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1. Introduction

The Hankel determinants H(n) of Taylor’s coefficients of function f € A where A denotes the class of functions of the form
f(z) =z—|—Zanz”, (1)
n=2

which are analytic in the open unit disk i = {z: 2 € C and |z| < 1}. is defined by

an An+1 *°* OGn4qg-—1
an4+1  An42 - - An+4q
Hg(n) :=
Un4q—1 Gntq -~ OGn42q-2

where (n=1,2,... and ¢ = 1,2,...,). H2(1) is the classical Fekete-Szego functional. Fekete-Szego in [2] found the maximum

value of H2(1). Pommerenke in [13] proved that the Hankel determinant of univalent functions satisfy
|Hy(n)] < Kn~GtP3 (=12 . ¢=23,...),
where 8 > ﬁ and K depends only on g. Hayman [5] showed that

1
|H2(n)| = |ananiz —apyq]| < An2, n=2,3,...,
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where A is an absolute constant for a really mean univalent functions. Hankel determinants are useful in showing that a
function of bounded characteristic in U, i.e, a function which is ratio of tow bounded analytic functions with its Laurent
series around the origin having integral coefficients, is rational. In recent years, several authors investigated bounds for
the Hankel determinant belonging tow various subclasses of univalent and multivalent functions in a class which unifies a
number of classes studied earlier by Deepak Bansal, K. I. Noor, T. Yavuz, Sarika Verma, Shigeyoshi Owa and others. Our
class include g-starlike, g-convex functions and Ma-Minda starlike and convex functions. We use the concept of principle of
subordination and g-calculus to define our classes. Recently in the second half of the twentieth century g-calculus aroused
interest due to lot of applications in the various mathematical fields such as combinatorics, number theory, quantum theory

and the theory of relativity. The g-analogue of a function is defined as follows:
Definition 1.1 ([6]). The g-analogue of f is given by

f@)—flaz) 4,
daf(z)=4q 077 (2
£(0), z=0.

where (0 < g < 1).

Equivalently (2), may be written as

n=2
where
1—q"
-, q#1
[n]g = 1
n, g=1

Note that as ¢ — 1, [n]q — n. The class of functions with positive real part plays a significant role in complex function

theory. Using principle of subordination we define the functions with positive real part.

Definition 1.2 ([14]). Let f and g be analytic in U, then f is said to be subordinate to the function g, written f(z) < g(z),

if there exists an analytic function w: U — U satisfying w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)), z€U.
Definition 1.3 ([1]). Let P denote the class of analytic functionsp : U — C, p(0) =1, and R{p(z)} > 0, then p(z) < T=.

The class P can be completely characterized in terms of subordination. We need the following lemmas to derive our results.

Lemma 1.4 ([1]). If the function p € P is given by the series
p(z)=14cz4+cz> +e32®+..., (3)

then the following sharp estimate holds:
len] <2, (n=1,2,...).
Lemma 1.5 ([4]). If the function p € P is given by the series (3), then
29 = i +z(4 — ), (4)
des = +2(4— e —er(d— e’ + 204 — 1) (1 — |z)?)z, (5)
for some x, z with || <1 and |z] < 1.

The g-derivative of starlike and convex functions can be expressed as follows

. C204f(2)  1+=z _ 04 (204f(2) 14z
Sq—{fG.A.if(z) .<1—qz} and Kq—{fGA. 3.7 (2) <1—qz}'
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2. Main Results

Now we define g-drivative of starlike and convex functions with respect to ¢ which generalize Ma and Minda starlike and

convex functions [10].

Definition 2.1. Let ¢ : U — C be analytic, and let the Maclaurin series of ¢ is given by
@©(2) =1+ Biz+ B22” + B3z’ +... (B1,B2 €R, By >0). (6)

The class S; () of g-starlike functions with respect to @ consists of functions f € A satisfying the subordination

204f(2) >
) p(2).

1+(1—2a)z
(1-2)

2
functions of order a.. For pp(z) :=1+ % (log if\‘ﬁ) , the class

For the function ¢ given by pq(z) := , 0 < a<1,the class S (o) := S;(pa) is the well-known class of g-starlike

Sior) - {re o (2L

f(2)

SEal

is the parabolic g-starlike functions, and for ¢u(2) := 14 = sinh® [(2 arccos k) arctan hy/z] ,0 < k < 1, the class

st {1 (415)-

2401

is the hyperbolic g-starlike functions, and for

u(z)
1 . ™ Vi 1 1
we(2) = g sin <2R(t) /0 NV (tm)zdm> teop > b

where u(z) = f:\fttz ,t € (0,1) z € U and z is chosen such that k = cosh (zg(%)), R(t) is the Legendre’s complete elliptic

integral of the first kind and R’(t) is complementary integral of R(t), the class

Sitor) = {redsre (2L

f(2)

240

is the elliptic q-starlike functions [16], which as ¢ — 1 the class reduces to the class introduced by Rgnning [15].
Theorem 2.2. Let the function f € S; () be given by (1)

(1). If B1, By and Bs satisfy the conditions M Bi +N|Bs|+NBi1 <0, |([3]; — 1)?B1Bs + KB} + MBi By — LB3|— LB} <0,
then the second Hankel determinant satisfies

Bf

2
asaq4 —az| < —————.
| e e

(2). If B1,Ba and Bs satisfy the conditions MB + N|Bz| + NB;y > 0, }([3],1 —1)°B1B3+ KB} + MB?By — LB3| —
NBi|Bs| — Mpp — ®aDp2 > o or the conditions MB? + N|Ba| + NBi > 0,
!([B]q —1)’B1Bs + KB} + MBiB> — LB%‘ — LB} >0, then the second Hankel determinant satisfies

1
([4e = D(Bla = 12([2la = 1)

lazas — a3| <

[([38]¢ — 1)*B1Bs + KB} — LB; + MB;Bs| .
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(8). If B1, By and Bs satisfy the MB? + N|Ba|+NBy > 0, |([3]; — 1)?B1Bs + KB + MB{ By — LB5|— NBi|B2| — & B} —

2
%B% < 0, then the second Hankel determinant satisfies

AL |([8]g — 1)*B1Bs + KB{ — LB3 + M Bi By| — AN B1|Ba| — 2M B}

([3lq—1)2
4N?B2 ANMB?|Bs|

2 2
B} — (Bl — V"B — =2 — @,
(Mo =Dl =1 | (Bl ~ 1?BiBs + KBf ~ LB} + MBI By| — 2NBi[Bs| — MB} - NBf |

2
azay — az| < 1

where

and

K = [3]q _ [4]q,L —_ ([4]q _ 1)([2]q _ 1),M — ([3]q — 1)([2}4 + [3]11 — 2) — 2([4]<1 — 1)([2]q — 1)

& - D -
N = (8] = 1)* = 2([4]q — 1)(12], — 1).

Proof.  Since f € S;(p), there exists an analytic function w with w(0) = 0 and |w(z)| < 1 in U such that

20qf (2

L) — yu(a)). 0
Define the function p; by

1
pi(z) = 1%38 =l4cz4cz®+...,
or, equivalently
1 1 2 3
w(z) = % =5 (c1z+ (@—6—21) 2+ (63—6102—1—%) 23—1—...) 9)
1

Then p; is analytic in & with p1(0) = 0 and has a positive real part in U. By using(9) together with (6), it is evident that

pi(z) =1\ _ 1 1 AR TR
So(pil(z)—Fl) —1+231012+ 231 2= 5 +4Bgc1 zZ7 4. (10)
By (8) we have
20qf(z) 1 1 e 1 2\ 2
) —1+2Blclz+ 231 2= +4Bgc1 24, (11)

so that

2+ [2]qa22® + [3]qa32> + ... 1 1 3 1. 5\ o
=1+_-B -B - — -B e
( et a2 asz® T + 5 1€12 + 5 B c2 + 207 | 27 +

which implies the equality

2

1 1 1 1
z 4+ [Q]qa222 + [3]qa323 + .=z 4+ <§Blcl —+ a2> 22 —+ (§B101a2 + as + 531 (62 — %) + 1326?) 23 + ...

Equating the coefficients on both sides we have

B161
2([2]q - 1)’

az =

az = (BY = ([2l¢ = DB1 + (2] — 1)B2)ct +2([2]g — 1) Bicz)

- (
4([38]g — 1)([2]¢ — 1)
! 3le — 1)([2]q — 1)B2 + ([3]g — 1)([2]g — 1)B1 + B} — ([2]q + [3]¢ — 2)Bi) e}

TR, - D@, - DRl - 1) [(=2(
+(([2]4 + [3]lg = 2)BiBs + ([3]g — 1)([2]4 — 1)B3) ¢} + 4([3]q — 1)([2]4 — 1)Bics
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+2 (([2]q + [8]g — 2)B7 = 2([3]g — 1)(12]g — 1) By +2([3], — 1)(12]q — 1) B2) cacz] -

Therefore
2 By C% 3 2 2 2
204 — A3 = KB + NB1 — NBs+ (3]s — 1 Bg—LB/Bl)—MB + MB1B>
= o, DB, 0@, D B, 1 K (Bla = 1) (B2 : )
L2 (B2 aNB, — 2NBL) +A(), — 1) Bree L g
Tl AN 2 — 1 - 1€C1C3 — 07—~ P1
([8l¢ = 1) ! ! Bl -1

where K, L, M and N are given by (7). Let

2

di =4 — 1By, do= ———— (MB? +2NBy — 2NB1), d3 = — B
1 (18l = 1)Bi, do Bl - D (MBY + 2 1), da (EPE) 1 12
dy = _t (NB% + KBy —2KBy+ QBs — M@ — LB} + LBlB2>
([S}Q - 1) B1
_ B
and T' = qqpp —1yp@), (@, -1 - Lhen
|a2a4 — a%‘ =T ‘dlclcg + dQC%CQ + d3c§ =+ d4céll‘ . (13)

Since the function p(e*z)(8 € R) is in the class P for any p € P, there is no loss of generality in assuming ¢; > 0. Write

c1 =c¢,c € [0,2]. Substituting the values of ¢ and c3 respectively from (4) and (5) in (13), we obtain
lazas —a3| =T |c4 (di + 2d2 + ds + 4ds) + 2wc®(4 — ) (d1 + d2 + d3) + (4 — *)2® (—di® + ds(4 — %)) + 2drc(4 — )(1 — |:p|22)| .

Replacing |z| by p and substituting the values of d1,d2,ds and d4 from (12) yield

lazas — % { |4K31 +4([3]g — 1)?Bs — 4L(B3 /Bi1) + 4LB1Ba| + %__f;) (MB} + 2N|B|)
é‘ % )) (NBié® +4LBy +8([3]y — 1)*Bie(4 — ¢)(1 — ,ﬁ))} .
=T {4( |4KB1 +4([3]q — 1)>Bs — AL(B3 /B1) + 4LB1 Ba| + 2([3] — 1) Bic(4 — ¢?)

+Mc 54 )) (MBl—i—?N\Bz‘) %Bl (Nc2_2([3]q—1)2c+4L):| .

(
= F(c, p). (14)

Note that for (¢, ) € [0,2] x [0, 1], differentiating F(c, p) in(14) partially with respect to p yields

oF

or _ ¢ 2u(4 — By
o L([Ble -

)) (MB} +2N|Bs|) + Bl =1 (N —2([3]g — 1)*c+4L) | . (15)

Then, for 0 < <1, 0<g<1and for any fixed ¢ with 0 < ¢ < 2, it is clear from (15) that ‘Z—i > 0, that is, F(c, u) is an

increasing function of u. Hence, for fixed ¢ € [0, 2], the maximum of F(c, ) occurs at p = 1, and

max F(c,u) = F(e, 1) = G(o).

Also note that

4

“O=T 1@, —1n

(|4KB? + 4([3]; — 1)°Bs — 4L(B3 /B1) + ALB1Ba| — 8N|By| — 4M B} — 4N By)
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42

( 16L
Bla -1

+ 2NBy; + MB? + RBy) + —————
2+ MBi + RB:) + @ 5

By

where R = (([3]q — 1)® — 2([4]q — 1)([2]g — 1)). Let

X = m (|4KB? + 4([3]g — 1)°Bs — 4L(B5 /B1) + ALB1Ba| — 8N|Ba| — 4M B} — AN By )
.
4 2
Y =-——— (2NBy + MB} + RB1), 16)
ER tHRB) (
16L
Z=-—"""B.
(18]l = 1)
Since
Z, Y <0, X < =5
max(Xt* +Yt+2) = 16X +4Y + 7, Y >0, X > L or Y <0,X > =; (17)
— 2 —
XZov Y >0, X <3

where 0 <t < 4. Then we have

Z, Y <0, X <=5
2 B
azas — aj| < 16X 4+4Y +2Z, Y >0, X> X orY <0,X > =%,
S 16([4, - DBl — (2] — 1) , = -8 - -4
4XZ-Y —y.
Ix V>0, X <54
where X,Y and Z are given by (16). O

Remark 2.3.
o As q— 1 Theorem 2.2 reduces to Theorem 1 in [8].
e Asq— 1 and B1 = B2 = B3 = 2, Theorem 2.2 reduces to Theorem 3.1 in [7].

Definition 2.4. Let ¢ : U — C be analytic, and let (z) be given as in (6). The class Kq(¢) of q-convex functions with

respect to ¢ consists of functions f satisfying the subordination

Theorem 2.5. Let the function f € Kq,(p) be given by (1).

(1). If Bx, B2 and Bs satisfy the conditions M B{ +2N|Bz|—2N By < 0, |[2]4[3]¢B1Bs + MBiB; — KB} — [4],B5|—[4],B7 <

0, then the second Hankel determinant satisfies

Bf
Bla([2]¢)*([4]g — D([2]q = 1)

|a2a4 - ll§| <

(2). If B1, B and Bs satisfy the conditions M Bf +2N|Bz|—2N By > 0, 2 |[2]4[3],B1Bs + MBi By — KB — [4],B5|—M B} —
2N B1|Ba| — [3]4[2]¢B} > 0, or the conditions M B} +2N|Ba| — 2N By <0, |[2]4[3];B1Bs + MBi By — KB} — [4]B3| —
[4],B% > 0, then the second Hankel determinant satisfies

B
([4]a)([2l)(4]q — D)([2]q — 1)

a2a4 — a§| <

|12)4[3]B1Bs + MBI By — KB} — [4],B3].
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(8). If B1, By and Bs satisfy the conditions M B} + 2N|Ba| — 2N By > 0, 2|[2]4[3];B1Bs + MBiBs — KB{ — [4],B3| —
M B} — 2N B1|Ba| — [3]4[2]¢Bf <0, then the second Hankel determinant satisfies

4[4]4 |[3]¢!B1Bs + MBi Bz + K B — [4]4B5| — 2[3]4!M B} — 4[3]4!N B1|Ba|

azas — ad| < B2 — ([3]4)?B? — M*>B{ — 4AMNB}|B>| — 4N*Bj
244 31 = 4[] 12l ([ - D(2Ig -1 |[814!B1B3s+M B2 By+K B —[4] B3| - M B} —2N | Bz |- N B} )
where
1— 4 3l1(1 4+ [2]q) — 2[4]4[2
i Bl Mal2la Bl [200) —2Ml2e gy as)
24 (24

Proof. Since f € K,4(¢), there exists an analytic function w with w(0) = 0 and |w(z)| < 1 in U such that
q

% — p(w(z) =1+ %Blclz + GB1 (02 _ %) + iBch) S (19)

so that

([2]g)*azz + ([3]q)*asz® + ([4]¢)*asz® + ... 1 1 A\, 1, 2\ 2
=1+-B -B - 2X)+:>B
( 1+ [2]qazz + [3]qa32? + [4]qaa2° + ... + g 1er® + (e tyba) e

which implies the equality

3 2 3
G _ac  a e _a), B s
+<Bl<2 D) +8)+Bzcl<2 4>+ 3 ))Z —+ ...

Equating the coefficients on both sides we have

o = 3101
2 22l - 1)

az = m ((Bf = B1+ B2) ci +2Bic2) ,

ay = m [(_2[2]q32 +[2]¢B1 + B} — 1+ [Q]q)Bf + (14 [2]q)B1B2 + [Q}qB3) c

+2 ((1 + [2]q)BY — 2(2]¢B2[2]¢B2) c1c2 + 4[2]¢ Bics] -
Therefore
2 - By & 2NBs + NB; + LB} — MB} + M B B: + [2]4[3],B 4B§
ot 0 = S Ty 1) |y (VB VB LB = MBE 4 MB Bt L~ )

2cica 2 e — (4lq 2

+ [3]q (MBl 2N B +2NBQ) +4[2]qu 1C3 4[3]qu 2

where L = W and K, M, N are given by (18). By writing

4
di =4[2]B1, d> =2 (MB{ —2NB1 +2NB:), ds :4%317
q

(20)
di = (szBg + NBi + LB} — MB} + MB1Bs + [2)[3],Bs — [4]

B3 _ B,
qﬁ) T oA, - D@, D
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we have
|a2a4 — a§| =T |d1C1Cg + dzC?Cz + dgcg + d40411| (21)

Since the function p(e?z)( € R) is in the class P for any p € P, there is no loss of generality in assuming ¢; > 0. Write

c1 =c¢,c € [0,2]. Substituting the values of ¢z and c3 respectively from (4) and (5) in (21), we obtain
lazas —a3| =T |c4 (di + 2d2 + ds + 4ds) + 23c*(4 — ) (d1 + d2 + d3) + (4 — *)2® (—di® + ds(4 — %)) + 2drc(4 — )(1 — |:p|22)| .

Replacing |z| by p and substituting the values of d1,d2,ds and d4 from (20) yield

T 4 22 (4 — ¢2
lazas — a3 < T {[%]1 |[ALB} + 4M By B, + 4([3],!) Bs — 4[4]4(B3 /By)| + % (2M B} + 4N |By|)
q q
M2(4 - 02) 2 2 2
+T (ANBic® +16[4]¢B1) + 8([3]¢!) Bic(4 — ¢*)(1 — p)| . (22)
q
ci 3 2 oy 2uc?(4— ) 9
q q
(23)
2(4-cAB
+“(7€)1 (Ne® —2([3])e + 4[4]y) | -
3lq
= F(c, p), (24)
where L, M and N are given by (18). Again, differentiating F(c, ) in(24) partially with respect to p yields
2 2
OF _p| € (4 — ) (MB? 1 2N|Baf) + A= B (v2 e + 4i4),) | (25)
op (3lq 3lq

Then, for 0 < 4 < 1,0 < ¢ < 1 and for any fixed ¢ with 0 < ¢ < 2, it is clear from (25) that g—i > 0, that is, F'(c,u) is an

increasing function of u. Hence, for fixed ¢ € [0, 2], the maximum of F(c, ) occurs at = 1, and
max F (e, u) = F(e,1) = G(c).

Also note that

G(e)=T [[; ([ALB? +4M B\ By + 4([3],") Bs — 4[414(B3,/ B1)| — MB} — 2N|Bs| — NBy) + & (MB} +2N|Bs| — RB1) + 16%31] ,

where R = 28a—Bla! "1 Ar and N are given by (18). Let

(Bly
1
X = oL (|4LB? + AMB1 By + 4([3]")Bs — 4[4]4(B5 /B1)| — MB} — 2N|Bs| — NBy),
q
4
Y = oL (MB} +2N|Bz| — RB:), (26)
q
[4]q
Z =164,
[3lq

By using (17) we get

Z, Y <0, X <=5
By
16([2]4)*[4]q([4]q — 1)([2] — 1)

azas — a3 < 16X +4Y +Z, Y >0, X > Y or Y <0,X > =¥,

4

4XZ-Y? _
.t e Y >0, X <3

where X,Y and Z are given by (26). O
Remark 2.6.

o As q— 1 Theorem 2.5 reduces to Theorem 2 in [8].

o As q— 1 for the choice p(z) = (1 + 2),/(1 — z)), Theorem 2.5 reduces to Theorem 3.2 in [7].
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