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Abstract:

A maximal dominating set D of a graph G is a global maximal dominating set if D is also a maximal dominating set of
G. The global maximal domination number γgm (G) of G is the minimum cardinality of a global maximal dominating set.
In this paper, bounds for γgm (G) and exact values of γgm (G) for some standard graphs are obtained. We characterize
maximal dominating sets of G which are global maximal dominating sets. Also Nordhaus-Gaddum type results are
obtained.
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1.

Introduction

In this paper, a graph is a finite, undirected graph without loops or multiple edges. Any undefined term in this paper may
be found in [1, 2]. Let G = (V, E) be a graph with |V | = p vertices and |E| = q edges. A set D of vertices in G is a
dominating set if every vertex in V − D is adjacent to some vertex in D. The domination number γ(G) of G is the minimum
cardinality of a dominating set of G. Recently many new domination parameters are given in the books by Kulli [2–4]. A
dominating set D of a graph G is a maximal dominating set if V − D is not a dominating set of G. The maximal domination
number γm (G) of G is the minimum cardinality of a maximal dominating set of G. This concept was introduced by Kulli
and Janakiram in [5] and was studied, for example, in [6]. (the term “nil domination number”was used instead of maximal
domination number in [7]). Different types of maximal domination parameters have been studied, for example, in [8–12]. A
dominating set D of G is a global dominating set if D is also dominating set of G. The global domination number γg (G) of
G is the minimum cardinality of a global dominating set. This concept was studied, for example, in [13, 14]. Let dxe denote
the least integer greater than or equal to x. Let G be the complement of a graph G. In this paper, we introduce the concept
of the global maximal domination number in graphs and establish some results on this new parameter.

2.

Global Maximal Domination in Graphs

Definition 2.1. A maximal dominating set D of a graph G is a global maximal dominating set, if D is also a maximal
dominating set of G. The global maximal domination number γgm (G) of G is the minimum cardinality of a global maximal
dominating set of G.
∗
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A γgm -set is a minimum global maximal dominating set.
Theorem 2.2. Let G be a graph such that neither G nor G have an isolated vertex. Then

a) γgm (G) = γgm G ;
b) γm (G) ≤ γgm (G);
c) γ|g(G) ≤ γgm (G);
d)

(γm (G)+γm (G))
2


≤ γgm (G) ≤ γm (G) + γm G .

Exact values of γgm (G) for some standard graphs are given below.
Proposition 2.3. For a complete graph Kp with p ≥ 2 vertices γgm (Kp) = p.
Proposition 2.4. For a cycle Cp with p vertices,

γgm (Cp) = p − 1, if p ≥ 6,
= 3, if p = 3, 4 or 5.

Proposition 2.5. For a path Pp with p vertices,

γgm (Pp ) =

lpm
3

+ 1, if p ≥ 4,

= 2, if p = 2 or 3.

Proposition 2.6. For a complete bipartite graph Kr,s 1 ≤ r ≤ s, γgm (Kr,s ) = r + 1.
Proposition 2.7. For a wheel Wp with p ≥ 4 vertices, γgm (Wp ) = 4.
We characterize maximal dominating sets of G which are global maximal dominating sets.
Theorem 2.8. A maximal dominating set D of G is a global maximal dominating set if and only if at least one of the
following conditions is satisfied:
a) for each vertex v ∈ V − D, there exists a vertex u ∈ D such that u is not adjacent to v.
b) there exists a vertex w ∈ D such that w is adjacent to all vertices in V − D.

Proof.

Suppose D is a global maximal dominating set of G. On the contrary, there exists a vertex v ∈ D such that v does

not satisfy any of the given conditions. Then by (a) and (b), it follows that D − {v} is a dominating set of G, a contradiction.
Hence every vertex v of D satisfies at least one of the given conditions.
Converse is obvious.
We characterize graphs G which have global maximal domination number equal to the order p of G.
Theorem 2.9. Let G be a graph. Then γgm (G) = p if and only if G = Kp or Kp .

Proof.

Suppose γgm (G) = p. We now prove that G = Kp or Kp . On the contrary, assume G 6= Kp or Kp . Let D be a

γgm - set of G. Then there exist two nonadjacent vertices u, v ∈ D. It implies that D − {u} is a global maximal dominating
set of G, which is a contradiction, by Theorem 2.8 Hence G = Kp or Kp .
Converse is obvious.
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Theorem 2.10. Let D be a minimum dominating set of G. If there exists a vertex v in V − D which is adjacent only to the
vertices of D. Then γgm (G) ≤ γ(G) + 1.

Proof.

Suppose D is a minimum dominating set of G. If there exists a vertex v in V − D which is adjacent only to the

vertices of D, then D ∪ {v} is a global maximal dominating set of G. Then

γgm (G) ≤ |D ∪ {v}|
≤ |D| + 1
≤ γ(G) + 1.

(1)

Corollary 2.11. If a graph G has a pendant vertex, then γgm (G) ≤ (G) + 1. In particular, this inequality holds for a tree.
Corollary 2.12. If D is a minimum dominating set of G and if V − D is independent, then γgm (G) ≤ γ(G) + 1.
Corollary 2.13. Let G = (V1 , V2 , E) be a bipartite graph without isolated vertices, where |V1 | = r, |V2 | = s and r ≤ s. Then

γgm (G) ≤ r + 1.

Proof.

(2)

(2) follows from (1), since γ(G) ≤ r.

In a graph G, a vertex and an edge incident with it are said to cover each other. A set of vertices that covers all the edges
of G is a cover of G. The vertex covering number α0 (G) of G is the minimum number of vertices in a vertex cover. A set S
of vertices in G is independent if no two vertices in S are adjacent. The independence number β0 (G) of G is the maximum
cardinality of an independent set of vertices. The clique number ω(G) of G is the maximum order among the complete
subgraphs of G.
We establish another upper bound for γgm (G).
Theorem 2.14. For any graph G without isolated vertices,

γgm (G) ≤ p − β0 (G) + 1.

Proof.

(3)

Let S be an independent set of G with β0 (G) vertices. Then |S| = β0 (G). Since G has no isolated vertices, it

implies that V − S is a dominating set of G. Clearly for any vertex v ∈ S, (V − S) ∪ {v} is a global maximal dominating set
of G. Therefore

γgm (G) ≤ |(V − S) ∪ {v}|
≤ p − β0 (G) + 1.

Corollary 2.15. For any graph G without isolated vertices,

γgm (G) ≤ α0 (G) + 1.

(4)
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Proof.

It is known that for a graph G, α0 (G) + β0 (G) = p. By Theorem 2.14, γgm (G) ≤ p − β0 (G) + 1. Therefore (4)

holds.
Nordhaus-Gaddum type results were obtained for several parameters, for example, in [15–28]. We now establish NordhausGaddum type results.
Theorem 2.16. Let G and G have no isolated vertices. Then


γgm (G) + γgm G ≤ p + αo (G) − ω (G) + 2.

Proof.

By Corollary 2.15, we have

γgm (G) ≤ αo (G) + 1


γgm G ≤ αo G + 1

≤ p − βo G + 1
≤ p − ω (G) + 1.


Hence γgm (G) + γgm G ≤ p + αo (G) − ω (G) + 2.
Theorem 2.17. Let G and G be connected graphs. Then


γgm (G) + γgm G ≤ 2 (p − 1) .

(5)

Furthermore, the equality holds if and only if G = P4 .

By Theorem 2.14, γgm (G) ≤ pβ0 (G) + 1. Since both G and G are connected, it implies that ∆(G), ∆ G ≤ p − 1.



Thus β0 (G), β0 G ≥ 2. Hence γgm (G) ≤ p1. Similarly γgm G ≤ p − 1. Hence γgm (G) + γgm G ≤ 2 (p − 1).

We now prove the second part. Suppose the equality holds. Then γgm (G) + γgm G = 2 (p − 1). This shows that both G

Proof.

and G are trees. Suppose G is a tree with p ≥ 5 vertices. Then G contains a cycle, which is a contradiction. Suppose p = 2
or 3. Then both G and G are not connected. Thus we conclude that G = P4 .
Similarly we prove that following

Theorem 2.18. Let G and G be connected graphs. Then γgm (G) .γgm G ≤ (p − 1)2 . Furthermore, the equality holds if
and only if G = P4 .
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