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Abstract

Impact response of a non-homogeneous layer bonded to an elastic homogeneous half-space is
considered in this paper. Sudden torsion is applied to the non-homogeneous layer over a bonded
rigid circular disc. Using Laplace and Hankel transforms the mixed boundary value problem is
reduced into Fredholm integral equations of second kind. Solving the integral equations, the
analytical expression of tortional impact is obtained in the Laplace transform domain. Using Laplace
inversion technique numerical values of torque at the surface of the rigid disk are obtained and

graphically plotted.
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1. Introduction

The study of contact problem in solid mechanics is of great interest as its wide application in
geomechanics. Many researchers have studied this kind problems. One such type of problems were
studied by Eason [3], Shail [8]. They have considered the sudden torsional impact problem in
half-space. The problem of torsional impact of a thick elastic plate was investigated by Toshikazu
Shabuya [9]. The torsional oscillation of a rigid circular disc attached to an elastic layer bonded to an
elastic half-space has been considered by Keer et al. [5]. Basu and Mandal [1] have studied the impact
of tortional load on a penny shaped crack in an elastic layer sandwiched between two elastic half
space. Rahimian et al. [7] considered the Reissner-Sagoci problem for a transversely isotropic
half-space. The Reissner-Sagoci type problem for a non-homogeneous elastic cylinder embedded in
an elastic non-homogeneous half-space was studied by Singh, Dhaliwal and Vrbik [10] In this paper
the problem of torsional impact of a non-homogeneous layer, with rigidity modulus p; and density p;

given by the law (y1,01) = (po,p0) e F* bonded to an elastic homogeneous half-space with rigidity
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modulus y, and density p; is considered. The torsional impact is applied over the circular region by a
bonded rigid disc. The geometry and coordinate system are shown in Figure 1. Torsional impact for
the case of homogeneous layer bonded to homogeneous half space was discussed by R. S. Dhaliwal,
B. M. Singh, Jan Vrbik [2]. Making use of Laplace and Hankel transforms the solution of the problem
is reduced into Fredholm integral equation of second kind. Laplace Inversion is done using numerical
Laplace inversion method to find the applied torque and presented by means of graph for different

parameters.

2. Basic Equations

In the problem cylindrical co-ordinate system (r,6,z) is used. In the dynamic problem of anti-
plane shear, there exists a single non-vanishing component of displacement in the 6 direction and
independent of 0, i.e.

Uy = 0= Uz, Ug = ue(rlzl t) (1)

where u,,up, u, are the displacement components in the 7,6,z directions respectively. Hence the
corresponding stress components that are different from zero can be obtained from ug as

ou u
o = 1 (aj - 9) e

r
Tpz = 1 <aabf> (©)

where y denotes the shear modulus of the material. We denote all the physical quantities for the layer
by superscript 1 and for the half-space by superscript 2. Two of the equations of motions are identically
satisfied and the remaining one gives

d0yg Oro d0g;
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For the layer this equation becomes

Bzulg 1 Bulg I/llg 821/!19
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where (11,01) = (o, p0) e %, c1 =, /g—g and for the half-space equation (4) becomes

azuzg 1 au29 uzg azuzg 1 azuze Ha
e T8 T8 T8 78 wh — /2 6
or2 r or r2 + 0z2 2 ot? where ¢ 02 ©)

To remove the time variable from equations (5) and (6) we introduce the Laplace transform by

o= [ rineriar @)
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£ = 5 [ Flerdp ®

The path of integration in equation (8) is Bromwich path which is a line on the r.h.s. and parallel to

the imaginary axis of the p-plane. The Laplace transform of equation (5) and (6) give

Puly  louly uly  FPuly ouly  p*—
e e _pg=0 _ 9
or? r or r2 0z2 P 0z clzu o ©)
and o - o
?u2g  10uy u2y  uy p*—
o trar T e o2 10

3. Formulation and Solution of the Problem

Consider the layer (0 < z < h) of non-homogeneous isotropic elastic material of thickness h bonded
to an elastic homogeneous isotropic half-space (z > h). It is assumed that the rigid disc of radius a is
attached to the open face of the layer. At time t = 0, the disc is impulsively twisted through an angle

«. The boundary conditions of the problem can be written in the following form for t > 0

ulg (r,0,t) =arH(t) 0<r<a (11)

ote, (r,0,£) =0 r>a (12)

where H(t) denotes Heavy-side unit function.
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Figure 1: Geometry of the problem

In addition to the above boundary conditions, we have the following continuity conditions at z = h:

uly (r,h,t) = u?e(r,h, t) (13)

ote, (r,h,t) = 029, (r,h,t) (14)

Now for simplicity we take B’ = 2B. Solving equation (9) and (10) we find that Laplace transforms of
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the displacement component for the regions 1 (0 < z < k) and 2 (z > h) in the following form:

uly (r,z,p) = /00o [Al (s,p) e Btz 4 A, (s,p)e e(=Ptm) } J1(rs)ds (15)

u?g (r,z,p) = /O°° Az (s,p) e~ (rs)ds (16)

where J,,() is a Bessel function of first kind for n > 0 and

n=\ B+ tp/ed),  n=\/(+p/ed) 17)

1/2

= (Ho/po)"'", c2 = (2/p2)""?

The Laplace transform of the boundary and the continuity conditions in equation (11)-(14) are

uly (r,0,p) = ar/p 0<r<a (18)
ole, (r,0,p) = r>a (19)
ulg (r,h, p) = uq (r,h,p) (20)
oly, (r,h,p) = 24, (r,h,p) (21)
From the conditions (20) and (21) we get
2y1e 2PN B
Az = Aqe(Brm)h 22
T (Btm) e P+ Gy 22
—2Bh
Agel =Pl — (B+rm)e ™ —Gm Ape=(Brm)h (23)

(—,B + ’)’1) e—2Ph 1 G2

where

G = u2/po (24)

with the help of equations (3), (15), (22) and (23) we find from the conditions(18) and (19) that

o ®© 1 xr

/ Bl(s,p)]l(rs)ds—Z/ Bi (s, p) ]]1(rs)ds O<r<a
B +B (Grat(n—ple "

’ ° 7{71 T %71 (Gzi (71—&-/3) —2ph 3271h> P
(25)
/0 (B+71)Bi(s,p)Ji(rs)ds=0 r>a (26)

where e
(11~ B) (€21 1) — G (1 + -2
By (s,p) = —i(s,p) ( )—c (1 fi5pe ) @)
(m—pe " +Gr
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As usual the solution of dual integral equations (25) and (26) can be written in the following form:

a

n+B B (sp) = = [Mo (@ p)sin(s) dz 28)

where ¢(¢, p) satisfies the following Fredholm integral equation of second kind:

p@p)+ [ oK dut [op ki pdi=2g0<c<a (9
where
Ki(u,¢,p) = i/ooo (,B—i'n - 1) sin (s¢) sin (us) ds (30)
Ky (u,¢,p) = / ! 7 sin (s¢) sin (us) ds (31)
ﬁ+’h 1 ﬁ i %Jﬁ (gz§+81+g ZﬁhEZ'y]h)

Normalising with the help of the following transformation of variables

é:agllu:au1152ﬂ,P:w’kZC2:\/m
a C2 C1 ;,[Opz

¢ (ag1, p) = 2aag1(G1,P), B = 51;71 = \/(/312 + 512 + kZPZ)z“Yz' =/(s12+P2) (32

we get

1 1
¢1(C1, P) +/O @1 (u1, P) Ky (uq, 81, P) duy +/0 @1 (u1, P) K (11,61, P)duy =G 0< 81 <1 (33)

where
Ky (u1,¢ P)—Z/w<51—1>sin(s§)sin(us)ds (34)
v er ) =2 f0 \ B0 161 151) ds1
Ky (u1,¢ P)———/ L sin (s1G1) sin (u1s1) ds
2 1,61, — ﬁl +,}/1 71 ,Bl 4 ,h/+’31 <G72/+(71 ,Bl) Zﬁlh/ﬂez’h/h/a) 161 1°1 1
N\ Gy (11 +pr)e P
(35)
The couple M(t) required to hold the disc in displaced position is given by
a
M(t) = —27'(/ (0 9,),_odr (36)
0
We can easily find that
2‘110 d
1 =
(%) o=y / f—rz (37)
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In the Laplace transformation domain eqn.(36) can be written in the following form

M(p) = —(2n) /Oa r? (ﬁez)zzodif (38)
Making use of (37) we find that
M) =0 ["eo (@ p)dz )
Making use of (32) and (8) we get
My (1) = it = L[ a [ o (P (40)
where
T — %t (41)

4. Numerical Results and Discussion

Impact response of a non-homogeneous layer bonded to a homogeneous elastic half-space is
considered. Solving the integral equation (33) numerically and then using Laplace inversion the
numerical value of couple is obtained for different values of the parameters. In solving the problem,
p2 = po and G = 50 are taken. First the integral equation (33) is solved numerically by the method of
Fox and Goodwin [4]. It is seen that the Kernel given by (35) of the integral equation (33) changes very
little for large values of h therefore the numerical values of ¢; (&1, P) are obtained for % = 2.0,10.0,
and for different values of B. For the Laplace inversion, the method due to Miller and Guy [6] is used.
After solving the integral equation (33) and then equation (40) the Torsional Impact M;(T) has been

calculated and plotted against the time T for different values of § in Figure 2 and Figure 3.

wh=2.0, G=50.0

—>

M _I(T)

o = N W B U1 OO N ®
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Figure 2: M;(T) versus T for §; = 2.0, G = 50.0 and for 8 = 0,0.5,10

In Figure 2, M;(T) has been plotted against the time T for § = 2.0 and for = 0,0.5,10. The value of
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the torque is infinity when sudden torsion is applied i.e. when T = 0. It is clear from the graph as the
dynamic torque reaches a peak immediately when T > 0. Then it gradually decreases in magnitude
and showing wave like nature. Also, it is shown from the graph that the frequency of oscillation

increases for higher the value of B and finally decreases as T increases.

a/h=10.0, G=50.0

M ) —»

30

Figure 3: My(T) versus T for § = 10.0, G = 50.0 and for = 0,0.5,10

In Figure 3, M;(T) has been plotted against the time T for = 10.0 and for B = 0,0.5,10. For higher

value of % the graph shows same wave like nature but takes more time to decrease.

5. Conclusion

In this problem the effect of non-homogeneity in bi-material due to sudden impact is considered. Here
the exponential form of non-homogeneity is considered. The analytical expression of torsional impact
and numerical values of impact load are calculated for different constants. From the obtained results

the following conclusions can be drawn:

(1). Immediately after the application of sudden load the torque is infinity then gradually decreases in

magnitude and oscillate.
(2). The value of impact load increases with increasing f, the exponential variation.

(3). If B is taken as zero the problem reduces to the problem considered by R. S. Dhaliwal, B. M. Singh
and Jan Vrbik. In their problem they have obtained the value of Torsional impact for various values
of G and they showed that the value of torque is infinity for T = 0 due to sudden loading after

that it decreases and oscillates for all G. This ensures my consideration.
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