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1. Introduction

This is the second part of a work [13] on indefinitely oscillating functions. In [13] we have considered the case where the
functions are in Sobolev spaces are cdefined on the whola real axis. In this paper, we will consider functions in Sobolev
spaces which are only defined on a half axis. We will consider functions which are only defined on a half axis, [0, c0) for
example. The difficulty comes from that we cannot use Fourier’s transform. We overcome this difficulty either defining the
space of functions indefinitely oscillating on [0, c0) as the space of restrictions to [0, 00) of functions indefinitely oscillating
on R, or defining an indefinitely oscillating function f on [0, c0) using the scalar product (f, ¢ (a, b)), where ¢ € C§° (-1, 1])

and ¢ (a,b) () = Lo (£2) where b > a + 1. We will show that the two definitions are equivalent.

The motivation for studying indefinitely oscillating functions is given by chirps. We observe that a chirp is an asymptotic
signal which is of the form s (t) = A (t) e**®, where A and ® are two smooth functions and A > 1 (actually ®' (t) — oo

when t — to).

2. Indefinitely Oscillating Functions on the Half Real Axis

Here we cannot use Fourier’s transform. We have two ways to study Indefinitely oscillating functions within this context:

e Restriction to a half real axis of functions indefinitely oscillating on the whole R.

e Direct definition.

Before studying the case of functions indefinitely oscillating on [0, c0) relatively to the space H?[0,00), we will recall the

results concerning functions indefinitely oscillating on [0, co) relatively to the space L™ ([0, 00)).
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2.1. The L*> ([0, 00))-case

Definition 2.1. Let f be a function defined on the half real aze [0,00). We say that f is indefinitely oscillating in the
([0, 00))-sense if f € L™ ([0,00)) and if for every integer m there exists fm € L™ ([0, 00)) such that f = (%)m, in the

distributional sense on [0, 00).

Theorem 2.2. Let f a function indefinitely oscillating in L™ ([0, 00))-sense. Then f is the restriction to [0,00) of a function

g indefinitely oscillating on R.

Proof. We start defining the generalized moments ux of f by

oo

—ex _k
,uk—eh_r% ) ezt f (z) dx.

Let us first prove the existence of this limit. We write

/000 e_”xk% (z)dz = [E_Elxkfl (x)]zo - /000 % (e_“xk) fi(z)dz.

The first part in the right hand side is equal to 0. Then we have

[Tt @ = [T (2) () hwa

2
K[ e fi (z) dx + €~ 27k (k—2) Joe 2F 72 f () da

k‘2 k— 1]‘00 —e:cfk( ) k_ldl‘—Fek fOOO e—eacxkfk (x) o

— (1"

We then argue by recurrence on the integer. Assume that lim._o f°° “z?f (z) drx exists for ¢ = 0,1,...,k—1. We remark
that if f is an indefinitely oscillating function on [0, 00) its primitives functions fi,..., fk,... are indefinitely oscillating
function too. Because of the hypothesis, the quantity fooo e~ ““z7f, (z) dz has a limit when € goes to 0, for every integer n

and for every integer ¢ with 0 < ¢ < k — 1. However we precisely have

o —ex k: _ k o —ex k—2k2 (k_2)2 ~ —ex _k—2
/0 f(z)dz = (-1) k!/o e “fi(z)dx + +e f/@ e " fiy (x) dx
—k2 k—1 o —ex k*ld k o —ex k
€ /0 e fr(z)x x + € /0 fr (x) dx

In order to prove the desired result, it is sufficient to show the existence of

lim €* / e aF i, (x) da.
0

e—0

Integrating again and using the hypothesis, we get e**! f0°° e gk fi 1 (z) da. Another last integration gives
ekt 15° e “"z" fui2 (z) dz, which can be estimated from above by ||fu2| € o > xFe~"dx, which goes to 0 when e goes
to 0.

The demonstration will now be complete if the property is satisfied at the zero rank. We have

/Ome*”ﬂ)dx—[fl( e e / fi(z)edo=—f1 (0) + e /Ooofl(w)e’“”dx

An integration gives
6/ f1 (x) e = [fz( 760: O +6 / f2 e “dx
0
= 76f2 / fz Ezdib.
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We have 0 < ¢2 !fooo f2 (z) e “dz| < €l fall. JoT e ®dx and this last quantity goes to 0 when e goes to 0. We deduce
pe = lime o [;° e 2k f (z) de = (=1 k! fry1 (0) or again

¢S]

lim e_emflC (x) dr = — frt1 (0) .

e—0 0

Let us come back to the proof of the theorem. Applying Borel’s theorem, there exists a function h belonging to the Schwartz
class now taken on (—oo, 0] such that

0
—p = lim a*h (z) dz.

e—0 ) o
We show that A+ fx((0,00)) is the function g that we are looking for. It is sufficient to prove that g is indefinitely oscillating on
the whole R. First g € L* (R). By definition g1 (z) = [*_ g (t)dt. Ifz < Othen g1 (z) = [*__ h(t)dtand g1 € L= ((—o0,0]).
If 2 =0 then g1 (0) = [°_h(t)dt = —po = f1 (0). If x> 0 then g1 (z) = [°__h(t)dt+ [T f(t)dt = f1 (0) + f1 (x) — f1 (0),

which implies ||g1]|., < C. In a similar way, g2 (z) = [“__ g1 () dt. For £ > 0 one has

gm):/z gl<t>dt+/ozf1<t>dt=[ o () dt+ fa (2) — f2 (0)

:_/ th(t)dt+ fa (z) — f2(0).

— 00

But wa th (t) dt = —p1 = — f2 (0), through the construction of h. We observe that —u, = ono zFh (z) de = ffoo hi (z) dz =
hi+1 (0). Arguing by recurrence, that is assuming that ||gx||., < Crx < oo for k < n and showing that g, satisfies the same

inequality, we have

0 _1\n—1 0
gn (0) = / gn—1(t)dt = fn (0) = % / 2" h (z) dx.

—o0 —o0

For x < 0 one has g, (z) = hn (), which belongs to the Schwartz class. For > 0 one has

. (x):/z - (t)dt:/o - (t)dw/ozfn,l(t)dt

—o0 — 00

= fu (0) + fu (x) — fn (0).

But f, is bounded by hypothesis. So it is for g, (). O

2.1.1. The L?(]0,00))-case

Definition 2.3. A function f € L*([0,00)) is indefinitely oscillating in the L ([0,00))-sense if, for every n, there exists

fn € L2 ([0,00)) such that f = SIn in the distributional sense.

dz™ 7

Let f be a function indefinitely oscillating in the L?-sense. Using similar notations, we show that f, € H™ ([0,00)). If
0 <z <y wehave fi (y) — f1(z) = [ f (t)dt. Hence |f1 (y) — f1 ()| < /y— || f]l,- Hence fi is uniformly continuous on
[0,00) and can be extended at 0. It is the same for every f,,n > 1 .Let us now show that f, goes to 0 at infinity for every

n>1.
Lemma 2.4. Let u be a uniformly continuous function on [0,00). If u € L? ([0,00)) then limg oo u (x) = 0.

Proof. The proof of this lemma is well-known. We will repeat it for the reader’s convenience. To prove this lemma, we
argue by contradiction. Hence, there exists a sequence (xx), which goes to oo such that |u (zx)| > § > 0. As u is uniformly
continuous, there exists € > 0 such that |u(zx +t)| > £ if [t| < e. Up to a subsequence, we can assume that the intervals

[z — €, zk + €] are disjoint two by two. Then [ju|, > >, fz’”Le lu(s)|? ds = . O

T —€
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Remark 2.5. If f € L*([0,00)) is indefinitely oscillating, its primitives given by the definition fi, fa, ..., fn,... are indefi-

nitely oscillating in the L™ ([0, 00))-sense. The f generalized moment pu. exists for every integer k > 1.

Lemma 2.6. If f € L? ([0, 00)) is indefinitely oscillating in the L* ([0, 00))-sense, then lim_o f0+°o e f (z) dx exists and

is equal to — f1 (0).

Proof. Integrating by parts, we get

+o0 +oo
[ Tet@an= @) e [ et h @
0 0

As f1 (4+00) = 0, the first term of the right hand side is equal to —f; (0) and the second term can be bounded using

Cauchy-Schwarz by ”f% -

Theorem 2.7. If f € L?([0,00)) is indefinitely oscillating, there exists a function g € L* (R), indefinitely oscillating, whose
restriction to [0,00) is f.

Proof. In order to use Borel’s theorem, it is necessary to start defining the generalized moments of f. Let f € L? ([0, 00))

d" fn
dz™ °

be an indefinitely oscillating function. For every n, there exists f, € L?([0,00)) such that f =

We have already
proved that for every n > 1 f,, is uniformly continuous on [0, 00) and limgz— e fn () = 0.

Let us prove that for every f € L?([0,00)) which is an indefinitely oscillating function, then for every integer k
lime o [;° e 2" f (z) do = (=1)" 1 k! fr 41 (0) or again lim,_o 15T e fi () de = — fr11 (0).

We apply Borel’s theorem. There exists a function h in the Schwartz class taken on (—o0,0], such that h (z) + f (2) (g o)

belongs to L? (R) and is indefinitely oscillating on the whole real axis. Using a similar argument than that of the L>-case,

we prove that h (z) + f (z), is the desired function g. O

0,00)

2.1.2. The H*([0,0))-case

Definition 2.8. A function f € H® ([0,00)) is indefinitely oscillating in the H®-sense if, for every integer n, there exists a

function (or a distribution) f, € H® ([0,00)) such that f = £42 in the distributional sense.

dz™ 7’

Theorem 2.9. FEvery function (resp. distribution) f € H?® ([0,00)) which is indefinitely oscillating in the H®-sense is the

restriction to [0,00) of a function (resp. distribution) g € H® (R) which is indefinitely oscillating in the H°-sense.

Proof. One starts assuming that s > 0. The functions f1, f2,..., fn, ... are uniformly continuous and can be extended by

0. We apply Borel’s theorem and build a function h in the Schwartz class taken in (—oo, 0] and such that

f1(0) = [ h(x)de,
f2(0) = [° _hi(z)dz  where hy (z) = [T h(t)dt,
fm (0) = [°_ hm—1(z)dz where hy_1 (z) = [ hm—2 (t)dt,

for every m > 1. Then we define g (z) = h(x) + f () X[0,00)- This approach is possible only in the case where 0 < s < 1.
The reason is that if f € H® ([0,00)), it is true that f is the restriction to [0,00) of a function in H?® (R), but it is not
necessarily obtained by multiplying it by the indicator function X[o,oc). Then we reach the end of the proof observing that
if -1 <s<31andfeH*(R),then fx; € H®(R) for every interval I, with either a finite or infinite length.

Let sign (z) = oy and f € H® (R) with 0 < s < 1. Observe that the Fourier transform of sign (z) f (z) is Fourier
(sign(.) f) = %f* Vp (%) As one remarks, Borel’s theorem can be applied only in the case s > 0 and 0 < s < %

Let us now remark that f is indefinitely oscillating in the H®-sense (either on the half axis or on the whole axis) if and only

if D™ f is indefinitely oscillating in the H*~™-sense for every m relative integer. We can generalize this observing that f is
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indefinitely oscillating in the H°-sense (either on R or on some subset of R) if and only if D®f is indefinitely oscillating in

the H°“-sense for every real a. Here D®f means the fractional derivative of order @ of f, 0 < o < 1, which is defined

through D“ f = Cq f @ qu;ﬂ) —dy. This integral exists as f is defined on [T, 00). Let f a function indefinitely oscillating.
If f € H® then D*f € H*~®. For every m, there exists f,, € H*T™ such that f = d;:c{,;”. This implies D® f,,, € H*T™™,

Hence D f is indefinitely oscillating in the H*~“-sense. Conversely, if D f is indefinitely oscillating in the H®~ “-sense,
we define ¢ = D*f. Then g, € H* ™. As 0 < 1 —a < 1 we have D'™%g; € H® and D' ®g; = f. One deduces
D' %g,, € H*™™ ' and D' "¢y, = fin-1.

Let us now move to the case where —1 < a < 0. Take a indefinitely oscillating function f. For every m, there exists

fm € H*™ such that f = © 4= f, € H*''. One deduces that D'T®f, € H*~. (The operator D'** is a derivative

dx™

operator since 0 < 1+« < 1). As fi is indefinitely oscillating in the H*%!-sense, D*** f; is indefinitely oscillating in the
H*™“-sense. O

2.1.3. Generalization to an Arbitrary Banach Space

We take a Banach space E satisfying the following conditions:

(1). EC D' ([0,00)) and the embedding is continuous.

(2). For every sequence (f;); such that f; € E, || f;[|z < C and (f;); converges to f in the distributional sense, then f € E.
(3). Let f € E and 7 > 0. Then 17 f, defined by T7 f () = f (x + 7), belongs to E with ||T7 f|| z < || fll z-

Definition 2.10. A function (or distribution) f € E is indefinitely oscillating relatively in the E-sense, if and only if, for

every integer n > 1, there exists fn, € E such that f = (%)n, in the distributional sense.

Definition 2.11. A function ¢ € C§° (0,1) is admissible if [[°u™% (u)du = ~v4 # 0 for every integer q¢ > 1 (this is

compatible with the fact that 1 has a null integral).
Theorem 2.12. With the previous notations, the two following properties of the function f € E are equivalent:

(1). f is indefinitely oscillating relatively to E

(2). The quantity Wq ) = fooo f(z) %7/1 (Igb) dx with a,b > 0, satisfies HW(E,,)HE < Cna™ N, for every a > 1.

Proof. 1. implies 2. is evident.
Lemma 2.13. Letw € L' (0,00) and f € E. Then [;° (T" f)w (1) dr € E.

Using this result, we write

Wiap) = /000 [ (=) %7/) (x a_ b) dx
TR (w =) o= [T (198) 6 5o () a

= (71)n cf"W(m(a,b) .

Owing to Lemma 13, W(n)(a y € E with a norm uniformly bounded by a constant. The estimate on W, 3) follows.
2. implies 1. is more subtle. We use the identity fooo a® 'y (t_Tx) %a = vq (tf:v)‘_fl. We conclude that we have
(q—Dafq (@) = [;° a?"'W4,)da, where f, is the g-th primitive of f. If ¢ > 1 fol a? "Wazyda € E, as ||W(a7‘)HE <

C|/fllz (see Lemma 13 ). Now [ a?"'W(, 4 da € E since (2) let to satisfy that the integral is the Bochner integral. [
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3. Some Interesting Examples of Indefinitely Oscillating Functions

Some links between functions indefinitely oscillating in the L*°- and H®-sense can be more interesting. It is evident to see
that if f is indefinitely oscillating in the H®-sense and if s > %, then f is indefinitely oscillating in the L°°-sense (because

of the Sobolev embeddings). One has also the following property.

Lemma 3.1. Let f € H* (R) N L™ (R) for s < 5 be an indefinitely oscillating in the H® (R)-sense. Then f is a function

indefinitely oscillating in the L* (R)-sense.

Proof. By hypothesis, one has ||A;f|l, < Cn27", for every N and for some j < —1. As Kj\f (&) is taken in the dyadic

B27

corona a2/ < |¢] < B27 with 0 < a < f, it comes ng\f’ = S
L

&j\f (5)‘ d¢. Applying Cauchy-Schwarz’ inequality
we have HET]‘H L < C’N2’N2% for every N and for some j < —1. But A;f(z) = f@(g) e**d¢. Hence we have
L

18l < ||&57| | < On2N2b. 0

’ L

Remark 3.2. If f € H® (R) is indefinitely oscillating in the L™ (R)-sense, f is not necessarily indefinitely oscillating in the
H? (R)-sense. We build such function in the following way. Let @ be a function with compact support and indefinitely differen-

tiable (it is in the Schwartz class) such that § () > 0. Write f (z) = Z(Tw 27’“24,0 (2%) ez Using Fourier’s transform,

it comes f(f) =Yi>p (2k3 (€- 2_k)) 9¥°=k* It clear that one has fz—js‘§‘§22*1 J?(ﬁ)’ d¢ =0 (Q_Nj). It can be observed

~ 2
by the proof of the preceding Lemma that f is indefinitely oscillating in the L°°-sense, but lim;_, 4o f2__7.<|§‘<22_j ‘f (§)’ d¢é =

+oo. Hence f is not indefinitely oscillating in the L*-sense.

Remark 3.3. We know that an indefinitely oscillating function in the H®-sense can be written under the form f = fo+ fi,
where fo is the principal component frequency which defines the oscillating characteristic of the function f, and fi is
a function of H® which is indefinitely oscillating since the support of )/‘\1 does not contain 0. Finally fo is a function
indefinitely oscillating in the L*-sense. An interesting example of indefinitely oscillating function in the L*-sense is the
Grassmann wavelet defined by

e~ (log@)? if x> 0,

f(z) =

e~ (oslzl+im?® yr 0 0,

We can easily show that f is in the Schwartz class. Hence f is in the Schwartz class too. Paley-Wiener’s theorem implies
that f({) =0 for £ <0 and % is in the Schwartz class, for every N. One deduces that 0 is a zero of infinity order for f
Hence f is indefinitely oscillating in the L?-sense. We can observe that the same function is also indefinitely oscillating in

the L™ -sense.
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