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1. Introduction

The theory of fuzzy sets was introduced by L.A. Zadeh [10] in 1965. Rosenfeld [8] used the idea of fuzzy set to introduce
the notions of fuzzy subgroups. Nobuaki Kuroki [5-7] is the pioneer of fuzzy ideal theory of semigroups. The idea of fuzzy
subsemigroup was also introduced by Kuroki [5, 7]. In [6], Kuroki characterized several classes of semigroups in terms of
fuzzy left, fuzzy right and fuzzy bi-ideals. Henriksen introduced the concept of k-ideals with the property that if the semiring
S is a ring then a complex in S is a k-ideal iff it is a ring ideal. In 1986 Atanassov [1] introduced the concept of intuitionistic
fuzzy sets as a generalization of fuzzy sets. In this paper, we prove that the Cartesian product of two intuitionistic fuzzy
k-ideals of semi-ring S is also an intuitionistic fuzzy k-ideal. Conversely, we show that if A x B is an intuitionistic fuzzy left

k-ideal of S x S, then either A or B is an intuitionistic fuzzy left k-ideal of S.

2. Preliminaries

Definition 2.1. A mathematical system (S, *) is said to be a semi-group if Va,b,c € S, (a*b) xc=ax* (bxc).
Definition 2.2. A semi-group (S, *) is said to be commutative if for all a,b € S, axb="bx*a:

Definition 2.3. A semi-ring S is a structure consisting of a non-empty set S together with two binary operations on S

called addition and multiplication(denoted in the usual manner) such that
e together with addition is a semigroup,

e S together with multiplication is a semigroup, and
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o a(b+c) =ab+ac and (a+b)c = ac+ be for all a,b,c € S.
Definition 2.4. A nonempty subset I of a semiring S is called an ideal if
1. a,b €I impliesa+bel,
2. a€l,s €S implies s.a €l and a.s € I.
Definition 2.5. A left ideal A of S is called a left k-ideal of S ify,z € A, x € S, and x + y = z implies x € A.

Definition 2.6. An intuitionistic fuzzy sets defined on a non-empty set X as objects having the form A = {<
z,pa(z),va(z) > /x € X}, where the functions pa : X — [0,1] and va : X — [0,1] denote the degree of membership

and the degree of non-membership of each element x € X to the set A respectively, and 0 < pa(x) +va(z) < 1,Vx € X.
Definition 2.7. Let A and B be two intuitionistic fuzzy subsets of a set X: Then the following expressions hold:

(1). AC B iff pa(z) < pp(x) and va(z) > v5(2),

(2. A=Bi{ff ACBand BC A

(3). A ={< z,pa(x),va(z) > Jx € X},

(4)- AN B ={< z,min{pa(z), up(z)}, max{ya(z),vp(x)} > /z € X}},

(5). AUB = {< z,max{pa(z), pp(z)}, min{ya(z), v8(x) > /o € X}:

Definition 2.8. An intuitionistic fuzzy set A = (u,7y) in a semiring S is called an intuitionistic fuzzy left ideal of S if it
satisfies p(z +y) > min{u(z), u(y)}

y(z +y) < max{y(z),y(y)} Yo,y € S and p(x +y) > p(y);v(z +y) < (), Vo,y € S.

Definition 2.9. If A = (u,v) is an intuitionistic fuzzy set in a set S, the strongest intuitionistic fuzzy relation on S
that is an intuitionistic fuzzy relation on A is As = (pa,,va,), given by pa,(z,y) = min{u(z), u(y)} and va,(z,y) =

max{y(z),v(y)},Vz,y € S.

Definition 2.10. A non-empty intuitionistic fuzzy subset A = (ua,ya) of a semigroup S is called an intuitionistic fuzzy

left(right) ideal of S if
(1) pa(zy) > pa(y)(resppa(zy) > pa(x)),ve,y € S,
(2). va(zy) < va(y)(respya(zy) < va(z)),Vr,y € S

Definition 2.11. A non-empty intuitionistic fuzzy subset A = (a,va) of a semigroup S is called an intuitionistic fuzzy
two-sided ideal or an intuitionistic fuzzy ideal of S if it is both an intuitionistic fuzzy left and an intuitionistic fuzzy right

ideal of S.

3. Main Results

Theorem 3.1. For a given intuitionistic fuzzy set A in a semiring S with the zero element, As can be the strongest
intuitionistic fuzzy relation on S. If As is an intuitionistic fuzzy left k-ideal of S x S, then pa(a) < pa(0);va(a) > va(0)
foralla e S.
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Proof. 1f A, is an intuitionistic fuzzy left k—ideal of S x S, then pa,(a,a) < pa,(0,0);74,(a,a) > va,(0,0) for all
a €S = min{pa(a),pala)} <min{pa(0),4(0)} and max{va(a),va(a)} > max{y4(0),v4(0)}, which implies that p(a) <

©(0);v(a) > ~v(0). O

Theorem 3.2. Let A = (pa,va) and B = (up,yB) be intuitionistic fuzzy left k-ideals of a semiring S. Then A X B is an

intuitionistic fuzzy left k-ideal of S x S.

Proof. Let (z1,22), (y1,y2) € S X S. Then

(ra x pB)(z1,22) + (Y1, ¥2)) = (pa X pB)(T1 + Y1, 22 + Y2)
= min{pa(z1 +y1), pp (22 + ¥2)}
> min{min{a(z1), pa(yr) } min{ps(e2), ws(y2) (™)
= min{min{pa(z1), ps(z2)}, min{ua(y1), ne(y2)}}

= min{(,uA X MB)(I1,$2)7 (NA X ,UB)(ylny)}

Similarly,

(va x vB)((21,22) + (y1,92)) = (va X vB) (%1 + Y1, T2 + ¥2)
= max{vya(z1 + y1),v8(z2 + y2)}
< max{max{va(z1),74(y1)}, max{vp(z2), 5 (y2) }} (2)
= max{max{ya(z1),vp(r2)}, max{ya(y1), v5(y2)} }

=max{(ya X v8)(w1,22), (ya X v8)(y1,¥2)}

(1a % pp) (@1, 22) (Y1, 42)) = (na X p5) (@191, 2y2)
= min{pa(ziy1), up(r2y2)}
> min pa(y1), e (y2)
= (pa x uB)(y1,y2)

Similarly,

(va x vB)((z1,22)(y1,¥2)) = (va X 7B)(T1Y1, T2Y2)
= max{va(z1y1), v (z2y2)}
< max{ya(y1),v5(y2)}

= (va xvB) (Y1, 92)

Hence A x B is an intuitionistic fuzzy left ideal of S x S. Now let (a1,a2), (b1,b2), (z1,22) € S x S be such that (z1,z2) +

(a1, ag) = (bl, b2) i.e., (331 + a1, x2 + ag) = (bl, bg) It follows that 1 + a1 = b1 and z2 + as = ba. Therefore,

(a x pp)(@1, 22) = min{pa(z1), ps(z2)}
> min{min{pa(a1), pa(br)}, min{pp(az), ps(b2)}}
= min{min{p.a(a1), pp(az)}, min{pa(br), pp(b2)}}
= min{(ua X pp)(a1,a2), (ka x pp)(b1,b2)}
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and
(va x yB)(21, 22) = max{ya(21),v5(z2)}
< max{max{ya(a1),va(b1)}, max{ys(az),v5(b2)}} ©
6
= max{max{ya(a1), y8(az)}, max{ya(b1), y5(b2)}}
= max{(ya X v8)(a1,a2), (ya x 7)(b1, b2)}
Hence A x B is an intuitionistic fuzzy left k—ideal of S x S. O

Theorem 3.3. Let A = (ua,va) and B = (uB,vB) be two intuitionistic fuzzy sets in a semiring S with the zero element

such that A X B is an intuitionistic fuzzy left k—ideal of S x S. Then

(1). Either pa(z) < pa(0) and va(z) > va(0) or us(z) < us(0) and vg(z) > vB(0) for allz € S.

(2). If pa(z) < pa(0) and vs(z) > v8(0) for all x € S, then either pa(z) < pp(0);va(z) > vB(0) or up(z) <
ps(0);ve(x) = v5(0).
(3). If pp(x) < pp(0);v8(x) = v8(0) for all x € S, then either pa(x) < pa(0);ya(z) =2 va(0) or pp(z) < pa(0);ys(z) 2

74(0)
(4). If u(x) < pa(0);ve(x) > v4(0) for any x € S, then B is an intuitionistic fuzzy left k-ideal of S.

(5). If pa(z) < pa(0);va(z) > v4(0) for allz € S and ps(y) > ps(0) and v5(y) < v5(0) for some y in S. Then A is an
intuitionistic fuzzy left k-ideal of S.

Proof.
(1). Suppose that pa(z) > pa(0);va(x) < v4(0) and pp(z) > pr(0);v8(z) < v8(0). Then

(na x pp)(z,y) > minfpa(z), up(y)} = (pa x pz)(0,0)

(va x v8)(z,y) < max{va(z),v8(y)} = (va x v5)(0,0)

Which is a contradiction. Hence we obtain (1).

(2). Let us assume that there exist ,y € S such that pa(z) > pp(0);va(z) < v8(0) and ps(y) > ns(0);vs(y) < v5(0).

Then (4 x 15)(0,0) = min{j1(0), s (0)} = j(0) and (74 x 75)(0,0) = max{y(0), 75 (0)} = 75(0). Hence,

(pa x pB)(z,y) = min{pa(z), ps(x)} > pe(0) = (La x 15)(0,0),

(va xvB)(z,y) = max{va(x),v5(x)} < v8(0) = (va x v5)(0,0)

This is a contradiction. Hence (2) holds.

(3). Similarly we can prove (3).
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(4). If up(x) < pa(0);ys(x) > v5(0) for any x € S, then

ps(z +y) = min{ua(0), pp(z +y)}
= (pa x p)(0,z +y)
= (pa x pp)((0,2) + (0,9))
> min{(ua x pp)(0,2), (a x p)(0,y)}
= min{min{z.4(0), pp ()}, min{pa(0), u5(y}}

=min{us(x), us(y)}

vB(z +y) = max{ya(0),v(x +y)}
= (ya xv8)(0,z +y)
= (ya xv8)((0,2) + (0,9))
< max{(yva x y8)(0,2), (ya x v8)(0,9)}
= max{max{y4(0),vs(z)}, max{v4(0), y5(y}}
= max{yp(z),v8(y)}

and

pp(zy) = min{ua(0), ws(zy)}
= (pa x pup)(0,2y)
= (pa x p5)((0,2)(0,y))
> (na x pB)(0,y)
= min{pna(0), uB(y)}

= pu5(y)

78 (zy) = max{ya(0), v5(zy)}
= (va x v8)(0, zy)
= (va x v8)((0,)(0,y))
(10)
< (va xv8)(0,y)
= max{va(0),v5(y)}

=8(Y)
for all z,y € S. Hence B is an intuitionistic fuzzy left ideal of S. Now let a,b,x € S be such that x +a = b. Then

(0,z) + (0,a) = (0,b) and so

pp(x) = min{pa(0), pp(2)}
= (pa x pB)(0,2)
> min{(pa x 18)(0,a), (a x 15)(0,b)} (11)
= min{min{4(0), us(a)}, min{pa(0), us(b)}}
= min{up(a), ps(a)}
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v8(2) = max{y4(0), y5(z)}
= (74 x v8)(0, %)
< max{(ya x v8)(0,a), (ya x v5)(0,b)} (12)
= max{max{y4(0),v5(a)}, max{ya(0),v5(b)}}

= max{vyg(a),v5(a)}

Hence pp is an intuitionistic fuzzy left k-ideal of S.

(5). Assume that pa(z) < pa(0);va(xz) > va(0) for all z € S and pp(y) > pa(0);v8(y) < v4(0) for some y € S. Then

1B(0) = ps(z) > 1a(0);v8(0) < v8(z) <~74(0). Since pa(0) = pa(z); pa(0) = pa(z). Hence

(1a x p8)(0, 2) = min{pua (), j5(0)} = pa(c)

(va x v8)(0,7) = max{ya(z), v5(0)} = va(x)
for all z € S. Thus

pa(@+y) = (pa x up)(z +y,0)
= (pa x p5)((x,0) + (y,0))
> min{(pa x pp)(z,0), (a x ps)(y,0)}

= min{ua(z), paly)}

ya(z +y) = (va X v8)(z +y,0)
= (ya xv8)((z,0) + (y,0))
(14)
< max{(yva x v8)(,0), (va x v5)(y,0)}

= max{ya(z),va(y)}

and

pa(zy) = (pa x pp)(zy,0)
= (pa x pp)((x,0)(y,0)) (15)

> min{(pua x ur)(y,0) = us(y)

va(zy) = (va x v8)(2y,0)
= (74 x 78)((x,0)(y,0)) (16)
< max{(ya X v8)(y,0) = v5(y)
for all z,y € S. Now let a,b,x € S be such that = 4+ a = b and so (z,0) + (a,0) = (b,0). Then
pa(z) = (pa x pp)(z,0)
> min{(pa x p5)(a,0), (na x 1g)(b,0)} (17)

= min{ua(a), us(b)}

va(z) = (va X v8)(,0)
< max{(ya x v8)(a,0), (ya x v5)(b,0)} (18)

= max{ya(a),vs(b)}
Consequently, A is an intuitionistic fuzzy left k—ideal of S. Hence the proof. O
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Theorem 3.4. Let A be an intuitionistic fuzzy set in a semiring S and let As be the strongest intuitionistic fuzzy relation

on S. Then A is an intuitionistic fuzzy left k-ideal of S if and only if As is an intuitionistic fuzzy left k-ideal of S x S.

Proof. Let A = (u,7) be an intuitionistic fuzzy left k-ideal of S. Let (z1, 2, (y1,y2) € S x S. Then

pag (1, 22) + (Y1,92)) = pa, (T2 + Y1, 72 + y2)
= min{p(zr1 + 1), p(z2 + y2)}
> min{min{u(z1), u(y:)}, min{pu(e2), u(y2)}} (19)
= min{min{sx(z1), p(z2)}, min{p(y1), u(y2)}}

= min{pa, (z1,22), pra, (y1,y2)}

Ya. (@1, 22) + (y1,92)) = v, (21 + Y1, 22 + y2)
= max{y(z1 + y1),7(22 + y2)}
< max{max{7(z1), y(y1)}, max{y(z2),7(y2)}} (20)
= max{max{7y(z1), y(z2)}, max{y(y1),7(y2)} }

= max{va, (z1,22), 74, (y1,92) }

and

pas((x1,22)(y1,y2)) = pa, (191, T292)

= min{u(z1y1), u(r2y2)}

(21)
> min{u(y1), u(y2)}
= KA, (ylvyZ)
. (@1, 22) (41, 32)) = 714, (2191, 222)
= max{7($1y1),’7($2y2)}
(22)

< max{y(y1),v(y2)}
=4, (y1,92)

Let (a1,a2),(b1,b2),S x S be such that (z1,z2) + (a1,a2) = (b1,b2). Then (z1 4+ a1,z2 + a2) = (b1,b2),it follows that
r1 + a1 = by and x2 4+ az = ba. Thus

pa, (w1, z2) = min{p(z1), p(z2)}

> min{min{p(ar), p(br)}, min{p(a), u(b2)}}

(23)
= min{min{x(a1), u(az)}, min{u(b1), p(b2)}}
= min{pa, (a1, az), pa, (b1,b2)}
Ya, (w1, x2) = max{y(z1),y(x2)}
< max{max{vy(ai),v(b1)}, max{y(az),y(b2)}}
(24)

= max{max{vy(a1),v(a2)}, max{y(b1),v(b2)}}

= max{va, (a1,a2),va, (b1, b2)}

)
S
&
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HenceA; is an intuitionistic fuzzy left k— ideal of S x S.

Conversely, suppose that Ag is an intuitionistic fuzzy left k— ideal of S x S. Let x1,x2,y1,y2 € S. Then

min{p(z1 + 1), (@2 +y2)} = pa, (¥1 + y1, 2 + y2)
> min{pa, (v1,72), pa, (y1,2)} (25)

= min{min{pu(z1), p(e2)}, min{p(y), p(y2)}}

= (a1 +y1) > min{min{p(er), p(e2)}, mingp(y:), p(y2)}}. Similarly,

max{y(z1 +y1), (w2 + y2)} = va,(z1 + y1,22 + y2)
< max{vya,(®1,72),74, (y1,92)} (26)

= max{max{vy(z1),v(r2)}, max{v(y1), v(y2) }}

= y(z1 + y1) < max{max{y(z1),v(z2)}, max{y(y1),7(y2)}}. In this inequality, we choose the values of x1,z2,y1 and y» as

follows: z1 =z, x2 = 0, y1 = y and y2 = 0. Then we have

p(z +y) = min{min{pu(z), u(0)}, min{u(y), p(0)}} = min{pu(z), u(y)}

V(@ +y) < max{max{y(z),7(0)}, max{y(y),7(0)}} = max{y(z),v(y)}

by using Theorem 3.1. Next, we have

min{p(z1y1), p(r2y2)} = pa, (T1y1, T2y2)

= pa, ((331, $2)(y17 y2))

(27)
> pa, (y1,y2)
= min{u(y1), u(y2)}
max{y(r1y1), y(T2y2)} = va, (21y1, T2y2)
=74, ((x1,22)(y1,92))
(28)

<4, (Y1, 92)

= max{7(y1),7(y2)}
and so p(z1y1) > min{u(y1), u(y2)}. Taking 1 = x,y1 = y and y2 = 0 and using Theorem 3.1, we get u(zy) >
min{u(y), #(0)} = u(y); v(zy) < max{y(y),v(0)} = v(y). Hence A is an intuitionistic fuzzy left ideal of S. Let a,b,z € S
be such that  + a = b. Then (z,0) + (a,0) = (b,0). Since A, is an intuitionistic fuzzy left k-ideal of S x S, it follows from

Theorem 3.1 that

p(x) = min{pu(x), n(0)}
= pa,(z,0)
> min{pa, (a,0), pa, (b;0)} (29)
= min{min{su(a), 1(0)}, min{x(b), u(0)} }

= min{z(a), u(b)}
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v(x) = max{y(z),7(0)}
=74, (2,0)
< max{ya,(a,0),74,(b,0)} (30)
= max{max{vy(a),7(0)}, max{v(b),y(0)}}

= max{y(a),v(b)}

Consequently, A is an intuitionistic fuzzy left k-ideal of S. This completes the proof. O

4. Conclusion

A semi-group is an algebraic structure consisting of a non-empty set S together with an associative binary operation. The
formal study of semi-groups began in the early 20th century. Semi-groups are important in many areas of mathematics,
for example, coding and language theory, automata theory, combinatorics and mathematical analysis. Semi-ring plays
an important role in studying matrices and determinants. In this paper, we proved that the Cartesian product of two
intuitionistic fuzzy k-ideals of semi-ring S is also an intuitionistic fuzzy k-ideal. Conversely, if A x B is an intuitionistic fuzzy
left k-ideal of S x S, then either A or B is an intuitionistic fuzzy left k-ideal of S. Also We proved that an intuitionistic
fuzzy set A in a semi-ring S is a fuzzy left k-ideal of S if and only if the strongest fuzzy relation A on S is an intuitionistic

fuzzy left k-ideal of S x S.
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