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1. Introduction

A. Bejancu [5] studied CR-submanifolds of a Kahler manifold. Later, CR-submanifolds of Sasakian manifold were studied
by M. Kobayashi [9]. K. Matsumotu introduced the idea of LP-Sasakian structure and studied its several properties [6]. B.
Prasad [11] and S. Prasad, R. H. Ojha [12] studied submanifolds of a LP-Sasakian manifold. U. C. De and Anup Kumar
Sengupta studied CR-submanifolds of a LP-Sasakian manifold in [7]. In this paper, we have studied and obtained some
results related to CR-submanifolds of a P-Sasakian manifold endowed with a semi-symmetric non-metric connection. On
the other-hand, A. Friedmannand, J. A. Schouten ([8, 14]) introduced the idea of a semi-symmetric linear connection. A

linear connection V is said to be semi-symmetric connection if its torsion tensor T is of the form

T(X»Y):W(Y)X—U(X)Y,

where 7 is a 1-form, K. Yano [16] studied some properties of semi—symmetric metric connection. N. S. Agashe and M. R.
Chaffle [3] studied some properties of semi-symmetric non-metric connection. The first author and C. Ozgur [4], defined a
semi-symmetric non-metric connection and studied some properties of hypersurfaces of almost—r—paracontact Riemannian
manifold with semi-symmetric non-metric connection. In this paper, we study CR-submanifolds of a P-Sasakian manifold

endowed with a semi-symmetric non-metric connection.
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2. Preliminaries

An n-dimensional differentiable manifold M is said to admit an almost para- contact Riemannian structure (¢, &,7, g) where

¢ is a (1, 1) tensor field, & is a vector field, n is a 1—form and g is the Riemannian metric on M such that

¢ (X) =X —n(X)¢, 1)

¢ =0, n(¢X)=0, (2)

n(€) =1, (3)
9(X,8) =n(X) (4)
¢*(X) =X —n(X)¢, (5)

9 (X, 0Y) =g (X,Y) —n(X)n(Y), (6)
9(@X,Y) =g(X,¢Y) = (X,Y) (7)

for any vector fields X,Y tangent to M. In addition, if (¢, £, 7, g), satisfy the equations

dn =0, (8)
(Vxo) ¥ =~ (X,Y)€ =0 (V) X +20(X)n(V)§, ()
Vx& =X, (10)

Then M is called para-Sasakian manifold or briefly a P—Sasakian manifold [1]. For any vector fields X,Y tangent to M.

where V is the Riemannian connection with respect to g.

2.1. Semi-symmetric Non-metric Connection

Let M be an n-dimensional Riemannian manifold with Riemannian metric g. If V is the semi-symmetric non-metric

connection of a Riemannian manifold M, a linear connection V is given by
VxY =VxY +n(Y)X, (11)

Then R and R are related by
RX,Y)Z=R(X,Y)Z+a(X,2)Y —a(Y,Z)X, (12)

for all vector fields X,Y, Z on M , where « is a (0,2) tensor field denoted by

a(X, Z) = (Vxn)(Z) = n(X)n(2), (13)
From (11)
(Vwyg) (X,Y) = —n(X)g(Y, W) — n(Y)g(X, W). (14)
Combining (11) and (10), we get
(Vx9)Y =—g (Y, X)E—n(YV) X + 20 (X)n (V)€ —n (V) $X, (15)
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Combining (11) and (9)

Vxé=¢X + X, (16)

We denote by g the metric tensor of M as well as that include on M. Let V be the semi- symmetric non-metric connection
on M and V be the semi-symmetric non-metric connection on M with respect to unit normal N, Gauss equation and
Weingarten formula for CR-submanifolds of P-Sasakian manifold with respect to the semi-symmetric non-metric connection

are given Respectively by

VxY =VxY +h(X,)Y) (17)

VxN = —-AxyX + VN (18)

for any vector fields X, Y € TM, N € T*M, h(resp.An) is the second fundamental form (resp.tensor) of M in M and

V+ denotes the operator of the normal connection. Moreover, we have [5]

any vector X tangent to M is given as

X = PX +QX (20)

where PX and QX belongs to distribution D and D+ respectively. For any vector field N normal to M, we put
¢N = BN + CN, (21)

where BN denote the tangential component of N and CN denote the normal component of ¢N.

3. Integrabilities of Horizontal Distribution D and Vertical Distribu-
tion D+

Lemma 3.1. Let M be a CR-submanifolds of an P—Sasakian manifold M with semi-symmetric non-metric connection.

Then
PVx¢pPY — PAyovY = ¢PVxY — g(X,Y)P{ — n(X)PY +n(X) ¢PY +2n(X)n (V) P¢ (22)
QVx$PY — QAsorY = —g(X,Y)QE — n(X)QY + 1 (X) ¢QY + 21 (X)n(Y) Q¢ + Bh(X,Y) (23)
h(X,¢PY) 4V ¢QY = ¢QVxY + Ch(X,Y) (24)
for X,Y € TM.

Proof. By virtue of (15), (17), (18), (20) and (21), we can easily get

PVXx¢PY — QVx¢PY + h(X,¢PY) — PAsqv X — QAgov X + V' 6QY = —g(X,Y)PE — g(X,Y)QE — n(X)PY
—n(X)QY +n(X)pPY + n(X)pQY + 2n(X)n(Y) P& + 2n(X)n(Y)QE

+ ¢PVxY + ¢QVxY + Bh(X,Y) + Ch(X,Y).

Equations (22)-(24) follow by equating horizontal, vertical and normal components. O
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Lemma 3.2. Let M be a CR-submanifolds of an P-Sasakian manifold M with semi-symmetric non-metric connection.

Then

GPIX,) Y| = Aoy Z — ApzY —n(2)Y +n(Y)Z +n(2)9Y —n(Y)pZ for allY,Z € D*.
Proof. By virtue of (15), (17) and (18) we have
—ApzY + V767 = —g(Y, 2)§ = n(Y)Z +1(Y)dZ + 20(YIN(2)§ + &(Vy Z + h(Y, Z))
for any Y, Z € D*+. Using (24), we get
OPVyZ = —AyzY —g(Z,Y)E = n(2)Y +1(Z)¢Y — 2n(Y)n(Z)§ — Bh(Y, Z)
Interchanging Y and Z, we find
OPV Y = —Ayy Z —g(Y, 2)§ = n(Y)Z +n(Y)oZ — 2n(Z)n(Y)§ — Bh(Z,Y)
On subtracting above two equations, we obtain
P, Z] = Apy Z = AgzY —n(2)Y +n(Y)Z +n(Z)¢Y —n(Y)dZ

for Y, Z € D*. Thus we have O
Theorem 3.3. Let M be a CR-submanifolds of an P-Sasakian manifold M with semi-symmetric non-metric connection.

Then the distribution DL is integrable if and only if

Agy Z — ApzY =n(2)Y —n(Y)Z +0(Y)$Z —n(Z)¢Y, for allY,Z € D*.

4. Parallel Horizontal Distributions of CR-submanifolds

Definition 4.1. The horizontal distribution D is said to be parallel with respect to the connection V on M if VxY € D for
all vector fields X,Y € D.

Proposition 4.2. Let M be a é—vertical CR-submanifolds of a P-Sasakian manifold M with semi-symmetric non-metric
connection. Then the distribution D+ is parallel with respect to the connection V on M, if and only if, AX € D& for each
X € D" and N € TM™*.

Proof. Let X,Y € D*. Then using (17) and (18), we have
—Agy X + V1Y = ¢VxY + ¢h(Y, X) = n(X)Y — g(¥, X)§ + n(X)gY + 2p(X)n(Y)E.
Taking inner product with Z € D, we get

_g(A¢YX7 Z) = g(VXY, (bZ)

Therefore,

VxY =0

if and only if Agy X € D for all X € D*. From which our assertion follows. O
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Definition 4.3. A CR-submanifolds M of an P— Sasakian manifold M with semi-symmetric non-metric connection is said

to be totally geodesic if and only if h(X,Y) =0 for X € D andY € D> .

Let M be a mixed totally geodesic é—vertical CR-submanifolds of an P— Sasakian manifold M admitting a semi-symmetric
non-metric connection. From (15), we have
(Vx¢)N =0
for X € D and Y € ¢D*. Since
Vx¢N = (Vx¢) N+ ¢ (VxN)
so that
Vx¢N = ¢ (VxN)

Using (17) and (18) in above equation, we get
Vx (¢N) = pAnX + ¢V N

as pANX € D, so that Vx¢N € D if and only if VN = 0. Thus we have the following theorem.

Theorem 4.4. Let M be a mized totally & -vertical CR-submanifolds of an P-Sasakian manifold M with semi-symmetric

non-metric connection. Then the normal section N € D+ is D—parallel if and only if Vx$N € D for X € D.
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