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Abstract: A (p,q) graph G is said to be an a-odd-even sum graph if it admits an odd-even sum labeling f defined by Monika and
Murugan [9] by adding an addition condition that there is a positive integer k(0 < k < 2¢ — 1) such that for every edge
wv € E(G), min(f(u), f(v)) < k < max (f(u), f(v)). In this paper, we study a-odd-even sum labeling of Cy,(n = 0 (mod
4)), S(z1,z2,...,2n), Kmn (m,n > 2), P,OPy,(m,n > 2), step grid graph St,(n > 3) and splitting graph of Ky .
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1. Introduction

a-labeling and B-valuation (graceful labeling) was introduced by Rosa [11] in 1967. Acharya and Gill[1] have investigated
a-labeling for the grid graph P,00P,. Makadia and Kaneria [7] introduced step grid graph St, and proved that it is
graceful (n > 3). Harary [5] introduced a notation of sum graph. A (p,q) graph G is said to be an odd-even sum
graph if it admits an injective function f : V(G) — {£1,43,45,...,£(2¢ — 1)} such that its edge induced function
" E(G) — {2,4,6,...,2q} define by f*(uv) = f(u) + f(v), V uv € E(G) is bijective, which introduced by Monika and
and Murugan [9]. These results motivated us and we introduced here a new concept called a-odd-even sum labeling which
is an odd even sum labeling for a graph G and one additional condition that there is a positive integer k(0 < k < 2¢ — 1)

such that min{f(u), f(v)} < k < max{f(u), f(v)}, V uv € E(G). Every a-odd-even sum graph is always a bipartite graph.

2. Main Results

Theorem 2.1. Every cycle C,(n =0 (mod 4)) is an a-odd-even sum graph.

Proof. Let V(Cy) = {vi,v2,v3...,vn} and E(Cy) = {viviy1/1 < i < n} U {v,v1}.It is obvious that p = ¢ = n for C,.

* E-mail: om.teraiya@gmail.com


http://ijmaa.in/

Generalized Odd-Even Sum Labeling and Some a—Odd-Even Sum Graphs

Define f: V(G) — {£1,£3,45,...,+(2¢ — 1)} as follows.

3 —4, Vi=2,4,6...,n;
flx) =14 2¢—1, Vi=1,3,..,2 -1

2¢—(i4+2), Vi=5+1,54+3,.n—1

Above defined labeling pattern give rise

A={f(vi))i=2,4,6,...,n} ={1,—1,-3,...,—(n —3)},
B:{2q—i/i:173,...,g—1}:{2n—172n—3,...,3?n+1}
C:{zq—(i+2)/z‘:g+17g+3,...,n—1}:{3?"—3737"—5,...,71—1)}.

i.e. domain of f is AUBUC C {£1,+3,45,...,£(2n — 1)}. Further we see that f*(viv,) =n+ 2 and

Therefore, D = {f(vivn)} = {n+2} and E = {f*(vivit1)/1 < i < 3} = {n+4n+6,n+8,...,2n — 2,2n} and
F={f"(vivit1)/5 <i<n}=1{2,4,6,...,n} i.e. domain of f* is DUEUF = {2,4,6...,2n} = range of f* and so, f* is
bijective map. Therefore, f is an odd-even sum labeling for Cy(n = 0 (mod 4)). By taking k equal to one of the integer
from the set {2,3,...,n — 2}, it is observed that for every uv € E(C,), we have min{f(u), f(v)} < k < max{f(u), f(v)}.

Hence Cp(n =0 (mod 4)) is an a-odd-even sub graph. O
Theorem 2.2. K, (m,n > 2) is an a-odd-even sub graph.
Proof. Let V(Km,n) = {u1,u2,us ..., um}U{v1,v2,03...,0n} and E(Km,n) = {usv;/1 <i<m,1 <j <n}. It is obvious
that p =m +n,q = mn for K n. Define f: V(Kmn) — {£1,£3,£5,...,£(2¢ — 1)} as follows.

fluj))=3-2j, V1<j<m

flui) = 2(g+n—ni)—1, V1 <i<m;

Above defined labeling pattern shows that f is an injective map and f* is a bijective map as

. 2g+2n—nmt—1+3—-2j5
f (uiug) =
2¢g+2—2n(i — 1) — 27,

Vi=12..,nVi=12,....,mie range of f* is equal to domain of f. Therefore f is an odd-even sum labeling for
Kumn. By taking k € {2,3,...,2n — 2}, it is observed that for every uv € E(Km ), we have min{f(u), f(v)} < k <

max{f(u), f(v)}. Hence, Ky n(m,n > 2) is an a-odd-even sum graph. O
Theorem 2.3. Grid graph P,0OP,,(m,n > 2) is an a-odd-even sum graph.

P?”OOf. Let G = P,0P,, and V(G) = {ui’j/l <5 < n,l < ] < m} Take E(G) = {ui,jui.,_l,j/l <3 < ’I’L,l < j <

m} U {usjuij4+1/1 <i<n,1<j<m} InG=(P,0Py), it is obvious that p = mn,q = 2mn — (m + n), where m,n > 2.
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Kaneria, Makadia and Viradia [8] defined follwing labeling pattern f for a grid graph P,0P,,, which is a graceful labeling
for G = P,0P,. f:V(G) = {0,1,2,...,q} defined by

q—(i_l)7 t=2n—1,n € N,

flusn) = (1*2) i =2n,n € N;

Vi=1,2,..n

n—-1)+(52), i=2n—1,neN;

2

fluig) =9 (g—n+1)— (%) i=2nneN;
Vi=1,2,..n
fluij—2) = (2n—1), fluij-2) > 3
fluig) =9 fluij2)— (2n—1), fluij—2) <

Vi=3,4,..m,Vi=1,2,....n.

Define g : V(G) — {£1,43,45,...,+£(2¢ — 1)} as follows.

1—2f(ui;), when fui;) < [%52];

g(uij) =
2f(ui,j) — 1, when f(ui,j) 2 |—%-|

Above defined labeling pattern give rise g is an injective map, as {g(ui ;)/f(ui;) > [4]} € {2¢—1,2¢—3,..2[4] — 1} and
—2 —9 _9
g(uij) < [qu} c{-2 {%W +1,-2 FTW +3,...,—1,1}

Moreover g* : E(G) — {2,4,...,2q} is a bijective map, as ¢" (uv) = 2| f(u) — f(v)| = 2f* (uv) and { is a bijection. Therefore,
g is an odd-even sum labeling for G. By taking k from {2,3,...,2 [4] —2}. It is observed that for every uv € E(G), we have

min {g(u),g(v)} < k < max{g(u), g(v)} and so, G is an a-odd-even sum graph. O
Theorem 2.4. Step Grid graph Stn(n > 3) is an a-odd-even sum graph.

Proof. Kaneria and Makadia [7] defined step grid graph St,(n > 3) and they have proved that it is a bipartite graceful

graph with the following graceful labeling f for St,.They have defined St, by taking u1 ;(1 < j < n) vertices of n*" column,

uz;(1 < § < n) vertices of (n — 1) column, us (1 < j < n — 1) vertices of (n — 2)*" column, u4;(1 < j < n — 2) vertices

of (n — 3)*" column and so on. In this manner, u, ;(j = 1,2) are the vertices of first column of St,. It is obvious that

p= %(n2 +3n—2), ¢ =n?+n—2in St,, where n > 3. The graceful labeling function f : V(St,) — {0,1,2,...,q} defined

as follows.
fluig) = =5+ [F 1], vi=1,2,00m
fluiy) = fluimijo1)+ (—1)7, Vi=2,3,..|2],Vi=12..,n+i—1;
fluin) = (n—i+1)°+1, Vi=nn—1,..,[2];
fluiz) = q—(n—i+1)(n—1), Vi=n,n—1,..,[2];
fluig) = fluizrj—2) + (=1)77" Vi=n—1,n-2,..2VYj=34,.n+2—i

Now define g : V(St,) — {£1,£2,...,£(2¢ — 1)} as follows.

3 —2f(ui,j), whenf(us;) ;

<
2f(ui ;) — 3, whenf(uij) > 4;

N

g(ui,j) =

o)
fe e
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Above defined labeling pattern give rise g is an injective map, as {g(u)/f(u) < £} C {3,1,—-1,-3,..,—(¢ — 4)} and

{g9(u)/f(u) > 4} € {2¢ — 3,29 — 5, ...¢ — 3}. Moreover

g(u) + g(v)
g (w) =9 2|f(u) - f(v)]
21" (uv)

Which gives g is bijective map,as f is a bijection. Therefore, g is an odd-even sum labeling for St,. By taking positive
integer k from {4,5,...,q — 4}, it is observed that for any uv € E(St,), min{g(u), g(v)} < k < max{g(u), g(v)}. Therefore,

Stn(n > 3) is an a-odd-even sum graph. O
Theorem 2.5. Splitting graph of K1 n is an a-odd-even sum graph.

Proof. For each vertex v of a graph G, take a new vertex u and join u to all the vertices of G,which are adjacent to
v. Thus, obtained new graph is called the splitting graph of G. Let G be the splitting graph of Ki,, and V(K1) =
{v,v1,v2,v3,...,0,}. It is obvious that p = |V(G)| = 2n + 2,q = |E(G)| = 3n. Take V(GQ) = V(K1n) U {u,u1,uz, ..., un},
where u, u1,us, ..., un be the added vertices corresponding to v, v1,v2, ..., vy to obtained the splitting graph G of K ,. It is

observed that E(G) = E(K1n) U {(uvi,vu;)/1 < i <n}. Define f:V(G)— {£1,43,£5,...,£(2¢ — 1)} as follows.

flo) =1, f(v) = —1+44, Vl<i<nm
_17 f(ul)

=
&
[

An—1+42i, V1<i<n.

Above defined labeling pattern gives rise f is an injective map. Moreover, f*(uv;) = 4i—2, f*(vui) = 2(2n+1), f*(vv;) = 4,
Vi=1,2,...n. ie {f"(uvi/1 <i<n)}U{f"(vu;)/1 <i<n}U{f"(vv;)/1<i<n}=1{2,6,10,...,4n—2}U{4n+2,4n+
4,...,6n}U{4,8,12,...,4n}. Thus, f* is a bijective map and so, G admits an odd-even sum labeling. By taking k = 2, it is

observed that for each wyws € E(G), we have min{f(w1), f(w2)} < k < max{f(w1), f(w2}. Therefore, G is an a-odd-even

sum graph. O
Theorem 2.6. Caterpillar S(x1,%2,%3,...,Zn) is an a-odd-even sum graph, where n > 2.
Proof. Let G = S(z1,72,%3,...,%s), where n > 2 and z1, 2,3, ..., T, all are non-negative integers. It is obvious that

p=x1,T2,23,...,Tn +n and ¢ = p — 1 in the caterpillar G. Let V(G) = {u;/1 <i <n}U{u;;/1 <j<z,1<i<n}and

E(G) = {uiuit1/1 <i<n}U{wu;/1 <j<z;,1<i<n} Define f:V(G) — {£1,£3,45,...,£(2¢ — 1)} as follows.

flur) = 2¢—1,

fluzic1) = flur) —2(x2+2a+ ... +2252+i—1), 2<i< {%W ;

fluzs) = 1=-2(@i+z3+...+z25-1+1—1), 1§¢§L%J;

flur;) = 3-2j 1<) <

fluig) = fluica) —2j 1<j<zy 2<i<n.

Above defined labeling pattern give rise f is an injective map and f* is a bijective map, as f(us, uit1) = 2¢ — 2(z1 + x3 +

etz +i—-1),V1<i<n-—1and

flusuig) = flus) + f(uig)
Jus) + flui-1) — 25
= f"(usui-1) —2j

2q—2(m1 4 o H i +i—2)—2j, VI<j<z VI<i<nm.
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Therefore, f is an odd-even sum labeling for G and so, GG is an odd-even sum graph. By taking k equal to one of integer from

{2,3,...,maz{f(un—1, f(un}—1}, it is observed that for every uwv € E(G), we have min{f(u), f(v)} < k < max{f(u), f(v)}.

Hence, G is an a-odd-even sum graph. O
Corollary 2.7.

(1). Po(n > 3) is an a-odd-even sum graph.

(2). Star K1,n = S(0,n —1,0) is an a-odd-even sum graph,when n > 2

(8). Bistar Byn = S(0,m — 1,n) is an a-odd-even sum graph.

(4). The graph B(m,n,k) = S(m,0,0,...,0,n is an a-odd-even sum graph.

(5). Coconut tree is an a-odd-even sum graph.

(6). comb (S(1,1,1,...,1)) is an a-odd-even sum graph.
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