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1. Introduction

Convergence concepts are the foundation of mathematical analysis while the convergence of fuzzy sets is the foundation
of fuzzy analysis. Since the introduction of fuzzy sets by Zadeh [5] researchers have been concerned with the calculus of
functions and the definition and generalization of convergence concepts in the domain of fuzzy sets and systems. We have
defined the concept of uniform integrability for the case of fuzzy random variables to derive. Mean convergence theorem for

fuzzy random variables.

The notion of a fuzzy random variables was introduced as a natural generalization of random set in order to represent

associations between the outcomes of random experiment and non-statistical in exact data.

Limit theorems for random sets and fuzzy random variables have received much attention in recent years because of its

application in several applied fields such as Mathematical economics system analysis and Stochastic Control theory.

Klementet.al., [2] provided a good intuition about the central limit theorem for fuzzy random variables which generalizes
the central limit theorem for random sets. Fuzzy random variables have been designed to deal with situations in which

both random performance and fuzzy perception must be considered.

The purpose of this paper is to generalize the convergence theorems of the basic probability theory to fuzzy random variables
as well as some fundamental theorems in the light of uniform integrability. The study of the theory of fuzzy random variables

was proposed by Kwakernack [1] and Puri and Relescu [3, 4].
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2. Fuzzy Random Variables

The concepts of a fuzzy random variables and its expectation were introduced by Puri and Ralescu [? ? ]|. Let (Q, A, P)
be a complete probability space, and fuzzy random variable is a Borel measurable function. If X : @ — F(R) is a fuzzy
number valued function, where F(R) is a family of all fuzzy numbers, and B is the subset of R then X ~!(B) denotes the
fuzzy subset of €2 defined by

XN (B)(W) = sng(w)(m) for each w € Q

The function X : Q — F(R) is called a fuzzy random variable. If for every closed subset B of R, the fuzzy set X ' (B) is

measurable when considered as a function from Q to [0, 1]. If we denote
X (w) ={(Xs (w), X (w)|0 < <1}
then it is well known that X is a fuzzy random variable if and only if for each a € [0,1], X5 and X are random variables.

3. Uniform Integrability and Mean Convergence Theorem

Let {zn,n > 1} and x are fuzzy random variables on a probability space (2 A, P)

Definition 3.1. A sequence of fuzzy random variables {xn,n > 1} is called uniformly integrable if for every € > 0 there

ezists a vy > 0 such that § > 0 such that

sup [ @)V )P < 1)
Whenever P(A) < § and sup E(a((zn)_ V(zn))) < C < 00 (2)

are satisfied, where A € A.
Theorem 3.2 (Equivalence Relation of Uniform Integrability). Let {x,} be a sequence of a fuzzy random variables. Then

{xn} is uniformly integrable if and only if

lim a(|(zn), V(zn))dP =0 (3)
b= J([(@n)a Vien)d)2b

uniformly in n.

Proof.  Let {x,} is uniformly integrable. Then E(a(zn), V(zn)[)<C < co. Hence

P(a|(zn), V(wn)i])>b

IN
S| =

E(a(|(zn), V(za)g))

IA
= Q

— 0asb— oo uniformly in n.

Therefore from (1),

sup (al(2a); Vien)}dP<e.

n>1 [\(zn); V(Inﬁ;))zb

If b is large enough for a given € > 0. So (1) and (2) implies (3)
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Conversely for € > 0 let

/ (al(zn)] V(za)Z)dP<e
((zn)a V(zn)d))>b

for some large b > 0 and for every n>1. Then

E(a(|(za) V(@n)E]) = / i al(@a) 2V (za) AP
((zn)a Vien)d))<b

+ / (al(zn) V(za)* )dP
(I(zn)a V(zn)E))>b

<b+e¢€ from (3)

< oo forall n>1.
Put § = £, then for A € A with P(A) <.

/ o () 2V ()5 )dP = / (ol(@n)ZV (za) )P
A

A(l(zn)a V(zn)d))<b

-/ all(n); V)P
All@n)a —(@n)d 120

<oP()+ [ a(l@a); V(@a)E )P
(I(zn)a V(zn)d 12b
< b% +e
= 2¢
uniformly in n. So (1) holds. O

Definition 3.3. A measurable fuzzy function f is said to be in Lp(0 < p < 00) if

J100z0@i P < .

Lemma 3.4. Let {z,} be a sequence of a fuzzy random variables which converges in mean (L1) to a fuzzy random variable

X. Then E(a | (za) v(za)T]) < oco.

Proof.

E(a | (za) v(za)") < E(a | (2n),v(@n) )
+ B(a | (zn),, — (za) v(zn)l — (za)T]) (Triangle the quality)

< 0.

4. Theorem Mean Convergence Theorem

Theorem 4.1. Let {x,} be a sequence of fuzzy random variables (integrable) and Tn—3X. Then {zn} converges in mean

if and only if {x»} 15 uniformly integrable.
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Proof.  First note that the limiting fuzzy random variable in our convergence is unique. If possible let z, — z! in L1,
then z, ——2" also. But z,—+z and hence X = X' also. Now E(a | (#n), — (za) v(zn)l = (za)T]) = 0 as n — oo and
E(a | (zn) v(za)|) < co. We need to prove that Tn i implies {z,} is uniformly integrable. Now sup,E(a | (zn), —

(za) v(Ta)" — (@a)T]) + E(a | (z),v(xa)T|) < co. Let € > 0. For A € A, P(A) <6 and n > 0,

/ a(|(zn) V(@n) ;AP < / a (] (@n)y = (Ta) v(@n)] — (za)T|)dP
A

A

+/ a(|(za) V(xa)T|dP (Triangle inequality)
A

< /A a(|(za) "V (za) [P

<2 =¢"

So we have in other words [, o | (zn), v(zn) |dP < €* (> 0) if n > ng and P(A) < & since E(a (| (zn), v(zn)l]) < o0,

e (|(zn),v(zn)L])dP < € for a fixed n > 1 and P(A) < 4.

Conversely let {z,,} is uniformly integrable. Then E(a(|(zx), v(zx)!|) < C' < co. Since zn—sx there exists a subsequence

{Znk} such that |z.x| — |a| a.s. By Fatous Lemma

B(ol(x), v(ze) ) = E(Jim inf ol (), v(r) )
= B(alim inf |(@a); 0(@a) ] )
= lim inf Ba(@u); o))

<C<x

O

Corollary 4.2 (Lebesgue Dominated Convergence Theorem). Let {z,,} be a sequence of fuzzy random variables z, Lz and

E(sup,>; @ [(zn)v(@n)t |) < 00. Then E(a |(zn), — (a)” v(zn)l — (za)]) = 0 as n — oo.

[e3

Proof. For ¢ > 0 choose § > 0, A € A and P(A) < §. Which will imply [, a(|(za) v(za)*|)dP < € and

sup,,, [, o(|(zn) v(zn)} | <€) <6 for n > N. Hence

E(a |(zn), — (za) v(za)l — (za)") :/ al(zn), — (za) v(@n) — (za)"|dP

(I(@n)a —(2a) ™ V(zn) T —(za)T)<e

a(|(@n)y — (za) v(@n)! — (za)"[dP

[e3

‘/((wn)g_(xa)V(an)+_(wo<)+)>€

<c+ | all(n); () F1dP
(Izn)a —(@)a Vien)t —(2)d)>e

+/ () v(2a) P
((#n)a —(@a) " V] (#n)d —(za)d |

+f o(|(za) v(za)*|dP
(I(zn)a —(za) " V| (zn)d —(za)d |>€

<etete

. L;
>3c if n>N at x,—z.
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Theorem 4.3 (Mean Ergodic Theorem). Let x1, z2,. .., are independent identically distributed fuzzy random variables with

E(a|(z1), v(z1)l])=C < oco. Then E (22—C) — 0 as n — oo. That is %’AC

Proof. By Kolmogorovs strong law of large numbers for independent identically distributed fuzzy random variables % —

C a.s. Since C' = E(al(z1),v(z1)]]) < 0o, we need to prove that 2= is uniformly integrable

a . - x1), (z1)f
5 <a|<52>a7j<s:b>a |) S <a|< g, (o) |>
= B (al(w)zo(@)l)

< 00 (4)

and hence the first condition of uniform inerrability is satisfied. For ¢ > 0 choose N large enough such that
f(\(ml);V(ml);be al(z1),v(z1)[|dP < e which implies fA(I(ﬂcn);V(zn)$\<N a|(xn) v(®n) |dP < e. Then for A € A and
P(A) <éput d= 5.

/ a(|(zn) Sv(za)F)dP = . a(|(za) Sv(@n)t )P
A A(l(zn)a V(zn)E )>N

<e+ NP(A)
€
NE
< + N

= 2¢ for every n > 1.

Hence
S)s (Sa)t “o(@)T [+ ... ) v(zn)t
PRGNy R AR S CINTES
4 N n A n
— [ Jw)ze@tip
A
<2¢ forevery n>1 (5)
at ST” is uniformly integrable. O

Lemma 4.4. For every real z, F,(z) — F(z) a.s. and F,(z—) — F (x—) a.s. as n — 0.

Proof. Now F(z—), = P(a|(:r);v(x)+| < z) and F(z) = P(a|(xa)_v(ma)+|§e. Also Fp(z) = 2 > rei llzps <2 and

Fo(z-) = L350 Iluca). Now Yy = I|;, <, are independent identically distributed random variables and E(Yx) = F().

Then Yi — B(1,p),p = F(z). O

So by Kolmogoras strong law of large numbers for independent identically distributed fuzzy random variables the result

follows:
Theorem 4.5 (Fuzzy Distribution Functions Fy,(z)). P(SuUp_ . «pcooiFn(z) — F (z)j — 0) = 1.

Proof. Let r be any positive integer > 2. For K =1,2,...,r — 1 define

Trp = min{z : (F(z)),v(F(z))f}>
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h . . . .
the %t population quantile. Then —00 = 2,0 < Tr1 < Ty2: - — << Xy, = 00. We need to consider only those intervals
[@r,k, Trk+1] Which are non-empty. If € [z, k, Trk+1] then

(Fu(®)), = (F@)V((Fa@) = (F@)D<Pu( @, ari1) o = F(2rk) SV 27, 241) o = F @) |

@

=Fo( 2., z141) o —F(2.;,) VFu(2,, Trey1) - F( Ty pi1) *

- - - - +
+F(xT, kt1) o F(xrr) aVF(frr,k+1) o F(zrk) Z

Note that
_ - _ _ k+1 k 1
F(x'r, k+1) o« F(zrr) aVF(mr,k+1) - F(zrk) :< r 7 = o
_ — _ o+ 1
F(wr, 1) av(xr,l) ag;
and
(F(:Er’k) aVF(:rnk) o 21 — ;
S(Fa((@r, ks1) o = F2rk) JVEn (k1) = F(@r041) ) + (6)

for almost all w, 1 < k <r —1 and

(Fu(@))y — (F(@); V((Fa(@)f — (F@))>Fa(@r, &)y = F@rg1) VEalar o)F = Flar)
= Fo(tr, &) 5 — F(2rn); VFa(@r 1)5 — Fla,)!
—(F(a,, 1), = Floni), VE(, ), = Flare)]
>(F, (@, 0); = Fors) VEular, 0F = Plan)* = (™

for almost all w, 1 < k <r — 1, Lemma says that for each z there is a Set A with P(A;) = 0 such that

lim (F, (z, w), — V(F, (z, w))! = (F(z)) V(F(x))} for z;A,

@

lim (F (z —w),

@

~V(F, (z, w)! = (F(z-)), V(F(z—)) for z:A,

@

except on a set B, with P(B;) = 0. Similar arguments held for < z,1 and z < z,1-1. From (7) and (8) for almost all

real x.

< mar {|(Faler, k) — F(@ri) s VEa(@n 1) = Flari) ! 3, (Fa(er ;). — Flz,,) VFa(z,,) — Flay;)! + -}
1<k<Zr
1<;<r
Let
- - . - N\ N —\t — .
Drn(w)y= maz [ |(Fu(@r, )5 = F@ne) sV Eu(@e, &)5 = F(ae)? 14, |(Faly ;) = Flan,) VEl(an,) " = Flan,) '
1<k<r
1<j<r
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and

Dy = (Drn(w)) g 0(Drn(w)) = sup,j(Fu(@)), — (F(x)), V(Fa(@)y — (F(x))1)i

@

Hence Dy(w) = (Dryn(w)), v(Drn(w))E) + 77" If w lies outside the union A of all the countably many A, and By

o

then by lemma

lim (Dy (W) 0(Drn(w))f) =0 for we A and P(A) =0

n—oo o o

Therefore limy, oo supDHS% a.s. Now by the arbitraryness and countability of the values of r the result follows by taking

lime r — oo. O
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