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1. Introduction

In 1965, fuzzy sets were introduced by Zadeh [1], L.A to provide natural way of dealing with problems in which the source
of imprecision and vagueness occurs. It can be applied in many fields such as artificial intelligence, control system, decision
making, expert system etc. Fuzzy numbers and their fuzzy operations are seeds of fuzzy number theory. Fuzzy number
and their arithmetic operation for modeling expert system, Cognitive computational models, measurement, knowledge,
intelligence .The concept of fuzzy number has been defined as a fuzzy subset of real line by Dubois, D and Prade, H
[2]. A fuzzy number is a quantity whose values are precise, rather than exact as in the case with single valued numbers.
To deal imprecise in real life situation, many researchers used triangular and trapezoidal fuzzy number .Also hexagonal,
nonagonal, decagonal fuzzy numbers have been introduced to clear the vagueness .Most of the researcher has focused on
uncertain linguistic term in group decision making processes. In decision making problem experts may provide uncertain
linguistic term to express their opinion when they have no clear idea and lack of information. The uncertain linguistic term
is frequently used as input in decision analysis activities. So far linguistic values are usually represented as fuzzy numbers
such as triangular, trapezoidal. But it is complex to restrict the membership functions to take triangular, trapezoidal
when vagueness arises in ten different points. Therefore, in this paper a new form of decagonal Fuzzy Number (DFN)
is proposed under uncertain linguistic environment. This paper is organized as follows: section one presents introduction.
Basic definition of fuzzy number and linguistic terms are given in section two, section three provides decagonal fuzzy number
and it linguistic values. New operation for addition, multiplication, division of decagonal fuzzy number « cut is proposed in
section four. Section five proposes vertex method to calculate the distance between two decagonal fuzzy numbers. Finally,

conclusion and future directions are given.

* Proceedings : National Conference on Recent Trends in Applied Mathematics held on 22 & 23.07.2016, organized by
Department of Mathematics, St. Joseph’s College of Arts & Science, Manjakuppam, Cuddalore (Tamil Nadu), India.
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2. Basic Definitions and Notations

In this section, some basic definitions of fuzzy set theory and fuzzy numbers are reviewed.

Definition 2.1. A fuzzy set A in X is characterized by a membership function pz(x) which associates each point in X;
to a real number in the interval [0, 1]: The value of pz(x) represents “grade of membership” of x € pz(x): More general

representation for a fuzzy set is A = (x; u;(x)).

Definition 2.2. The a-cut of the fuzzy set A of the universe of discourse X is defined as Ay = {x € X | pz(z) > a},

where o € [0, 1].

Definition 2.3. A fuzzy set A defined on the set of real numbers R is said to be a fuzzy number if its membership function

A: R — [0,1] has the following characteristics.

(1). A is convex pz(x1 + (1 — N)x2) > min(pz(z1), uz(x2)), ¥ x € [0,1], A € [0,1].
(2). A is normal i.e; there exists an x € R such that if maz pz(z) = 1.

(3). A is piecewise continuous.

Definition 2.4. A triangular fuzzy number A denoted by (a1,a2,a3), and the membership function is defined as

e, for a1 <z <az
pi(e) =4 2=L. for ax <z <as
0, elsewhere
Ao
1
L 3
o |
& L] 3 4

Figure 1. Triangular fuzzy number

Definition 2.5. A Linguistic variable/term is a variable whose value is not crisp number but word or sentence in a natural

language.

Definition 2.6. A trapezoidal fuzzy number A can be defined as (a1, az,as,a4), and the membership function is defined as

Tx—ay
o, forar <z <ar
1, foraz <z <as
palz) =
ag—x
Py foras <z <as
0, elsewhere
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Figure 2. Trapezoidal fuzzy number

3. Decagonal Fuzzy Number (DFN)

Definition 3.1. A Decagonal fuzzy number D denoted as (a1, a2,as3,a4,as,as, ar,as, ag, aio), and the membership function

is defined as

Fal, a1 <z <ap
1+ iﬁ(fs—f;;)’ az <z < ag
i+ ii(s;?;), a3 <z < aq
%+i%7 as < x < as
po@ =14 s
1- iig;af;), asg <z < ar
oD ar<w<as
5 e ek, as<w <a
i(fl’fo‘ij’i;), ag < x < ao
0, otherwise.

Figure 3. The Decagonal fuzzy number

Figure 4. The decagonal fuzzy number from uncertain linguistic term [s;; s,,]
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4. Generalized Decagonal Fuzzy Number (DFN)

Definition 4.1. A Decagonal fuzzy number denoted as (a1, az,as, as, as, as, az, as, as, aio; w), and the membership function

is defined as

et a1 <z < a
PHieE, m<r<a
FHiwE as <z <ag
§ 4 fwie, as<e<as
1, as <z <as
pp () =
1-— iw (Y;—aa%))v as <z < ar
Pt e <osa
5 é;iaag;), ag <z < ag
ii(,ﬁ”fo’fig), ag <z < ao
0, otherwise.
Linguistic terms Linguistic values
No influence (0, 0,0,0,0,0.3,0.6,0.9, 1.2, 1.5)

Very Low influence [(0.3, 0.6, 0.9, 1.2, 1.5, 1.8, 2.1, 2.4, 2.7, 3.0
Low influence 1.8, 2.1, 2.4, 2.7, 3.0, 3.3, 3.6, 3.9, 4.2, 4.5

( )
( )
Medium (3.3, 3.6, 3.9, 4.2, 4.5, 4.8, 5.1, 5.4, 5.7, 6.0)
( )
( )

High influence 4.8, 5.1, 5.4, 5.7, 6.0, 6.3, 6.6, 6.9, 7.2, 7.5

6.3, 6.6, 6.9, 7.2, 7.5, 7.8, 7.8, 7.8, 7.8, 7.8

Very High influence

Table 1. Decagonal Fuzzy linguistic scale

Furthermore, in light of the research work by Kaufman, A and Zadeh, LA [10], the arithmetic operations of decagonal fuzzy

number and vertex method are provided in the following section.

5. Arithmetic Operations Of Decagonal Fuzzy Numbers (DFN)

In this section, arithmetic operations of (DFN) based on a-cut method is reviewed.

5.1. Arithmetic Operation on a-cut

Definition 5.1. A Decagonal fuzzy number D can also be defined as D = Pi(t), Qi(v), Ri(v), Si(w), Pu(t), Qu(w), Ru(v),
Su(w), t € [0,0.25], u € [0.25,0.5], v € [0.5,0.75] and w € [0,0.1], where

P (t) —i ((;2__6;11)) :
Quw)=] + ((621222))7
Ry (v) :% + i (((1317_6:133))7
St (w) % + i (21244))’
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(z — a7)

3 1
Ru (V)_Z - 1(&8 _a7)7

1 1 (x—as)
Qu (u)—§ - Zm»

_1 (a0 —x)
Pu () 4 (ayy — ao)

Here, Pi(t), Qi(u), Ri(v), Si(w), is bounded and continuous increasing function over [0, 0.25], [0.25, 0.5], [0.5, 0.75] and
[0, 0.1] respectively. P.(t), Qu(u), Ru(v), Su(w), is bounded and continuous increasing function over [0, 0.25], [0.25, 0.5],
[0.5, 0.75] and [0, 0.1] respectively.

Definition 5.2. The a-cut of the fuzzy set of the universe of discourse X is defined as Do = {r € X / pi(z) > o}, where

a € [0,1].
[P (), Py ()], for a€][0,0.25)
B — Qi (), Qu ()], for o €[0.25,0.5)
[Ri (@), Ru (a)], for a€[0.5,0.75)
[St (@), Su ()], for a€[0.75,1]

Definition 5.3. If Pi(z) = o and Pu(x) = a then a-cut operations interval D, is obtained as

(1). [P(a), Pu(a)] = [da(az — a1) + a1, —4a(aio — ag9) + aio]. Similarly, we can obtain a-cut operations interval Do for

[Qi(@), Qu(a)], [Ri(e), Ru(@)] and [Si(ar), Su(a)] as follows
(2). [Qu(q), Qu(a)] = [4a(as — az) + 2as — a, —4a(ag — as) + 2a9 — as]
(3). [Ri(a), Ru(c)] = [4a(as — as) + 3as — 2a4, —4a(as — a7) + 3as — 2a7]
(4). [Si(a), Su(@)] = [4a(as — as) + das — 3as, —4a(ar — ag) + 4ar — 3ag)

Hence, a- cut of Decagonal Fuzzy Number

[4a(az—a1)+a1, —4a(aio — ag)+aio), for a €]0,0.25)
B — [4a(as — a2) + 2a2—as, —4a(ag — ag) + 2a9—as],  for a € [0.25,0.5)
[4a(as — a3) + 3az—2a4, —4a(as — a7) + 3as—2a7], for a € [0.5,0.75)
(

[da(as — as) + 4as—3as, —4a(ar — ag) + 4ar—3as), for a € [0.75,1]

Theorem 5.4. Iffi: (a1, a2, a3, a4, as, as, a7, as, Gy, G10) and B= (b1, b2, b3, ba, bs, bs, bz, bs, bo, bio) are the Decagonal

fuzzy numbers, then C =A ®B is also Decagonal fuzzy number
Ao B= (a1 + b1, a2 + ba,as + bs, as + ba, as + bs, as + bs, ar + bz, as + bs, ag + be, aio + bio).

Proof. The membership function of DFN C = A& B can be found by a-cut method with the transform z = z + y, a-cut

membership function of z‘i(x) is,

[4a (a2 — a1) +a1, —4a (a10 — a9) +aio], for a €0,0.25)
[da(as — a2) + 2a2—as3, —4a(ag — ag) + 2a9—as], for a €[0.25,0.5)
e [4a(as — a3) + 3as—2a4, —4a(as — a7) + 3as—2a7], for a € [0.5,0.75)
(

[4a(as — a4) + 4as—3as, —4a(ar — as) + 4ar—3ag], for a € [0.75,1]
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a- cut membership function of B (y) is,

[4a (b2 — b1) +b1, —4a (bio — be) +b1o] , for a €10,0.25)
[4a(bs — b2) 4+ 2b2—bs, —4a(bg — bs) + 2bg—bs], for a € ]0.25,0.5)
ve [4a(bs — b3) + 3b3—2bs, —4a(bs — br) + 3bs—2b7], for a € [0.5,0.75)
[4a(bs — bs) + 4bs—3bs, —da(br — be) + 4by—3bg], for a € [0.75, 1]
[4a (a2 — a1) +a1, —4a (a10 — ag) +a1o0] +
[4a (ba — b1) 4+b1, —4a (bio — be) +b1o] , for a€0,0.25)
[4a (as — a2) +2a2 — as, —4a (a9 — as) +2a9 — ag] +
[4a(bs — bs) + 265 — bs, —da(by — bs) + 2bo — bs], for ae0.25,0.5)
z=x+ye

[4a (a4 — a3) +3as — 2a4, —4a (as — a7) + 3as — 2a7] +
[da(bs — bs) + 3bs — 2ba, —da(bs — by) + 3bs — 2bs],  for a€0.5,0.75)

[4a (a5 — a4) +4as — 3as, —4a (a7 — as) +4ar — 3as] +

[4a(b5 — b4) + 4by — 305, —4a(b7 — b6) + 4b7 — 3b6], fO?“ 056[0.75, 1}

The membership function of C = A ® B is,

z—(a1+b1)
WM’ a1 +b1 <z<az+ b2

z—2(ag+b2)+(az+bs)
A(az—az)+(z—bz)] * 2 Thr<z<as+bs

z—3(a3+b3)+2(ag+bg)
Tas—as)T(bs—bp)] > 93 T b3 <2< aatby

z—4(ag+ba)+3(a5+bs)
4[(,15‘1_,144)_,_(65_51,4)? , as+bs <z <as+bs

; as+bs < z < ag + be

1

z—4(ar+b7)+3(as+be)
Tac—ar) 4 (g bp)] > 96 T 06 <z <a7+br

z—3(ag+bg)+2(a7+by)
Tar—as)T(br—bg)] » &7 T b7 <2< as+bs

z—2(ag+bg)+1(ag+bs)
(as—ag)+(bs—by)] » 98 +bs < 2= agtby

z—(a10+b10)
4[(a9*a101)qf(b;(lb1o)]’ ag +by < 2z < aro+bio

0, otherwise

Hence, addition rule is proved. Therefore we have A® B = (a1 + b1,a2 + bz, as + bs, a4 + ba, as + bs, as + be, a7 + bz, as +

bs, ag + bg, a1o + bio) is a Decagonal Fuzzy Number. O

Example 5.5. Let us consider two DFN A = (1.52,2.5,3,3.5,4,4.5,5,5.5,6) and B = (2,3,4,5,6,7,8,9, 10, 11). Then, the
addition of these two DFN is defined as A®B= (3.5,5,6.5,8,9.5,11,12.5,14,15.5,17) with membership function as follows

(e, 35<2<s5
(e, 5<a<65
1y 65<e<s
P, 8ses

1, 9.5 <z <11

@D 11 <z <125

oD 125<x< 14

PN SN T

5
1
5
S0 14<2<155
1
5

)
D155 < <17

otherwise.

L
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Theorem 5.6. IfA: (a1, a2, a3, a4, as, as, a7, Gg, A9, a10) and B= (b1, b2, b3, ba, bs, bs, b7, bs, by, bio) are the decagonal

fuzzy numbers, then P = A® B is also decagonal fuzzy number
A® B = (a1,a2, a3, as, as, as, az, as, ag, aio)

Proof. The membership function of DFN P = A® B can be found by a-cut method with the transform z = z X y

[4a (a2 — a1) +a1, —4a (a10 — ag) +aio] +

[4a (bg — bl) +b1, —4a (b10 — bg) —‘rbm] s for ac [0, 0.25)

[4a (a3 — a2) +2a2—as3, —4a (a9 — ag) +2a9—asg] +

[4a(b3 — bz) + 2()2—b3, —4a(b9 — bg) + 2b9—b8}, fO’f' a6[0.257 0.5)
Z=TXyYE

[4a (a4 — a3) +3az—2a4, —4a (as — a7) +3as—2a7] +

[4(1(1)4 — b3) + 3b3—2by4, —4a(b8 — b7) + 3bg— 2b7], fO’I" aG[O.B, 075)

N

a(as — aa) +4as—3as, —4a (a7 — ag) +4ar—3as] +

[40,(1)5 — b4) + 4b4—3bs, —4a(b7 — be) + 4b7_3b6]7 fO’I' a6[0.757 1]

So, the membership function of P = A® B is,

—&ﬂ/W’ arby < z < azbs

7Bz+\/B§74A2(4a2b22;22(a2b3+03b2)+‘13b3*Z))7 azbe < z < asbs

7Bg+\/B§74A3(9a3bs;:;a3b4+a4b3)+4a4b4*z))’ asbs < z < asbs

—B4-&-\/B§—41‘\4(16041742—Alj(0‘455""‘51’4)"'9‘15175_2»7 asbs < 2 < asbs

1, asbs < z < agbe
np(x) € Bg—+/BZ—4Ag(9agbs —12(agbr+azbg)+16arbr—z))

6 6 662A667 7be o , agbe <z < ar, by
37—\/Bg—4A7(4a7b7—2(;(:7b8+a8”7)+9“8b8_z)), arb; < z < asbs
BS—\/Bg—4A8(asbs—22(g(;8’39+”‘9b8)+4a9b9_z))’ asbs < z < agbg
Bg—\/w7 agbg < z < aiobio
0, otherwise.

Hence, Multiplication rule is proved. Therefore we have A®B= (a1b1, az2bz, asbs, asba, asbs, acbe, azbr, agbs, agbg, a10bio) is

a decagonal Fuzzy Number. O

Example 5.7. Let us consider two DFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5,6) and B = (2,3,4,5,6,7,8,9,10,11). Then, the
multiplication of these two DFN is defined as AQB = (3,6,10, 15,21, 28, 36, 45, 55, 66) with membership function as follows

1552, 3<e<6
e, 6<2<10
i%, 10<z<15
e, 1s<a<2
1, 21 < x < 28
NP(JC) = 7% (I&?o)7 28 < z < 36
-1 (I(;f?’), 36 <z <45
—1E2, 45 <e <55
— 1Y, 55 <w <66
0, otherwise.
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Theorem 5.8. IfA = (a1, a2, as, a4, as, as, a7, as, ag,aio) and B= (b1, b2, b3,ba, bs, be, b7, bs bo,bio) are the Decagonal Fuzzy

Numbers, then D = A@B is also decagonal fuzzy number

Proof. The membership function of DFN can be found by a-cut method with the transform z = x + y,

[4a (a2 — a1) +a1, —4a (a10 — ag) +aio] +
4a (bg — b1) +b1, —4a (bm — bg) +b10} R fOT' [0S [0, 0.25)
4a (a3 — a2) +2a2 — az, —4a (a9 — as) +2a9 — as] +

a(bg — bg) + 2by — b3, —4@(1)9 — bg) + 2bg — bg], for a6[0.25, 05)
Z = T+ye

_ T T =

4a (a4 — a3) +3as — 2a4, —4a (as — ar) +3as — 2a7] +
[40,([)4 — bg) + 3b3 — 2b4, —4a(bg — b7) + 3bg — 2()7]7 fO’f’ a€[0.5, 075)

4a (as — as) +4as — 3as, —4a (a7 — ag) +4a7 — 3ae] +

[4a(bs — ba) + 4bs — 3bs, —4a(br — be) + 4b7 — 3bg],  for a€[0.75,1]

zbijp—ay ay a2
4[(az—a1)+z(bio—by)]’ 11 Szs 10
2(2bg—bg)—(2a2—a3) ag as
4[(az—az)+z(bg—bg)]’ by <2< bg
z(3bg —2b7)—(3az—2a4) as aq
4[(as—a3)+z(bg—b7)] * bs Szs< by
z(4b7—3bg)—(4ag—3as)  ag as
4[(as—aa)+2(b7—bg)] * b7 <z=< be
a. a,
B m<yc@
mp (x) =
(4a7—3ag)—(4bs—3b5)z  ag <z < oz
4[(a7—ae)+(bs—ba)z] 7 b5 — 7 — by
(2bg —bg)—(2a3—a3)z ar as
iflas—ar+Ga—ba)al” by =% S B
(2a9—ag)—(2b3—b3)z ag ag
ao—as)T (s ba)al” b =253
(a10—2b1) ag aio
4[(a10—ag)+(b2—b1)z]> b2 szs b1
0, otherwise

i Ao B = (@ @ a3 a1 a5 ag az as a9 a10) j
Hence, division rule is proved. Therefore we have A © B = (bw’ B B b be e bat bat bet By ) is a decagonal Fuzzy

Number. O

Example 5.9. Let us consider two DFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5,6) and B = (2,3,4,5,6,7,8,9,10,11). Then,
the division of these two DFN is defined as AoB = (0.13,0.20,0.27,0.37,0.50,0.66, 0.90, 1.25, 1.83, 3.00) with membership

function as follows

1 (z—0.13)

1 (0.07) 0.13<2<0.20

1 (z—0.13)

1 (0.07) 020 <z <0.27

1 (z—0.07

1 x(m) 3 0.27 <z <0.37

1 (2—0.02)

17 (0.13) 0.37 <z <0.50

1, 0.50 < z < 0.66
pi(z) < .

1— Ll 066 <z < 0.90

ar ag)

4 _ 1 (z—a7)

5 5 (ag—ay)’ 0.90 <z< 1.25

3 _ 1 (z—ag)

5 7 B lag—as)’ 1.25 <z <1.83

2 1 (z—ayg)

2 ay, 1.83<2<3.00

0, elsewhere
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6. Distance Measurement Functions for Decagonal Fuzzy Number

There are many distance measurement functions were proposed in the literature, but the vertex method is an effective and
simple method to calculate the distance between any two fuzzy numbers. Therefore, few important properties of the vertex

method for decagonal fuzzy number are described as follows:

Definition 6.1. Let A = (a1, a2, as, a4, as, as, a7, ag,ag, a10) and B = (b1, by, bz, by, b, b, bz, bg.bo,b1o) be the decagonal Fuzzy

Numbers. Then, the vertex method can be defined to calculate the distance between them as

d(A,B) = \/%0[(@ —b1)*+ (az — b2)* + (az — b3)> + - -- + (@10 — b10)’]

Definition 6.2. Let A = (a1, a2, as, a4, as, as, a7, ag,ag, a10) and B = (by, by, by, by, b, b, bz, bg.bo,b1o) be the decagonal Fuzzy

Numbers. Then, the fuzzy number is A closer to B when d(A, B) tends to 0.

Some important properties of the vertex method are described as below,

Theorem 6.3. If A and B are the decagonal Fuzzy Numbers, then the distance measurement d(A, B) is identical to theEu-

clidean distance.

Proof.  Suppose that A = (a1,a2,as,aa,as, as, ar,as,ag, aip) and B= (b1,b2, b3, ba, bs, b, b7, bg bg b1g) are two real num-

bers, then a1 = a2 = a3 =... =ai10 =a; b1 =b2 =bs = ... =bio = b. The distance measurement d(A, B) can be calculated
as
5By 1 2 2 2 2
d(A,B) = TO[(GI —b1)" + (a2 — b2)" + (ag — b3)" + -+ - + (@10 — b1o)7]
1
= \/ﬁ[(afb)z+(afb)2+(afb)2+~--+(afb)zl
=/(a—1b)?
=la—b

Theorem 6.4. Two decagonal Fuzzy Numbers A and B are identical if and only if (fl, E) =0.

Proof. Let A and B be decagonal Fuzzy Numbers. Since it is identical, a1 = b1, a2 = b2, ag = bs,..., aio = bipo. The

distance between A and B is

1 2 2 2 2
\/E[(al_bl) + (a2 —b2)” + (a3 — b3)" + -+ + (a10 — b10)7]

d(A, B)

Converse, If d(/l, B) =0, then

d(z‘LB) = \/%[(al —51)24—(&2—52)2+(a3—b3)2+"'+(a10—blo)2] =0
=@-0’+@-0>+@-0>+--+(@->b>=0

=>a1 = bl,az = bz,as = b3,- s @10 = blO

Therefore, A and B are identical. O
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7. Conclusion

In this paper, decagonal fuzzy number and its arithmetic operations have been proposed. Also, linguistic value of (DFN)
and vertex method to find the distance between two (DFN) are introduced. Therefore, decision making techniques such
as DEMATEL, TOPSIS and VIKOR techniques can be extended by representing linguistic variable into decagonal fuzzy

number under uncertain linguistic environment will be the further research.
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