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1. Introduction and Preliminaries

Generalized open sets play a very important role in General Topology and they are now the research topics of many
topologists worldwide. Indeed a significant theme in General Topology and Real analysis concerns the various modified
forms of continuity, separation axioms etc. by utilizing generalized open sets. Recently, Ali M. Mubarki [1] introduced a new
class of generalized open sets called S*-open sets into the field of topology. The purpose of this paper is to obtain various
characterizations of 8*-closed spaces in terms of nets.

For a subset A of a topological space (X, 7), Cl(A) and Int(A) denote the closure of A and the interior of A, respectively.

Definition 1.1 ([2]). The d-closure of A, denoted by Cls(A), is defined to be the set of all x € X such that A N Int(CL(U)) #
@ for every open neighbourhood U of X. If A = Cls(A), then A is called 0-closed. The complement of a d-closed set is a

called §-open set. The d-interior of A is defined by the union of all d-open sets contained in A and is denoted by Ints(A).

Definition 1.2 ([1]). A subset S of a topological space (X,T) is said to be f*-open if S C Int(Cl(Int(S))) U Int(Cls(S)).
The complement of a f*-closed set is called a B*-open set. The family of all B*-open (B*-closed) subsets of (X, T) is denoted

by B*O(X)(B*C(X)). The family of all B*-open sets of (X, T) containing a point x € X is denoted by 8*O(X, x).

Definition 1.3 ([1]). The intersection of all 5*-closed sets containing A C X is called the B*-closure of A and is denoted

by B* C1(A). The union of all B*-open sets contained in A C X is called the B*-interior of A and is denoted by 5* Int(A).

2. [*-closed Spaces

Definition 2.1. A topological space X is said to be B*-closed if every cover of X by B8*-open sets (= B*-open cover) has a

finite subcover whose 3*-closures cover X.
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Lemma 2.2 ([1]). Let A and B be subsets of a topological space X. If A € B*O(X) and B is -open in X, then AN B €
p*O(B).

Theorem 2.3. Suppose that A and B are subsets of X such that A C B C X and B is §-open in X. Then A is 3*-closed

relative to the subspace B if and only if A is 5*-closed relative to X.

Proof. Let {V, :a € I} be a 8*-open cover of A. Then by Lemma 2.2, BNV, € 8*O(B). Since A is 8*-closed relative
to B, there is a finite subfamily Iy of I such that A C U{f*Cl(BNV,) : a € Iy} Using Lemma 2.2 once again we have
ACU{B*CIUBNV,):aelp} CU{B*Cl(V,): a€ Ip}. This shows that A is B*-closed relative to X. Conversely, suppose
that {V, : a € I'} is a cover of A, where V,, € 8*O(B) for each a € I. Then by Lemma 2.2 we have V, € $*O(X) for each
a € I. Since A is f*-closed relative to X, A C U{f* Cl(Va) : a € Iy} for some finite subfamily Iy of I. Again, in view of

Lemma 2.2, A C U{8* Cl(V.) : a € Iv}; hence A is B*-closed relative to X. O
Corollary 2.4. A §-open subset A of a topological space X is 3*-closed if and only if it is B*-closed relative to X .
The following two theorems are easy consequences of the definitions and hence omitted.

Theorem 2.5. The union of a finite number of sets in a topological space X, each of which is B*-closed relative to X, is

B*-closed relative to X.
Theorem 2.6. If A is a " -open as well as 3*-closed subset of a topological space X, then it is 3*-closed relative to X.
Definition 2.7. A filterbase F on a topological space X is said to be:

(1). B*-converge to a point x € X, written }'ﬁ_*)x, if for each B*-open set U containing x, there exists F € F such that
F c p*CI(U).

(2). B*-adhere at x € X, written x € * — ad(F), if for each B*-open set U containing x and each F € F, FNS* Cl(U) # 0.
Definition 2.8. Let A be a subset of a topological space X. Then a net {zo : a € (D,>)} in A said to be:

(1). B*-adhere at x, written © € 8* — ad(xa), if for each U € *O(X,x) and each o € D there exists f* € D with f* > «
such that x € 5% Cl(U).

(2). B*-converge at x € X, denoted by maﬂ_:x, if the net is eventually in B* CL(U) for all U € 8*O(X, x).
Theorem 2.9. For a nonempty set A of a topological space (X, T), the following are statements are equivalent:
(1). A is B*-closed relative to X.

(2). Every mazimal filterbase on X which meets A B*-converges to some point of A.

(3). Every mazimal filterbase on A 3*-converges to some point of A.

(4). Every filterbase on X which meets A B*-converges to some point of A.

(5). For every family {Uqs : o € I} of nonempty B*-closed sets with ( . Us) N A = (), there is a finite subset Iy of I such
ae
that ( rg[ B Int(Ua)) N A = 0.

(6). Every filterbase on A B*-adhere at some point of A.

(7). For every family {Us : a € I} of nonempty B*-closed sets with ( QI B* Cl(Ba)) N A =0, there is a finite subset Iy of I
such that ( rgl B,)NA=0.
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(8). Every net in A B*-adheres at some point of A.
(9). Every ultranet in A B*-adheres at some point of A.
(10). Every net in A has a B*-convergent subnet.

Proof. (1) = (2): Suppose that F is a maximal filterbase on X, which meets A and does not 3*-converge to any point of A.
Then for each € A, there exists V,, € 8*O(X, ) such that F'N(X\B* Cl(V,)) # 0 for every F € F. The maximality of the
filterbase F then implies that there is some F, € F with F; C X\S”* Cl(V;) then F,NB* Cl(V;) = 0. Sinceld = {V, : = € A}
is a B*-open cover of A, A C iél B* Cl(V,,) for some finite subcollection {Va,, Vi, ...... Vz, } of U. Let F € F such that
FcC 151 F,,. Then FNAC 191 B* CI(V,,) = 0, which is a contradiction as F meets A.

(2) & (3): It is clear because of the fact that whenever F is a maximal filterbase on X, which meets A, the filterbase
F'={FNA:Fé€F}on A is also maximal.

(2) = (4): Let F be a given filterbase F on X, which meets A. Then F is contained in a maximal filterbase F* which meets
A. Since F[i)*x for some x € A, for every V € B8*O(X, x) there exists Fy € F* such that Fy C 8* CI(V). Since F N Fy # 0
for each F' € F, we have 8* Cl(V) N F # () for each F' € F. It follows that = € 8* — ad(F).

(4) = (1): If possible, let there exists a f*-open cover U of A such that for every finite subfamily Uy of U A\ UgMO(U) # 0.
Then F = {A\ Uguo B* Cl(U): Up is a finite subfamily of U} is a filterbase on X, which meets A. By (iv), there is a € A
such that a € 8* —adld. Now U being a cover of A, there is U, € U such that a € U,. But then X\8* Cl(U,) € F containing
the fact that a € 8 — adF.

(1) = (8): If {Us : « € I} is a family of nonempty S*-closed sets with (argl Us)NA =0, then A C X\ QQIO Ua = aLEJI(X\UO‘)’
that is, {(X\Ua) : @ € I} is B*-open cover of A. By (i), there is a finite subset Iy of I such that A C aéJIO B Cl(X\Uq) =
agIO(X\ﬁ* Int(Uy)) = X\QQIO B* Int(Us). Hence AN ( B Int(Uy)) = 0.

(5) = (1): Let {Ua : @ € I} be any B*-open cover of A. If U, = X foe some « € I, then we are through. If U, # X for each

N
acly

a € I, then {X\U, : a € I} is a family of nonempty S*-closed sets such that ( QI(X\UQ))HA = (X\ LGJI Ua)NA = 0. By (v),

there is a finite subset Iy of I such that § # AN (QQI(X\/B* Cl(Uqa))) = AN (X\ agzo(ﬁ* Cl(U4))); hence A C agzo(ﬁ* Cl(Uq)
proving that A is 8*-closed relative to X.

(4) = (6): Obvious.

(6) = (7): Let B={Bq. : a € I'} be a family of nonempty sets in X such that for every finite subset Iy of I, (QQIO BanA # 0.
Then F = {(agr0 B.)N A: o is a finite subset of I} is a filterbase on A. By (vi), let a € AN B* — adF. then for each o € I
and each U € *O(X,a), AN By N B*Cl(Ba) # 0, that is B, N B* CY(U) # 0. Hence a € f* Cl(Bq) for each o € I and
consequently, (argl B* Cl(By)) N A # 0.

(7) = (1): Let {Us : a € I} be a 8*-open cover of A. Then AN (aQI(X\Ua)) = . If foe some o € I, X\B* Cl(Ua) = 0,
then (¢) follows. If X\B* Cl(Ua) = Ba (say), # 0, for each a € I, then B = {Bq : a € I} is a family of nonempty sets such
that (OQI B*Cl(Ba))NAC AN (QQI(X\UQ)) = 0 (x). In fact, let z € f* Cl(Ba) = B* CI(X\B* Cl(Us)). Then for every
Vi € B7O(X), (X\B* Cl(Ua)) N (B* Cl(Va)) # 0. Since Us € B*O(X), if € Uy, then (X\B* Cl(Ua)) N (B* Cl(Va)) # 0,
which is not possible. Thus, z ¢ U, so that € U,. Hence 5* Cl(B.) C X\Ua and (x) follows. By (vii), ther is a finite
QQI(BQ) NA=0, that is, A C X\ aQIO(X\ﬁ* Cl(Ba)) = DLQJO B* Cl(Uq).

(6) = (8): Let {zn : m € (D,>)} be a net in A. Consider the filterbase F = {7}, : n € D} generated by the net, where

subset Ip of I such that (

Tn = {zm : m € D and m > n}. By (vi), there exists a € AN B* — adF. Then for each U € f*O(X,a) and each F € F,
B*CIU)NF #£ 0, that is, B*CU)NT, # 0 for all n € D. Hence a € AN B* — ad(zn).
(8) = (9): Let {zn : n € (D,>)} be an ultranet in A. By (viii), there exists a € 8* —ad(zn) NA. Let U € $*O(X,a). Since

the given net is an ultranet in A, it is eventually is either AN B* C1(U) or A\(ANB* CL(U)). But since the net is frequently
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in AN B* Cl(U), we conclude that the net is eventually in f* C1(U). Hence mnﬂ_:a.

(9) & (10): Let {zn : n € (D,>)} be a net in A. Since net has a subnet, the subnet of the given net S*-converges to some
point of A by (iz), and (z) follows.

(8) © (10): Let T': E — A be a 8*-convergent subnet of a given net S : D — A, and suppose Tﬁ_*)a €A ThenT =SoN,
where N : E — D is a function such that for each n € D, there exists P € F with the property that N(m) > n in D
whenever m € E with m > p. Let U € 8*O(X,a) and n € D, there is m1 € E such that T'(m) € g* CI(U) for all m > my
(m € E). For the given n € D, let p € E with the above stated property and ms € E such that ms > p,mi. Then
N(mz2) > nin D, and we have T'(m2) = S o N(mz) € 8* Cl(U) (since ma > m1). Hence a € * —ad(S) N A. This completes

the proof of the Theorem. |
Putting A = X in the above Theorem, we now obtain the following characterization of a 8*-closed space.

Theorem 2.10. For a nonempty set A of a topological space (X, T), the following are statements are equivalent:

(1). X is a B*-closed space.

(2). Every mazimal filterbase on X B*-converges.

(3). Every filterbase on X [B*-adherent.

(4). For every family {Us : o € I} of nonempty B*-closed sets in X with QI Uo = 0, there is a finite subset In of I such
0

that N B* Int(Uy) = 0.
a€cly
(5). For every family {Ba : o € I} of nonempty closed sets in X with QI B* Cl(Ba) = 0, there is a finite subset Iy of I
a€ly

such that N Ba = 0.
acly
(6). Every net in X has a 8*-adherent point.
(7). Every ultranet in X B*-converges.
(8). Every net in X has a B*-convergent subnet.

Theorem 2.11. A topological space X is 5*-closed if and only if every filterbase on X with atmost one 3*-adherent point

is B*-convergent.

Proof. Let X be B*-closed, and a filterbase F on X with atmost one B*-adherent point by Theorem 2.10. let zo be a
unique B*-adherent point of F and if possible, let F does not S*-converge to xo. Then for some U € 8*O(X, z0) and for
each FF e F, FN(X\B*CI(U)) #0. Soy ={FN(X\B*CI(U)) : F € F} is a filterbase on X and hence a 8*-adherent point
z in X. Since U € 8*O(z,z0) and 8* Cl({U) NG = @ for all G € F, we have x # xo. Now for each V € f*O(X, z) and each
F e F, p*Cl(U) D B*CUX) N (X\B*CL{U)) # 0, that is, F N B*CY(V) # @. Thus, = is a *-adherent point of F. The
converse is clear in view of Theorem 2.10 and the fact that a point x is necessarily a *-adherent point of a filterbase F if

FpB*x. O
B_ﬂ:
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