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1. Introduction and Preliminaries

It is known the importance of the fractional calculus in phenomena exemplification studied by diverse sciences (see [1-3, 5-10]
and [12]). The tempered fractional calculus is a generalization of the fractional calculus, it is natural to find in its focused
area of study problems that generalize the pre-existent ones, for example, tempered fractional diffusion equations, tempered
fractional Browian motion, turbulence (for further details see [1, 4, 8] and [12]). In this paper we will introduce an extension
of the Riemann-Liouville tempered fractional derivative (integral) replacing the exponential factor by the one parameter
Mittag-Leffler function. We will calculate the Fourier Transform of this new tempered fractional operator. To do this we

will start recalling some definitions and Lemmas.

Definition 1.1. Let f € W"?[a,b], a Sobolev space, A > 0. The left and the right Riemann-Liouville tempered fractional

integral of order o > 0 respectively, is defined as

A ) = L 2 —8)* L F(s)e g5
12 @) = g [ @= 9" () 1)
Is,'bxf(m) = ﬁ/ (s — ) L f(s)e M7 ds (2)

where I' presents the Gamma Euler, I, denoted the left Riemann-Liouville factional integral

I8, f(x) = ﬁ / "o — 5 f(s)ds 3)

and I, denotes the right Riemann-Liouville fractional integral
05 = g [ =2 Fs)ds (4)
T ),

Note that if A = 0 the tempered fractional integral (1), (2) it reduces to the classical Riemann-Liouville fractional integral

(3), (4) see(ct. [2])
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Definition 1.2. Let f € W"2[a,b], a Sobolev space, A\ >0, n—1 <« <n, n € N. The left and the right Riemann-Liouville

tempered fractional derivative of order a > 0 respectively, is defined as

Dg,’;‘f(l’) = diin (ﬁ /az(l’ — 5)"_a_1f(s)e—A(x—s)ds)

- D" (12,;‘“]0(95)) .
D:,‘bxf(w) = ddxi"n (ﬁ /zb(s — x)niailf(s)efMS*z)ds)

= D" (1, @) "

where Dy , denoted the left Riemann-Liouville fractional derivative

D510 = g (g [ o= 9 p(o)as) )

= dan I'n—«

and Dy, denoted the right Riemann-Liouville fractional derivative

D2fe) = i (s [ om0 rsgas) ®)

n—uo

Note that if A = 0 the left and right tempered fractional derivative (5), (6) it reduces to the classical left and right

Riemann-Liouville fractional derivative (7), (8) (see [2])

Lemma 1.3. Let f € W"?[a,b], a Sobolev Space. The Fourier Transform of the left and right Riemann-Liouville tempered

fractional derivative (or integral) is

FULRf(@)](w) = (A +iw) ™ FIf (2))(w) 9)
FUZp f(@)](w) = (A = iw) ™ FIf (2))(w) (10)
FIDZ2f (@)](w) = (iw)" (A + iw)* ™" F[f ()] (w) (11)
FIDZ3 f (@)](w) = (iw)™ (A — iw)* ™" F[f ()] (w) (12)

Note that if A = 0 the Fourier transform of the left and right Riemann-Liouville tempered fractional derivative (or integral)
(9), (10), (11), (12), it reduces to the Fourier transform of the left and right Riemann-Liouville fracional derivative (or

integral). For further details see (see.[2, 9])

2. Main Result

Let us following generalized Mittag-Leffler function, is given by:

E (_ma) — i ﬂ (13)
“ £ I(ak +1)

—A(z—s)

The Taylor series of e at point z is given by:

e*)\(T*S) _ Z [_)‘(Ik'_ 8)] (14)
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If we replace (14) in (1) we have that:

”\

k
1532 f () (-5t f(s) 3 EAE = g

k>0
If in the previous expression, we replace k! with I'(uk + 1) and (z — s)* with (z — s)**, we obtain:

¢ Az — s)]*
210 = g [ -9 o S e (15)

Taking into account that:
Xz — s)*]*
S 2T oa s (16)

replacing (16) in (15), we obtain the following

Definition 2.1. Let f € W?[a,b], a Sobolev space, X\ > 0, u € RT. The left and the right extended Riemann-Liouville

tempered fractional integral of order o > 0 respectively is defined as

12 1(0) = e [ @ = 9" TG - 9)ds (1)

1

I 1(@) = pormy [ (6= 2 T ) BuloAs — ) (18)

Definition 2.2. Let f € W'2[a,b], a Sobolev space, A >0, u € RY, n—1<a <n,n € N. The left and the right extended

Riemann-Liouville tempered fractional derivative of order oo > 0 respectively is defined as

D52 10) = do (e [ o= 0 @B A - 97 )

dx™ n—ao
- D" (I;ﬁ;"“)"“f(x)) (19)
D) = Ao (g [ =0 @B A — 2
= D" (I, (@) (20)

Note that I$* f(2) =122 f(2), If"b’\’“f(ﬂc) — I f(z) when p — 1 and D& f(2)—D3) f (), D;‘y’g\’“f(x) — D f(x)

when p — 1.

Lemma 2.3. Let f € W'2[a,b], a Sobolev Space. The Fourier Transform of the left and right the extended Riemann-

Liouville tempered fractional integral is

FUL" f ()] (w)

FlUZp " f(@))(w)

(A% +iw) N FIf ()] (w) (21)
(A =) " Flf@))w) (22)
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Proof.  Taking into account that F[f x g](w) = F[f](w) - Flg](w), L{z*} (s) = Fs(ng)7 (a)n = F<"+D‘) Symbol Pochhamer

and Binomial Theorem, we obtain

FURHF@)w) = i F ) «a" 7 B(-2a)] ()
= V@) F T B (2] )
= HaPU@Iw) [ @7 Buhat) da
_ ﬁﬂﬂxn(w [ 11;0““?:1
- ﬁ ;rukﬂ / e et de
If we make a change of variable s = 4w, we obtain
FUZ ) = w7l ;WM [

a) D(pk +1)  sotrk
- F U@l > O pat )i
- f[f(x>]<w>;)(}1{u):ﬁ‘§“’“ e
- f[fu)](w)kzzo“}‘a(kjlj“)“’“( 5y e
- f[f(x)](w)kzmc,‘j)(xl)“k i

Analogously to the previous case, it may be proved that
« l . e
FULH f@))(w) = (A —iw) " FIf(@)](w)

Lemma 2.4. Let f € W"?[a,b], a Sobolev Space. The Fourier Transform of the left and right extended Riemann-Liouville

tempered fractional derivative is

FIDE* F@)(w) = (—iw)” (A + )" Flf@)(w) (29

FIDIM f@))(w) = (—iw)” (A —w) ™" Flf(@)](w) (24)
Proof. Taking into account the definition (19) and (20), we obtain

FID" f(a)](w)

FID" (L2 1) ) ()

= (iw)"F[L2 " f(2)](w)

(iw)™ (Ai +iw)a " Flf(@)](w)
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Analogous to the previous case, it is proved that
FIDEMH F@)w) = ()" (A —iw)” " Flf (@) (w)
Note that if p = 1 the Fourier transform of the left and right on the extended Riemann-Liouville tempered fractional

derivative (or integral) it reduce to the Fourier transform of the left and right Riemann-Liouville tempered fractional

derivative (or integral)
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