 5.m 7 s
1 (§)§+(§)(t—4k7r+ Z)
akm t— T 4k + il
Y N e S
Akm— T t —4km + 1
~ — (0.0275.
But I(c1) = k+ 1,1(d1) = k,r1 = 2, we have
ar(eny+1 — Brer)+1 . o
r Hfl u?(t)] =2 sin” (4t (¢ ,
1 1[ ( )] (1 +a1<01)+1)(t1<c1)+1 761) ( I( 1)+1)

=0.

Therefore the condition (10) is satisfied in [c1,d1]. Similarly, we can prove that for t € [c2,d2]. Hence by Theorem 2.2, every

solution of (34) — (35) is oscillatory. In fact u(z,t) = e "sint is one such solution.

Conclusion: In this article, we obtained some new sufficient conditions for all solutions of impulsive partial differential

equations with damping term to be oscillatory, which extend and take a broad view of some known results in [3, 13, 16].
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