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1. Introduction

A Priority mechanism in a queueing system differentiates customers based on their classes. Such differentiation appears in a
number of situations of everyday life and in major engineering systems, notably, job scheduling in manufacturing, operating
systems in computers etc., Correct assignment of priorities brings customer satisfaction while keeping the total workload
unchanged. Priority queueing system can be broadly classified into two categories namely non pre emptive and pre emptive
priority queueing discipline.

In this paper, we have consider the pre emptive queueing discipline. Jain [4] studied about the bulk arrival retrial queue
with unreliable server and priority subscribers. Gao [2] described about pre emptive queueing discipline with general retrial
times. One of the most important characteristic in the service facility of a queueing system is its starting failures. An
arriving customer who finds the server idle must turn on the server. If the server is started successfully the customer gets

the service immediately. Otherwise the repair for the server begins and the customer must join the queue or orbit. The
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server is assumed to be reliable during the service period. Such systems with starting failures have been studied as queueing
models by Yang and Li [10], Krishnakumar [7] and Ke and Chang [6].

One specific feature which has been widely discussed in retrial queueing systems is feedback of customers. After completing
the service, the customer who does not satisfy with the service has to go to the server immediately one more time is known
as immediate feedback, otherwise known as Re-service. The real life applications are bank counters, working ATM machines,
etc. Some authors like Kalidass [5] and Rajadurai [8], have discussed the concept of immediate feedback.

Retrial queues considered by researchers so far have the characteristic that each service is preceeded and followed by an
idle period. A retrial queue in which immediately after a service completion the server searches for customer from the orbit
or remains idle. Sumitha [9] studied about starting failure with orbital search. Research work on retrial queueing system
with orbital search is often found in literature. This motivates to study a single server retrial queue with vacation, starting
failure and orbital search.

In this paper, we consider M1l M[‘X2]/C¥17 G2 /1 general retrial queueing system with priority services. The server serves
two types of customers and follows the pre-emptive priority rule subject to starting failure, repair, immediate feedback,
orbital search and modified Bernoulli vacation with vacation interruption. If the server is started successfully the customer
gets the service immediately. Otherwise the repair for the server begins and the high priority customer must join the queue
and the low priority customer must join the orbit. The server is assumed to be reliable during the service period. After
completing all high priority service in the system the server may go for a vacation. During vacation period the arriving high
priority customer interrupt the vacation and make the server to serve them. Immediate feedback is given to the high priority
customer. After vacation completion, service completion and repair completion the server searches for the customers in the
orbit to serve or remains idle. The high priority customer may renege the queue and the low priority customer may balk
the orbit. Retrial time, service times, repair time and vacation time are assumed to be generally(arbitrarily) distributed.
Further on, the structure of the paper is as follows. Section 1 is an introduction to priority retrial queueing discipline and
comprises literature review. A detailed description of the model, notations used, mathematical formulation and governing
equations of the model is given in Section 2. Section 3 presents the steady state solutions and the stationary joint distribution
of the server state and orbit size. Section 4 demonstrates the performance measures of the model. In Section 5, the numerical

results are computed and graphical studies are shown following which the conclusion is given.

2. Model Description

We consider a single server priority queuing system with two types of customers namely, high priority and low-priority
customers. The basic operation of the model can be described as: Arrival process: Two class of customers arrive at
the system in two independent compound Poisson processes with arrival rate A1 and A2 respectively. Let Aici;dt and
A2c2,:dt; (i =1,2,3,...) be the first order probability that a batch of ’i’ customers arrives at the system during a short
interval of time (¢,t + dt), where for 0 < ¢1; < 1, io: c1,; =1,0< ¢, <1, ioj c2,; = 1. The arriving high priority customer
who find the server busy is queued and then is selr:vled. The arriving low—p:;rity customer on finding the server busy, are
routed to a retrial queue (orbit).

Retrial process: After joining the orbit the low priority customer follows constant retrial policy that attempts to get the
service. The retrial time is generally distributed with distribution function I(s) and the density function i(s). Let n(z)dz
be the conditional probability of completion of retrial during the interval (z,z + dz] where x is the elapsed retrial time.

Service process: If a high priority customer arrives in batch and finds a low priority customer in service, they pre-empt

the low priority customer who is undergoing service; thus the service of the pre-empted low priority customer begins only
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after the completion of service of all high priority customers present in the system. And if the high priority customer is not
satisfied with the service given, they can get the reservice immediately. The service times for the high priority, feedback and
low priority customers are generally(arbitrary) distributed with distribution functions B;(s) and the density functions b;(s),
1 = 1,2, 3 respectively. Let p;(x)dx be the conditional probability of completion of the service during the interval (z, x + dz],

where x is the elapsed service time.
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Figure 1. Flow chart of the Model description

Immediate feedback: After completing the primary call service, the customer who wishes to obtain another round of
service has to go to the server immediately one more time with probability p or may leave the system with probability 1 — p,
which is known as immediate feedback (Re-service).

Modified Bernoulli Vacation: After completing all high priority customers and every service completion of low priority
customer the server may take a vacation with probability 6 or continue the service to the next customer with probability
1 — 6. Vacation time is generally distributed with distribution function V(s) and the density function v(s). Let (z)dx be
the conditional probability of completion of vacation during the interval (z,z + dz] where x is the elapsed vacation time
Vacation Interruption: During Vacation period the arriving high priority customer interrupt the vacation and change
the server into service mode.

Starting Failure: During the idle period the arriving customers may get the service successfully with probability a or the
server is broken down with probability @. Repair for the server begins immediately. The server is assumed to be reliable
during the service period.

Repair Process: The broken down server is sent for repair immediately. Repair time is generally distributed with distri-
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bution function R(s) and the density function 7(s). Let v(z)dz be the conditional probability of completion of repair during
the interval (z,z + dz] where z is the elapsed repair time.

Orbital Search: After completing service, vacation and repair if there is no high priority customer present in the system
the server may search the orbit to serve the low priority customer with probability r or remains idle.

Reneging: If the server is busy or unavailable in the system, the high priority customer may renege the queue exponentially
with rate &.

Balking: If the server is busy or unavailable in the system, the arriving low priority customers may balk the orbit with
probability 1 — b.

Idle State: If the server does not go for orbital search, he remains idle in the system.

2.1. Definitions and Notations

Let Ni(t), N2(t) be the queue size and orbit size at time t, BY(¢), i = 1,2,3, V°(t), R°(t) and I°(t) be the elapsed service
time of the high priority customer, feedback customer, low priority customer, vacation time, repair time and retrial time

respectively at time t. Let Y (¢) denote the state of the server,

0, if the server is idle;
1, if the server is providing service to the high priority customer;
2, if the server is providing service to the feedback customer;

, if the server is providing service to the low priority customer;

3
4, if the server is in vacation;

5, if the server is in repair state;

we have I(z), Bi(z), V(z) and R(z) is continuous at x = 0, and, n(z)dz = ldfﬁ;), wi(z)dr = fﬁ;fﬁw i =1,2,3,

B(z)dx = 1‘iv‘/(?;), v(z)dz = 1‘iR}£Z”£> are the first order differential (hazard rate) functions of I(.), B;(.), V(.) and R(.)

respectively.

2.2. Queue Size Distribution

Since the service time, vacation time, repair time and retrial time are not exponential, the process {Y(t), N1(t), N2(t)} is
non Markovian. In such case we introduce supplementary variables corresponding to elapsed times to make it Markovian

[Cox(1955)]. Joint distributions of the server state, queue size and orbit size are defined as,

Ton(z,s,t)de = Pr{Y(t) =0,z < I°(t) <z +dx,Ni(t) =0, N2(t) =n}, n>1
P (s, t)de = Pr{Y(t) = L,z < BY(t) < x + dz, N1 (t) = m, Na(t) =n}, m >0,n >0,
Py (s, t)de = Pr{Y (t) = 2,2 < BY(t) < x + dz, Ny (t) = m, Na(t) =n}, m >0,n >0,
Py (2,5, t)dw = Pr{Y(t) = 3,2 < BY(t) < x + dw, N1(t) = 0, Na(t) =n}, n >0,
Von(z,s,t)de = Pr{Y(t) = 4,2 < V°(t) <z +dx,Ni(t) =0, No(t) =n,}, n>0

Run(x,s,t)de = Pr{Y(t) = 5, < R%(t) < z 4 dx, N1(t) = m, Na(t) = n}, m >0,n>0

2.3. Equations Governing the System

The Kolmogorov forward equations which governs the model:
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The server is providing high priority service :

0
e Pl (@0 4 5o PO (2 8) = = (4 X0 o+ € 4 pun ()P, (1)

1_ 'mO )\lzcllpf'rzi zn t)+(1_60n)k2b2621pl(731n z(x t) (1)
i=1

+ A1 = b)PL) () +EPL) L (x,8); m >0, n >0,

1,m,n
The server is providing feedback service :

0 0
B Proman (20 + 5 Pa (2, 8) = (A 22 + & () Py, (1)

1_ 'mO Alzcllpé'r?l zn t)+(1_§0n)k2b2621p2(131n 2(:1: t) (2)

i=1

F (1= b)PS) (2, t) +EPS) L (x,t); m >0, n >0,

2,m,n

The server is providing low priority service :

0 0
P @) + - P (@, 1) = =+ da + pa(@) P2, )

ot
© 3)
+ (1 = don) )\zchh (@, t) + Aa(1— b) P (x,1); n >0,
i=1
The server is on vacation :
QVO n(z,t) + QVO n(z,t) = —(A1 4+ A2 + B8(z))Vo,n(z, t)
ot ox 7 e
n (4)
+ (1= Gon)A2b > 2 Von—i(@,t) + Aa(1 = )Von(,8); n >0,
i=1
The server is in repair process:
O (@) + 2 R (@) = =\t + Ao+ & + () R (1)
E% m,n 3 833 m,n 5 — 1 2 Y m,n 5
+ (1 = dmo) M1 Z c1,iRm—in(z,t) + (1 — 50n)/\2bz c2,iRm n—i(z,1) (5)
i=1 i=1
+ A2(1 - b)Rm,n(‘rg t) + §Rm+1,’n(wat); m Z 0’ n Z 07
The server is in retrial state:
0 19}
arlon (1) + o—Ton(z,t) = —(A1 + A2 + n(x)) lon(z,t); n > 1, (6)
ot or
The server is in idle state:
d oo oo
Zp100(t) = =M1 +22)lo0(t) + (1~ 9){/ gP{ (@, t)pur (z)d +/ PLY o (@, t)pa () dz
0 0
+ [T R m(@de) + [ ool 08+ [ Roo(e0y(@)d.
0 0 0
The above set of equations are to be solved under the following boundary conditions at x = 0.
Ion(0,t) =(1—7r {/ Von(z,t)8 )daz—i—/ Ron(z,t)y(z)dz + (1 — 9){/ qu(’lO),n(w7 t)pi(x)dx
0 0
+ / P thalode + [ P2 Os(@)dzls n > 1 ®)
0 0
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P, .0,)=¢ / P i1 (@, ) (@)dz + Mermai Ton(t) + (1= Son)Aicrm+1 / PP (w,t)dz
0

0
—|—/ Rogin(z, t)y(z)dz + (1 — don)A1€1,m41 / Von(z,t)dz; m >0, n>1, 9)
0 0
Pé}gz,n(o, t) = p/ Pr(nly)n(m,t)m (z)dz; m > 0,n >0, (10)
0

P0<’27.)L (07 t) = CY/ Io’n+1(ac, t)n(x)da: =+ a)\2b027n+11070(t) + a)\gbz C2,i / IO,n+1—i(137 t)d.’E
0 im1 0

([ Ropr(et@dn+ (10 [ aP . (@ i (@)de
0 0

+ /Ooo P i (O pa(a)dz + /OOO B2, (z, t)us(x)dz} + /Ooo Vot (2, 0)B(x)dz}; n > 0, (11)

Von(0,t) = 6{q /000 P (@, t)p (z)dz + /OOO P (@t pa (x)dz + /Ooo P (@, s (w)da}; n >0, (12)

R n(0,t) = aXici,mlon(t), m>1n>0, (13)
Ro.n(0,t) = aXabea,nloo(t); n > 1. (14)

We assume that initially there are no customers in the system and the server is idle. Then the initial conditions are,

P (0) =P (0) = B{2(0) = Vo,n(0) = Rimn(0) = Io,n(0) = 0 and Io,0(0) = 1;m > 0,n > 0. (15)

1,m,n B
The Probability Generating Function(PGF) of this model:

A(.’E, 22, t) = Z ZSAO,n(lf, t)7 B(,CE, 21,22, t) = Z Z Z’{nZ;Bmm(.’E, t)
n=1 m=0n=0

where A = Pé2>,I,V and B = Piu),R, i = 1,2. By taking Laplace transforms from equation (1) to equation (14) and

solving those equations,

To(x,s,22) = 10(0, 5, 22)[1 — I(ip(a, 5))]e#(*7, (16)
?gl)(x, 8,21, 22) = Fgl)(O, s, 21, 22)[1 — Bi(p1(s, 21, 22))]€_¢1(S’21’zz)x7 i=12 (17)
ﬁ(()z)(m, 8,22) = ?(()2)(0, s, 22)[1 — Bs(p2(s, 22))}6_“’2(3’”)36, (18)
V(z,s,22) = V(0,8,22)[1 — V(ipa(s, z2))]e” #2227, (19)
R(x,s,21,22) = R(0, s, 21,22)[1 — R(p1(s, 21, 22))]67“’1(5’21@2)”. (20)

where, ¢(a,s) = s+A1+ X2, pi1(s, 21,22) = s—i—)\l[1—C(zl)]—|—/\2b[1—C’(22)]—|—€[1—i], and @2(s, z2) = s+A1+A2b[1—C(2z2)].

By solving the above equations, we get,

—R(e1(s, 22))] — €1 (s, 21, 22) [R(1 (s, 9(22))) — R(e01(s, 22))]}

F(l)(O, S, 21, 22) = - — — ) (21)
{ C1(s,9(22)){z1 — (g + pBa2(p1(s, 21, 22))) B1(p1(s, 21, 22)) } }
(1= (s+ X+ X2)0,0(5)){C1 (5, 9(22))Ce (s, 22) — r(4(s5,9(22))}
—2) +X2bCs(22)T0,0(s) (1 — 7){aC,(s, g(22)) + aC5(s, g(22))Ge (s, 22)C5 (s, 22)
Py (0,8,22) = (22)

{ (1= r){2204(5, 9(22)) = C3(5, 22) (5, 22)} }



G. Ayyappan and J. Udayageetha

(1= (s + X+ X2)o,0(5)){22€, (5, 9(22)) — 7C5(s, 22)Ca (s, 9(22))}

B +A2bC2(22)10,0(s)(1 — r){ozz3 (s,22)C,(5,9(22)) + 52225 (s,22)}
]0 (0, S, 22) =

{ {z2€4(s,9(22)) — C5(s,22)C4 (5, 22) } }

where,

21(5,21,22) =1- 9)\161(21) [W}

CQ(S,ZhZz) = )\101(21)22 QDQ(S,ZQ) M

} + 0A1C1(21) Bs(pa(s, 22)) v2(s, 22)
(3(s,22) = [1 — 0+ 6V (p2(s, 22))} {Ca(5,9(22))C1 (5, 9(22)) Ba(p2(s, 22))}

W} MO (g(22)) [1 = 0 + OV (9(s, 22))] [or + GR(1 (5, g(22))]

Cals,g(22)) = (1— 1) [
Cols,g(2)) = [1— 04 OV (2(5, 22))] [Rlspr (s 9(22))) — Blipn (s, 22))] + Blopn (s, 22))C (5, 9(22))

Cols2) = (1 — ) {T(p(a, >>+[%ﬂ?s))}wb@uz)a—mwn.

Theorem 2.1. The inequality Pfl)(l, 1) +P2<1)(1, 1)+ PP (1) = p < 1 is a necessary and sufficient condition for the system

to be stable, under this condition the marginal PGF of the server’s state and orbit size distributions are given by,

N F (1)
Tls,20) = 10,5,5) | L= L) (24)
PN (s, 21,22) = Py(0, 5, 21, 20 L= Bilpi(s, 21, 22)) i=
P; (s, 21,22) = P; '(0, s, 21, )[@1(87z1’z2) ] 1,2, (25)
P (s,2) = PR (0,5, 20) | 225220 (26)
V(5. 29) = V(0. 5. 25 | L=V (#2(5:22))
V(S,Zz) = Vo(o, s 2) [ (pQLS,ZQ) :| 5 (27)
R(s,z1,22) = R(0, s, 21, 22) {1 _51(((2‘(;1’72’)22))} . (28)

3. Steady State Analysis: Limiting Behaviour

By applying the well-known Tauberian property,

lim sf(s) = lim f(t)

s—0

to the above equations, we obtain the steady- state solutions of this model. In order to determine I, we use the normalizing

condition P-(l)(l, 1)+ P0(2)(1) + V(1) + R(1,1) + I(1) + lo = 1; i = 1,2. For this, let P;(z) be the probability generating

k3

function of the queue size irrespective of the state of the system. Then adding all the steady state equations, we obtain,

Py(z) = PV (21, 22) + PSP (22) + V(22) + R(z1,22) + I(22), i = 1,2. (29)
Z Wi 21722
?/11 21722
where,

wi(21,22) = P{Y(0, 21, 22){1 — Bilq + pBa(1 (21, 22))]}
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wa(z1,22) = Py2(0, 22){C1(g(22)){1 — Bs(02(22))[1 — 0 + OV (02(22))]} + 0(1 — V(2(22)))C2(g(22))}

%} {o1(21,22) + @Ci (21)(1 = Br (21, 22)))0a(22)C1 (9(22))

+ A1C1(g(22))0(1 = V(p2(22))) [ + TR (1 (21, 22)) 1}

ws(z1,22) = Io(0, 22) {

wa(z1, z2) = @A2bCa(22) Io,0{p2(22) (1 — R(p1(21, 22)))C1(9(22)) + @1(21, 22))0(1 — V(p2(22)))[R(1(g(22))) — R(sp1(22))]}
Y1(z1, 22) = p1(21, 22),
Pa(z1, 22) = pa(22)C1(g(22)),

Yi(21, 22) = p1(21, 22)p2(22)1(g(22)), @ = 3,4.

In order to obtain the probability of idle time Iy, we use the normalizing condition, P{" (1) + Iy = 1. From which we can

have,

_ #(1L De(1)G(1)
Io Dr (30)

Dr = ¢1(1,1)e1(1)¢1 (1) + wi (1, 1)e2(1)6 (1) +wa (1, D¢ (1,1) + wi(1) +ws(1,1) + wi(1,1).

4. The Average Queue Length

The Mean number of customers in the queue and in the orbit under the steady state condition is,

d d
Ly, = EPQ1 (Zl> 1)|Z1:17 Ly, = TZZPQQ(LZ?)'@:L (31)

then,
L. = 1/4 (Zh 1)(*/1/(31, 1) - /11(217 1)“),1(217 1) + wé(l? 1)"‘}:,3/('217 1) - 1/)5,3,(217 1)wé(zl7 1)
“ 2(¢1(21,1))2 2(¢5(21,1))2
Wa(z1, Dwy (21, 1) — ¥4 (21, 1wy (z1, 1)
2(¢94(21,1))2 '
1 il z2)w (1, 20) — 97 (1, z2)wi (1, 22) n P2 (1, z2)wi (1, 22) — P5(1, 2z2)wa (1, 22)
o 2(91(1, 22))2 (¥2(1, 22))?
4 sl z)wi (1 z2) =95 (L z2)ws(l,22) | (L, z2)wi (L, 22) — ¢4 (1, z2)wia (L, 22)
2(¢5(1, 22))2 2(94(1, 22))2 '

4.1. The Average Waiting Time in the Queue and Orbit

Average waiting time of a customer in the high priority queue is

Wo =~ (32)

We = (33)

where Ly, and L4, have been found in the above equations.
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4.2. Particular Cases

Case 1: M /G/1 Queueing model:
If there are no high priority customer, no starting failure, no vacation, no reneging, no balking, no immediate feedback. The

model under study becomes classical M~ /G/1 queueing system. In this case, the PGF of the busy state is given as,

Plz) = (1 =B\ —=XC(2))Io (34)
BA = XC(2) — 2

Case 2: M/G/1 Queueing model:
If there are no high priority customer, no starting failure, no vacation, no reneging, no balking, no retrial, no immediate
feedback and single arrival. The model under study becomes classical M/G/1 queueing system. In this case, the PGF of

the busy state is given as,

_ (1—=B(\—=X2)Io
Pz) = BA—X2)—2 (35)

The above two results are coincide with the results of Gross.D and Harris.M (1985).

5. Numerical Results

In this section, we present some numerical examples to study the effect of various parameters. For the purpose of a numerical
illustration, we assume that all distribution function like retrial, service of customers, vacation are exponentially distributed.

All the parameters values are selected which satisfies its stability condition.

A1 Joy P Lq, Lq, Waq, Wao

2.3]0.7647|0.2353|0.26281.1716|0.1143|1.9526
2.410.7602|0.2398|0.3417(1.194410.1424|1.9907
2.5]0.7567]0.2433|0.4221|1.3576|0.1689 | 2.2626
2.6]0.7540]0.2460(0.5041 |1.6643|0.1939|2.7739
2.710.7520(0.2480|0.5875(2.1232]0.2176 | 3.5387
2.810.7506|0.2494|0.6724 2.74760.2401 |4.5793
2.910.7496]0.2504|0.7587|3.5555|0.2616 | 5.9258
3.0]0.7491|0.2509|0.8465 [4.5701|0.2822|7.6168

Table 1. Take (A2, p1, p2, 13, m, 0, a, v, 8,&,p,b,r) = (0.6,7,2,3,0.1,0.25,0.3,2,1,0.2,0.6,0.7,0.5). Effect of A\; on various queue character-
istics

k1| Too p Loy | Lgy | Woy | We,

11.0|0.7668(0.2332|1.6233|1.6744|0.4058 | 2.0930
11.1|0.7669(0.2331|1.6224|1.4636 | 0.4056 | 1.8295
11.2]0.7670(0.2330(1.6215|1.2630|0.4054 |1.5788
11.3|0.7671]0.2329|1.6206|1.0721|0.4052|1.3401
11.4|0.7672]0.2328|1.6197|0.8902|0.4049|1.1127
11.5]0.7673|0.2327|1.6189|0.7167|0.4047|0.8959
11.6|0.7674(0.2326|1.6180|0.5512|0.4045 | 0.6890
11.710.7675(0.2325|1.6172|0.3932|0.4043 |0.4915
11.8|0.7676(0.2324|1.6164|0.2422|0.4041|0.3028
11.9|0.7677(0.2323|1.6156|0.0979|0.4039|0.1223

Table 2. Take (A1, A2, pz2, 13, 1,0, @, v, B, &, p,b,7) = (4,0.8,2,4,0.1,0.25,0.3,2,1,0.2,0.6,0.7,0.5). Effect of u1 on various queue character-
istics

Table 1 clearly shows that as long as the arrival rate of high priority customers increases the server’s idle time decreases.

Simultaneously the utilisation factor, average queue length for both high priority and low priority customers are increases.
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Table 2 shows that as long as the service rate increases the server’s idle time increases and the utilisation factor, average

queue length for both high priority and low priority customers are decreases.

w
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Figure 2. Average queue sizes Vs High priority arrival rate \;.
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Figure 3. Average queue sizes Vs service rate ;.

6. Conclusion

In this paper we have analysed a M[XI], MXa] /G1, G2 /1 retrial queue with feedback and the server subject to starting failures
and priority service under modified Bernoulli vacation . In addition, the effect of impatient behaviour of the customer on
a service system is studied. The joint distribution of the number of customers in the queue and the number of customers
in the orbit are derived. Numerical examples have been carried out to observe the trend of the mean number of customers
in the system for varying parametric values. This paper analyzes a single-server retrial queue with constant retrial policy,
preemptive repeat priority, orbital search, vacation interruption and repair in order to obtain analytical expressions for
various performance measures of interest. The joint steady-state probability generating functions of the server state and the

number of customers in the orbit are derived. Numerical examples have been carried out to observe the effects of several

parameters on the system.
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