Int. J. Math. And Appl., 6(1-B)(2018), 343349
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Wathematics ud cts #pplications

Best Proximity Points for Multiplicative Modified
Rational Proximal Contraction Mapping on Multiplicative
Metric Spaces

1,x

A. Mary Priya Dharsini'>* and U. Karuppiah?

1 Department of Mathematics, Holy Cross College (Autonomous), Tiruchirappalli, Tamilnadu, India.

2 Department of Mathematics, St. Joseph’s College (Autonomous), Tiruchirappalli, Tamilnadu, India.

Abstract: In this paper, we prove best proximity point theorems in multiplicative metric spaces satisfying multiplicative modified
rational proximal contraction condition of the first kind. The presented results extend, generalize and improve some
known results from best proximity point theory. We also give some examples to illustrate and validate our definitions and
results.

MSC: 47H10, 54H25.

Keywords: Best proximity points, fixed points, multiplicative metric spaces, multiplicative modified rational proximal contraction
mappings of the first kind.

© JS Publication.

1. Introduction

In 2008, Bashirov et al., [1] studied the usefulness of a new calculus, called multiplicative calculus due to Michael Grossman
and Robert Katz in the period from 1967 till 1970. By using the concepts of multiplicative absolute values, Bashirov et al.,
[1] defined a new distance so called multiplicative distance. Afterward, Ozavsar and Cevike [2] introduced the concept of
multiplicative metric spaces by using the idea of multiplicative distance and gave some topological properties in such space.
They also introduced the concept of multiplicative Banach’s contraction mapping and proved fixed point results for such
mapping in multiplicative metric spaces. The notation of best proximity point is introduced in [3]. It turns out that many of
the contractive conditions which are investigated for fixed points ensure the existence of best proximity points. Precisely, we
introduce the notions of multiplicative modified rational proximal contraction mappings of the first kind, then we establish
some corresponding best proximity theorems for such contraction and give some illustrative example of our main results.

Our main results generalize, extend and improve the corresponding results on the topics given in the literature.

2. Preliminaries

In this section, we give some definitions and basic concept of multiplicative metric space for our consideration. Throughout

this paper, we denote, N, RT and R the sets of positive integers, positive real numbers and real numbers, respectively.
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Definition 2.1 ([1]). Let X be a nonempty set. A mapping d : X x X — R is said to be multiplicative metric if it is

satisfying the following conditions:

(1). d(z,y) > 1 for all z,y € X and d(z,y) =1 if and only if x =y

(2). d(z,y) = d(y,x) for all z,y € X

(3). d(z,z) < d(z,y) - d(y, z) for all x,y,z € X (multiplicative triangle inequality)
Also, the ordered pair (X,d) is called multiplicative metric space.

Example 2.2 ([2]). Let d: (RT)" x (RT)" — R be defined as follows.

Z1

Y1

x2
Y2

d($,y) =

Tn
Yn

where x = (z1,22,...,%n), ¥y = (Y1,Y2,---,yn) € (RT)" and |- | : RT — RY is defined as follows

ifa>1

IS}

la| =

Q=

ifa<l1

Then ((RT)",d) is a multiplicative metric space.

Definition 2.3 ([2]). Let (X,d) be a multiplicative metric space, x € X and € > 1. Define the following set Be(x) =
{y € X : d(z,y) < €}, which is called the multiplicative open ball of radius € with center x. Similarly, one can describe the

multiplicative closed ball as follows: Be(z) = {y € X : d(z,y) < €}.

Definition 2.4 ([2]). Let (z,d) be a multiplicative metric space, {z»} be a sequence in X and x € X . If, for any multiplicative
open ball Be(x), there exists a natural number N such that, for alln > N, x, € Bc(x), then the sequence {xn} is said to be

multiplicative convergent to the point x, which is denoted by x, — x as n — oo.

Lemma 2.5 ([2]). Let (X,d) be a multiplicative metric space, {xn} be a sequence in X and x € X. Then x, — x asn — o0

if and only if d(xn,x) — 1 as zn, = x as n — 0.

Lemma 2.6 ([2]). Let (X,d) be a multiplicative metric space and {xn} be a sequence in X. If the sequence {xn} is multi-

plicative convergent, then the multiplicative limit point is unique.

Definition 2.7 ([2]). Let (X,d) be a multiplicative metric space and {z.} be a sequence in X. The sequence {xn} is called

a multiplicative Cauchy sequence if, for all € > 1, there exists N € N such that d(zm,zn) < € for allm,n > N.

Lemma 2.8 ([2]). Let (X,d) be a multiplicative metric space and {xn} be a sequence in X. Then {x,} is a multiplicative

Cauchy sequence if and only if d(Zm,zn) — 1 as m,n — oo.

Theorem 2.9 ([2]). Let (X,d) be a multiplicative metric space. Let {xn} and {yn} be two sequences in X such that x, — x

and yn =y € X asn — co. Then d(Tn,yn) — (z,y) as n — oo.

Definition 2.10 ([2]). Let (X,d) be a multiplicative metric space and A C X. Then, we call x € A, a multiplicative interior
point of A if there exists an € > 1 such that Be(x) C A. The collection of all interior points of A is called multiplicative

interior of A and denoted by int(A).

Definition 2.11 ([2]). Let (X, d) be a multiplicative metric space and A C X. If every point A is a multiplicative interior

point of A, i.e, A =1int(A), then A is called a multiplicative open set.
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Definition 2.12 ([2]). Let (X,d) be a multiplicative metric space A subset S C X is called multiplicative closed in (X,d) if

S contains all of its multiplicative limit points.

Theorem 2.13 ([2]). Let (X,d) be a multiplicative metric space. A subset S C X is multiplicative closed if and only if

XnS, the complement of S, is multiplicative open.

Theorem 2.14 ([2]). Let (X,d) be a multiplicative metric space and S C X. Then the set S is multiplicative closed if and

only if every multiplicative convergent sequence in S has a multiplicative limit point that belongs to S.

Theorem 2.15 ([2]). Let (X,d) be a multiplicative metric space and S C X. Then (S,d) is complete if and only if S is

multiplicative closed.

Theorem 2.16 ([2]). Let (X,ds) and (Y,dy) be two multiplicative metric spaces, f : X — Y be a mapping and {x,} be
any sequence in X. Then fis multiplicative continuous at the point x € X if and only if f(xn) — f(x) as n — oo for every

sequence {x,} with T, — T as n — co.

Next we give the notations Ao, Bo and d(A, B) for nonempty subsets A and B of a multiplicative metric space (X,d) in
the same sense in metric spaces. Let A and B be non-empty subsets of a multiplicative metric space (X, d), we recall the

following notations and notions that will be used in what follows.

d(A, B) = inf{d(z,y) :x € A and y € B}
Ao ={z € A:d(z,y) =d(A,B) for some y € B},

By ={y € B:d(z,y) = d(A, B) for some z € A}

Definition 2.17 ([7]). Let A be non-empty subset of a multiplicative metric space (X,d). A mapping g: A — A is said to

be isometry if d(gz, gy) = d(z,y) for all z,y € A.

Definition 2.18 ([7]). Let A and B be non-empty subsets of a multiplicative metric space (X, d). A point z € A is called a

best prozimity point of a mapping T : A — B if it satisfies the condition that d(z,Tz) = d(A, B).

Definition 2.19 ([7]). A subset A of a multiplicative metric space (X,d) is said to be approzimately compact with respect
to B, if every sequence {x,} in A satisfies the condition that d(y,z,) — d(y, A) as n — oo for some y € B has a convergent

subsequence.

Definition 2.20 ([6]). Let (X, d) be a metric space and A and B be two non-empty subsets of X. Then T : A — B is said to
be a rational prorimal contraction of the first kind if there exists non-negative real numbers o, 3, v, § with a+B+2y+2) < 1
such that the conditions d(u1,Tz1) = d(A, B) and d(usz,Tz2) = d(A, B) imply that

BL+ d(x1,u1)] d(z2, u2)
1+ d(wl, .Tz)

d(u1, u2) < ad(z1,z2) + + v [d(z1,u1) + d(x2,u2)] + 0 [d(z1, u2) + d(z2,u1)]

for all ur,uz, x1,22 € A.
Definition 2.21 ([7]). Let A and B be nonempty subsets of a multiplicative metric space (X,d). A mapping T : A — B is

called multiplicative prozimal contraction if there exists a € [0,1) satisfying the following condition.

d(u,Tx) = d(A, B)
= d(u,v) < d(z,y)"
d(v,Ty) = d(A, B)

for all u,v,xz,y € A.
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Theorem 2.22 ([7]). Let (X,d) be a complete multiplicative metric space and A, B be nonempty closed subsets of X such
that Ao and Bo are nonempty and B is approrimately compact with respect to A. Suppose that T : A — B andg: A — A

satisfy the following conditions.

(1). T is a multiplicative prozimal contraction

(2). T(Ao) C Bo

(3). g is an isometry

(4). Ao C g(Ao)

Then there exists a unique point ™ € A such that d(gz*,Tz") = d(A, B). Moreover for any fized xo € Ao, the sequence

{zn} is defined by d(gzn, Txn-1) = d(A, B) converges to the element z*.

3. Main Results

In this section, we introduce the new class of multiplicative modified rational proximal contraction mappings of the first

kind.

Definition 3.1. Let (X, d) be a multiplicative metric space and A and B be a non-empty subsets of X. Then T : A — B is
called a multiplicative modified rational prozimal contraction of the first kind if there exists non-negative real numbers o, 3,
v, 0 with o+ B+ 27y + 26 < 1 such that the conditions d(u1,Tz1) = d(A, B) and d(usz, Tz2) = d(A, B). This implies

d(z1, 22)%.[d (z1,u1) .d(z2, uz)]ﬂ+w.[d(:v1, u2).d(z2, ul)]‘s
d(wh xz)

d(u,uz) <

for all x1,x2,u1,u2 € A.

Theorem 3.2. Let (X,d) be a complete multiplicative metric space and A, B be nonempty closed subsets of X such that Ao
and By are nonempty and B is approzimately compact with respect to A. Suppose that T : A — B and g : A — A satisfy the

following conditions.

(1). T is a multiplicative modified rational prozimal contraction of the first kind
(2). T(Ao) C Bo

(3). g is an isometry

(4). Ao C g(Ao)

Then there exists a unique point x* € A such that d(gz™,Tz*) = d(A, B). Moreover for any fized xo € Ao, the sequence

{zn} is defined by d(gxn, Txn-1) = d(A, B) converges to the element z*.

Proof. Let xo be a fixed point in Ag. In view of the fact that T'(Ag) C Bo and Ao C g(Ao), there exists an element
x1 € Ao such that d(gxz1,Tzo) = d(A, B). Since T'(Ag) C By and Ag C g(Aop), there exists an element x2 € Ao such that

d(gze, Tx1) = d(A, B). Since T is a multiplicative modified rational proximal contraction and g is isometry, we get

(@1, w2) = d(ga1, gx2)

ﬁ+v.d( B-Md(

< @(x0,71)" d(x0,97,) 1, 9%5) 20, 92,)"d(21, gz,)°

- d(Ilyxz)
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< d(l}o,Zl’l)a.d(llfo,331)B+’Y.d(l’17.’172)ﬁ+’yd(130,$2)5d($1,$1)5
- d($1,m2)

< d(l‘o,I’l)a.d($07l‘1)ﬁ+’y.d(x1,$2)B+7d($0,$2)6

- d($1,1}2)

< d (w0, 21)*.d(zo, x1)° 17 d(z1, 22)? TV d(20, 1) d(1, 22)°
- d($1,932)

d(xl’xz)Q*B*Wﬂs < d(xo’xl)a+ﬁ+v+6
atB4v+s
d(l’l,JJQ) < d(xo,lj) Z*B*”‘Z*‘S

d(z1,22) < d(wo,ﬂh)k (1)

where k = % < 1. Again, since T'(Ao) C Bo and Ap C g(Aop), there exists an element z3 € Ap such that d(gzs, Tx2) =

d(A, B). It follows from T is a multiplicative proximal contraction, g is an isometry and (1) that

d(xs, z2) = d(gw3, gz2)
< d(z1,22)"

2

< d(‘rl? ‘TO)K
By the same method, for each n € N, we can find z,,zn11 € Ap such that

d(gzn, Txn-1) = d(A, B)

and  d(gzn+1,Txn) = d(A, B) (2)

This implies that

d(xn+l> -T'n) = d(ganrh gm’ﬂ)
S d(mnymnfl)K
)<

S d(l’n717 In—2

n

< d(ﬂihxo)K
for all n € N. Next we will show that {z,} is a Cauchy sequence. Let m,n € N with m > n, then we get,

d(Zm, 2n) < d(@Tm, Tm—1).d(Tm, Tm-2) ... d(Tnt1, Tn)

m—1 m—2 n

<d(zy,z0) d(z1,20)" cd(z1, )

Km—ligm=24. 4 gn
< d(z1,0)

AT, zn) < d(z1, xo)%

Taking m,n — oo, in the above inequality, we obtain that d(zm,z,) — 1. Hence {z,} is a Cauchy sequence. Since A is
closed subsets of complete multiplicative metric space X, then the sequence {z,} converges to some element z € A. Notice

that,
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< d(gz, grnt1).d(gTnt1, Tan)
= d(gmy g$n+1)~d(A7 B)

S d(ng g$’ﬂ+1)'d(gw7 B)

for all n € N. Since g is continuous and the sequence {x,} converges, then the sequence {gx,} converges to gz, that is
d(gz, gzn) — 1 as n — co. Therefore, d(gz,Tz,) — d(gz, B) as n — oco. Since B is approximately compact with respect to
A, then there exists subsequence {T'zy, } of sequence {T'z,} such that converging to some element v € B. Further, for each

k € N, we have

d(A, B) < d(gx,u)
< d(gmvgmﬂk+1)'d(gxnk+1vT‘rnk)'d(T‘r"mu) (3)

=d(gz, gTn,+1)-d(A, B).d(Tzn, ,u) 4)

Letting K — oo in (3), we get d(gxz,u) = d(A, B) and hence gz € Ag. From the fact that Ag C g(Ao), then gz = gz for
some z € Ap. By the isometry of g, we get d(z,2) = d(gx,g9z) = 1 and thus = = z, that is x is an element of Ay. Since

T(Ao) C Ao, then there exists * € A such that
d(z", Tx) = d(A, B) (5)

From (2), (5) and the multiplicative modified rational proximal contractive condition of T, we have d(gzn+1,2*) < d(zn, )

for all n € N. This yields that

lim d(gznt1,27) < lim d(wn,x)K =1¥=1

n—oo n— o0
This shows that the sequence {gz,} converges to z*. By Lemma 2.6, we get that gr = z*. Hence d(gz,Tz) = d(z*,Tx) =

d(A, B). Next, to prove the uniqueness, suppose that there exists z* € A with = # z* and d(gx*,Tz*) = d(A, B). Since g is

K
)

an isometry and T is a multiplicative modified rational proximal contraction, it follows that d(z, z*) C d(gz, gz*) < d(z,z™)

which is a contradiction. Therefore, we get = x*. This completes the proof. O

Corollary 3.3. Let (X,d) be a complete multiplicative modified rational multiplicative space and A, B be a nonempty closed
subsets of X such that Ao and Bo nonempty and B is approximately compact with respect to A. Let T : A — B satisfies the

following conditions
(1). T is a multiplicative modified rational proximal contraction of the first kind
(2). T(Ao) C Bo.

Then there exists a unique point ©* € A such that d(z*,Tz") = d(A, B). Moreover, for any fivzed x € Ao, the sequence {zy}

is defined by d(zn, Txn—1) = d(A, B) converges to the element x*.

Example 3.4. Let ¢ = R?. Define the mapping d : X x X — R by d((z1,22), (y1,92)) = elrr—wltlz2=val g5 g1
(z1,22), (y1,y2) € X. It is easy to see that (z,d) is a complete multiplicative metric space. Let A = {(0,z) : = € R}
and B = {(1,y) : y € R}. Then d(A,B) = e, Ao = A; Bo = B and B is approzimately compact with respect to A. Define
two mappings T : A — B and g : A — A as follows : T(0,x) = (1, g) and g(0,z) = (0,—=x) for all (0,x) € A. For all
(0,z),(0,y) € A, we get

d(g(07 :C)> 9(01 y)) = d((07 _'T)7 (O> _y))
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— el=mHl = =l — (0, 2), (0, )

This implies that g is an isometry. Next, we show that T is a multiplicative modified rational proximal contraction with
a=1% B=1v=686=0. Let (0,u), (0,v), (0,2) and (0,y) be elements in A satisfying d(g(0,u),T(0,z)) = d(A, B) = e,

d(g(0,v),T(0,y)) = d(A, B) = e. Then we have u = § and v = =¥ and hence

This implies that T is a multiplicative rational proximal contraction with K = % Now all hypothesis in Theorem 3.2 holds
and so there exists a unique point =™ in A such that d(gz*,Tz*) = d(A, B). In this case, z* = (0,0) € A is a unique element

such that

d(gz™,Tz") = d(g(0,0),T(0,0))

= d((0,0), (1,0)) = e = d(A, B).

4. Conclusion

Best proximity point results for multiplicative modified rational proximal contraction mapping in multiplicative metric
spaces were investigated under some suitable conditions. These results have been reached by best proximity point theorems

for multiplicative modified rational proximal contraction mappings on multiplicative metric spaces.
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