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Abstract: Recently, A. M. Naji [13], introduced leap Zagreb indices of a graph based on the second degrees of vertices (number of
their second neighbours). The first leap Zagreb index LM;(G) is equal to the sum of squares of the second degrees of
the vertices, the second leap Zagreb index LM (G) is equal to the sum of the products of the second degrees of pairs of
adjacent vertices of G and the third leap Zagreb index LM3(G) is equal to the sum of the products of the first degrees
with the second degrees of the vertices. In this paper, we computing Leap Zagreb indices of windmill graphs such as

French windmill graph F7*, Dutch windmill graph D7, Kulli cycle windmill graph C77 ;, and Kulli path windmill graph
pP™ ..
n+1
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1. Introduction

In this paper, we are concerned only with simple graphs, i.e., finite graphs having no loops, multiple and directed edges. Let
G = (V, E) be such a graph with vertex set V(G) and edges set E(G). As usual, we denote by n = |V| and m = |E| to the
number of vertices and edges in a graph G, respectively. The distance dg(u, v) between any two vertices u and v of a graph G
is equal to the length of (number of edges in) a shortest path connecting them. For a vertex v € V (G) and a positive integer
k, the open k-neighborhood of v in a graph G is denoted by Ni(v) and is defined as Ni(v) = {u € V(G) : da(u,v) = k}.
The k-distance degree of a vertex v in G is denoted by di(v) (or simply di(v) if no misunderstanding) and is defined as the
number of k-neighbours of the vertex v in G, i.e., di(v) = |Ng(v)|. It is clear that di(v) = d(v) for every v € V(G). For a
vertex v of G, the eccentricity e(v) = max{da(v,u) : v € V(G)}. The diameter of G is diam(G) = max{e(v) : v € V(G)} and
the rad(G) = min{e(v) : V(G)}. The join G+ H of two graphs G and H is a graph with vertex set V(G+H) = V(G)UV (H)
and edge set E(G+ H) = E(G)UEH)U{uv : u € V(G), v € V(H)}. For any terminology or notation not mention
here, we refer to [10]. A topological index of a graph is a graph invariant number calculated from a graph representing a
molecule and applicable in chemistry. The Zagreb indices have been introduced, more than forty year ago, by I. Gutman

and Trinajestic [6], in 1972, and elaborated in [7]. They are defined as:

Mi(G)= > di(v) and M>= > di(u)di(v)

veV(G) uwvEE

* E-mail: shiladharpawar@gmail.com



http://ijmaa.in/

Computation of Leap Zagreb Indices of Some Windmill Graphs

For properties of the two Zagreb indices see [2, 3, 7, 8, 15, 18] and the papers there in. In recent years, some novel
variants of ordinary Zagreb introduced and studied, such as Zagreb coincides [1, 9], multiplicative Zagreb indices [6, 17, 18],
multiplicative sum Zagreb index [4] and multiplicative Zagreb coincides [19] and ect. Recently, A. M. Naji [13], have been
introduced a new distance-degree-based topological indices conceived depending on the second degrees of vertices (number

of their second neighbours),and are so-called leap Zagreb indices of graph G and are defined as, respectively.

LMi(G) = 3 d3(v)

veV

LM2 (G) = Z dg(u)dz (U)

w€EG)

LM3(G) =Y _ d(u)da(v).

veV

For properties of the leap Zagreb indices see [13, 14, 16]. In this paper, a molecular graph is a graph in which, it corresponds
the vertices and edges as atoms and bonds, respectively. In chemical sciences, chemical graph theory made very effective
development, and also a topological index for a graph is used to determine some property of a graph of molecular by a

singular number.

2. Main Result

In this section, we present the exact values of leap Zagreb indices of some windmill graphs.

Definition 2.1. The French windmill graph F" is the graph obtained by taking m > 2 copies of the complete graph K,,

n > 2 with a vertex in common. That is Fy" = K1 +UJZ Kp_1.

The French windmill graph F5" is called a star graph, the French windmill graph F3" is called a friendship graph and the
French windmill graph F? is called a butterfly graph. Further, note that Fi" is same as D5'. For more details on windmill

graph, [5].

Figure 1. The French windmill graph F".

Lemma 2.2. For the French windmill graph F}*, for n > 2,;m > 2. Let vy be the central vertex (common) and Kifu
Jj=1,2,...,m be the j — th copy of K,_1 in F3" with vertex set V; = {vi;,v2j,...,U(n-1);}. Then the following results are

holding.

(1). V(FT) = {vo} U (UL Vi(K}, ), where Vi(K] ) = {vi; : 1 <i <n—1}.
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(2). E(F}') = E, U (UjL 1 Ej), where Eo = {vovi; : 1<i<n—-1,1<j<m} and E;= E(K?_)), for1<j<m.
(3). [V(EZ)| = 1+ m(n—1), |[B(F)| = 2252 |Eo| = m(n — 1) and |E;| = "=H=2,

(4). d(vo) =m(m —1) and d2(vo) =0
d(vi;) = (n— 1) and da(vi;) = (n — 1)(m — 1).

Theorem 2.3. The leap Zagreb indices of the French windmill graph G = F}*, forn > 2,m > 2 are
(1). LMy (F™) = m(n — 1)*(m — 1)2.

(2). LMa(F;") = $m(m —1)*(n — 1)*(n — 2).

(3). LM3(F") = m(n —1)3(m — 1).

Proof. Let G=F}", for n > 2,m > 2 be a French windmill graph as show in Figure 1. Then By Lemma 2.2, we obtain

(1). LM(F") = di(v
veV
m n—1
= d%(vo) + Z Z dg(vij)
j=1i=1

m n—1

=0+) > (n—1°*(m—-1)?

j=1 i=1
=m(m—1)*(n —2)°.
Therefore, LM1(F) = m(n — 1)3(m — 1),

(2). LMa(E") = Y do(u)da(v)

wvEE(FM)
m
= Z dzvodz'l)l.] +ZZd2
VijeEg J=1luveE;
m n—1 m n—1
=33 0.da(viy) + D> (n=1)*(m—1)°
=1 i=1 Jj=1 i=1

=0+2W(n—1)2(m—1)2

_ %m(m —1)%(n—1)*(n —2).

Therefore, LM(F;") = m(m — 1)*(n — 1)*(n — 2).

(3). LMs(F;*) =Y d(v)da(v)

veEV (Fm)
m n—1
= d(vo)d2(vo) + > | Y d(vij)da(vij)
j=1i=1
m (n—1)
=0+) > (n-1*m-1)
=1 i=1

=m(n—1)7°(m—1).
Therefore, LM3(F*) = m(n — 1)3(m — 1). O

Definition 2.4. The Dutch windmill graph D), for n > 5, m > 2, is the graph obtained by taking m copies of the cycle C.,

with a vertex in common.
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This graph is shown in Figure 2. The Dutch windmill graph D3* = F3" is called a friendship graph. For more details on
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windmill graph, [5].

Figure 2. The Dutch windmill graph D

Lemma 2.5. For the Dutch windmill graph D7, for n > 5,5m > 2. Let vg be the central vertex (common) and C%,
J=1,2,..,m be the j — th copy of Cr, in Fy" with vertex set V; = {vo,v1j,v25,...,0n—1);}. Then the following results are

holding.
(1). V(D7) = {vo} U (U1 V;(Kn-1), where V; = {v; : 1 <i<n-—1}.

(2). E(Dy') = E, U (UJL1Ej), where Eo = {vov1j,v00m—1); : 1 <j<m} and Ej ={viyvut1); :1<i<n—-1 and 1<

j<m}.
(3). V(D) =1+m(n—1), |[E(Dy)| =2m +m(n —1), |Eo| = 2m and |E;| = m(n — 2).

2m, 1=1,n—1;
(4). d(vo) = d2(vo) = 2m, d(vi;) =2 fori=1,2,...,n—1 and d2(vs;) =

2, =23, ..,n—2.

Theorem 2.6. The leap Zagreb indices of the Ducth windmill graph G = D}, for n > 5, m > 2 are
(1). LM, (D7) = 4m[2m* + m 4+ n — 2],

(2). LM2(D) = 4m[2m? + 2m +n — 3],

(8). LM3(DJ') = 4m[m + 3n — 3].

Proof. Let D" be a Dutch windmill graph as shown in Figure 2. Then by Lemma 2.5, we obtain

(). LMDy = Y d(v)

veV (D)
m n-—1
= d3(vo) + Y > di(viy)
j=1 i=1
m m n—2 m
= d3(vo) + Y _da(vi) + Y D d3(vij) + > d3(Un(n-1);)
Jj=1 J=1 =2 j=1
m m n—2 m
=(2m)”+ > 2m)* + > > 27+ > (2m)°
j=1 j=1i=2 j=1

= 4m® 4 4m® + 4m(n — 3) + 4m
= 8m® + 4m® + 4m(n — 3)

= 4m[2m* + m +n — 3].
Therefore, LM1 (D) = 4m[2m® +m +n — 2].
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(2). LMx(Dy') = > da(u)da(v)

uv€ Eq

= Z dQ(U)dg(u) +Z Z dg(u)dg(v)
vu€E (D) j=1uveE;

=3~ [da(00)da(v17) + da(v0)da(vin-1y5] + Y da(w1;)da(vay)
j=1 j=1

+ ZdQ(v(n—l)j)dQ(U(n—z)g + Z Z 2(vij)d2 (V1) (+1))
j=1 j=11=2

Ms
+
NE
~
3
™
(]
N
S

(2m)(2m) + (2m)(2m) +

Il
.MS

Il
=
<.
Il

J 1 j=1 i=2 j=1
=8m® + 4m® + 4m® + 4m(n — 3)
= 4m[2m* + 2m +n — 3]

Therefore, LMy (D) = 4m[2m? + 2m +n — 3).

(3). LMs(Dy') = d(v)da(v)
veV

m
'Uo d2 'Uo E |: ’Ulj d2 Ulj

m n—2
+d(v(n l)gd2 V(n— 1)3] +Z d Uz] d2 Ulj)
Jj=1 i=2
m m n—2
)+ > 2@m) +22m) + > (2)(2)
j=1 j=1 1:2
= 4m* 4 8mn + 4m(n — 3)
=4m[m + 2n 4+ n — 3]
=4m[m + 3n — 3].
Therefore, LM3(D;') = 4m[m + 3n — 3]. O

Definition 2.7. The Kulli cycle windmill graph C7 1 is the graph obtained by taking m copies of the graph K1 + Cyp for

n > 3 with a vertexr K1 in common.

This graph is shown in Figure 3. The Kulli cycle windmill graph C7" is a french windmill graph and it is denoted by F3".

This type of windmill graph is initiated by Kulli in [11].

Figure 3. The Kulli cycle windmill graph Chly
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Lemma 2.8. For the Kulli cycle graph C'y, forn > 5,m > 2. Let v be the central vertex (common) and CL, j = 1,2,....,m

be the j —th copy of Crn in Cp'yq with vertex set Vi = {Vij,v25, ..., 0(n); }- Then the following results are holding.
(1). V(CI) = {uo} U (U1 V3 (C2), where Vi(CJ) = {vy; : 1 < i < n}.

(2). E(C% 1) = Eo U (UL, E;), where Eg = {vovi; : 1<i<n,1<j<m} and E;=E(C}), for1<j<m.
(3). [V(Cia)l = 1+ mn, |BE(Cy1)| = mn?, |Eo| = mn and |E;| = n.

(4)- d(vo) = nm, d2(vo) =0,
d(vij) =3, da(vij) = (nm —2), where 1 < j<nand1<j<m.

Theorem 2.9. The leap Zagreb indices of a Kulli cycle windmill graph is Cp 1, n > 5,m > 2, are

(1). LMy (C™1) = nm(nm — 2)2,

(2). LM2(C™,1) = nm(nm — 2)2,

(3). LM3(CyY 1) = 6m(nm —2) + 3(n — 1)(nm — 3).

Proof. Let G = C}; be a Kulli cycle windmill graph as shown in Figure 3. Then by the Lemma 2.8, we obtain

(1). LMl(C:LnJrl) = Z d%(“)

UEV(C,,TL”Jrl)

= d3(vo) + Y Y d3(vij)
j=11i=1

n

:0+ZZ(nm—2)2

= nm(nm — 2)°.

Therefore, LM1(Ci.1) = nm(nm — 2)°.

(2). LMx(Cia) = Y da(u)da(v)

w€ECTY 1)

> dg(Uo)dQ(U)+Z > da(u)da(v)
:()JFZZ(nme)(nme)

= nm(nm — 2)°.

Therefore, LM (Ci,1) = nm(nm — 2)2.

(3). LM3(Cy) = > d(v)da(v)

UEV(C:L”Jrl)
m n—1
= d(vo)da(vo) + Y _ d(vij)da(vij) + > d(vij)da(vij) + d(vn;)da(vny)
Jj=1 =2
m n—1
=0+Z3(nm72)+z3(nmf3)+3(nm72)
j=1 i=2

= 3m(nm — 2) + 3(n — 1)(nm — 3) + 3(nm — 2)

= 6m(nm — 2) + 3(n — 1)(nm — 3).
Therefore, LM3(CJ 1) = 6m(nm — 2) 4+ 3(n — 1)(nm — 3). O
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Definition 2.10. The Kulli path windmill graph Py, for n > 5,m > 2 is the graph obtained by taking m copies of the

graph Ky + P, with a vertex vy in common.

This graph is shown in Figure 4. The Kulli path windmill graph P3" is a friendship graph and it is denoted by Ps".

type of windmill graph is initiated by Kulli in [12].

Figure 4. The Kulli path windmill graph P, ;

Lemma 2.11. For the Kulli path graph P, forn > 5,m > 2. Let v be the central vertex (common) and P, j = 1,2, ...

be the j —th copy of P, in Py with vertex set V; = {vij,v2j,...,v(n);}. Then the following results are holding.
(1). V(P) = {vo} U (U1 V;(P)), where Vi(P3) = {vij : 1 <i < n}.

(2). E(P1) = Eo U (UJL, Ej), where Eg = {vovij : 1 <i<n,1<j<m} and E;=E(P]), for1<j<m.
(3). V(PP =1+mn, |E(PY)| =mn® -1, |Eo| = mn and |Ej| =n — 1.

(4)- d(vo) =nm , d2(vo) =0, d(vi;) = d(vn;) =2,
d(vi ;) =3, where, 2<i<n—1,and1<j<m,
d2(vs,j) = da(vn,;) = nm — 2, where, 1 < j < m,

da(vij) =nm — 3, where, 2<i<n—1,and 1 <j <m.
Theorem 2.12. The leap Zagreb indices of a Kulli path windmill graph P’ 1, forn > 5,m > 2 are
(1). LM1(P) = 2m(nm — 2)* + m(nm — 3)*(n — 2),
(2). LM2(P}% 1) = m(nm — 3)[2(nm — 2) + (n — 2)(nm — 3)],
(3). LM3(P}% 1) = 4m(nm — 2) + 3m(nm — 3)(n — 2).
Proof. Let P} be a Kulli path windmill graph as shown in Figure 4. Then by Lemma 2.11, we obtain

W), L) = Y dw)

veV (P )
= d3(vo) + i [d%(vi]-] + nil [d%(vij) + dg(vnj)]
=0+ i(nm —2)° + ”Z_:l [(nm —3)° + (nm — 2)2]

=m(nm — 2)® + m(nm — 3)*(n — 2) + m(nm — 2)?)

= 2m(nm — 2)° + m(nm — 3)*(n — 2).
Therefore, LM (Pyy,) = 2m(nm — 2)? + m(nm — 3)*(n — 2).

This

,m
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(2). LM2(P) = Y da(u)da(v)

uveE(P:l"J’rl)
= > da(vo)da(vij) + Y da(vif)da(vi + 1)
vovij v juit1j)

n—1

=0+ i [d2(vlj)d2(v2a} +> [d2(vz‘j)d2(vi+1j) + da(vn — 1)j)d2(vnj)}

i=

|
-

(nm —2)(nm — 3) + s [(nm —3)* 4 (nm — 2)(nm — 3)}

i=

I
1M
(V)

I
.MS

Il
=

[2(nm —2)(nm —3) + (n — 2)(nm — 3)2]

= 2m(nm — 2)(nm — 3) + m(n — 2)(nm — 3)*
= m(nm — 3) [Q(nm —2) 4+ (n—2)(nm — 3)}
Therefore, LM2(P," 1) = m(nm — 3)[2(nm — 2) + (n — 2)(nm — 3)].

(3) LMs(Pj) = > d(v)da(v)

vEV(PT’L”'+1)

= d(vo)d2(vo) + Z[d(via‘)dz (vig] + i {d(vij)fb(vij) + d(vnj)d2(vn;)]

m n—1
=0—|—Z [Q(nm—2)+23(nm—3)+2(nm—2)]
j=1 j=2
= 4m(nm — 2) + 3m(nm — 3)(n — 2).
Therefore, LM3(Py% 1) = 4m(nm — 2) + 3m(nm — 3)(n — 2). O
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