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1. Introduction

The concept of Fuzzy sets was introduced by Zadeh [10]. Fuzzy sets are a kind of useful mathematical structure to represent
a collection of objects whose boundry is vague. There are several kinds of fuzzy set extensions in the fuzzy set theory, for
example, intuitionistic fuzzy sets, interval-valued fuzzy sets, vague sets etc. The concept of boundary of a fuzzy set was
introduced by R. H Warren [9]. Bipolar-valued fuzzy sets, which are introduced by Lee [7, 8], are an extension of fuzzy
sets whose membership degree range is enlarged from the interval [0,1] to [-1,1]. Since then the theory of bipolar valued
fuzzy sets has became a vigorous area of research in different disciplines such as algebraic structure, medical science, graph
theory, decision making, machine theory and so on [1, 6]. The notion of vague set theory introduced by W. L. Gau and D.J.
Buehrer [4], as a generalizations of Zadeh’s fuzzy set. Ranjith Biswas [3] initiated the study of vague algebra by studying
vague groups. The objective of this paper is to introduce the concept of bipolar vague rings and bipolar vague structure

ring space.

2. Preliminaries

Definition 2.1 ([8]). Let X be the universe of discourse. Then a bipolar valued fuzzy set, A on X is defined by positive
membership function pl, that is u’ : X — [0,1], and a negative membership function u, that is p5 : X — [—1,0]. For the

sake of simplicity, we shall use the symbol A = {{z, u}(x), u,(z)) : = € X}.

Definition 2.2 ([8]). Let A and B be two bipolar valued fuzzy sets then their union, intersection and complement are defined

as follows:

(i)- phop(x) = maz{pj(x), pup ()}

(i) g () = min{py (), pp(x)}
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(iii). phnp(r) = min{p} (@), up (@)}
(). panp(x) = maz{py(z), pp(r)}

(v). ,u%(x) =1-pk(z) and po(@) = =1 — py(2).

forallzx e X.

Definition 2.3 ([4]). A Vague set A in the universe of discourse U is a pair (ta, fa) where ta : U — [0,1], fa : U — [0,1],
are the mapping such that ta(u) + fa(u) <1 for all w € U. The function ta and fa are called true membership function
and false membership function respectively, The interval [ta, 1 — fa] is called the vague value of u in A, and it is denoted by

UA(U), i.e, UA(u) = [tA(u)71 - fA(U)]

Definition 2.4 ([4]). Let X be a nonempty set and the Vague set A and B in the form A = {{(z,ta(z),1 — fa(z)) : z €
X}B = {{z,tg(z),1 — fe(x)) : x € X}. Then

(i). AC B if and only if ta(z) < tp(z) and 1 — fa(z) < 1— fp(x)
(ii). AUB= maz{ta(z),tp(z)} and maz{l — fa(z),1 - fp(z)}
(iti). AN B=min{ta(z),ts(z)} and min{l — fa(z),1 — fp(z)}
(iv). A = {(x, fa(z),1 —ta(zx)):z € X}.
for allz € X.

Definition 2.5 ([3]). A Vague set A = (ta, fa) of a set U with ta(z) =0 and fa(z) =1 for all x € U is called the zero

vague set.

Definition 2.6 ([3]). A Vague set A = (ta, fa) of a set U with ta(z) =1 and fa(xz) =0 for all x € U is called the unit

vague set.

3. Bipolar Vague Structure Ring Space

Definition 3.1. Let X be the universe of discourse. A Bipolar-valued vague set A in X is an object having the form
A= {(@ [ (@)1= FE @) 2 (), —1 - 5 (@) @ € X} where [t5,1— £1]: X — [0,1] and [t5, ~1— f] : X = [=1,0] are
mappings and t{+ f1 <1,—1 <t +f5. The positive membership degree [t (x),1— f1 (z)] denotes the satisfaction region of
an element x to the property corresponding to a bipolar-valued set A and the negative membership degree [t (x), —1— f, (z)]

denote the satisfication region of x to some implict counter property of A.

Note 3.2. For sake of simplicity, we shall use the symbol A = (X, v}, v}) for the bipolar valued vague set A = {(z, [t} (x), 1~

A @), [ta(®),—1— f1(2)]) : z € X}, and use the notion of bipolar vague set v} = [th,1— fI] and vy = [t;,—1 — f4].

Definition 3.3. Let X be a nonempty set and the Vague set A and B in the form A = {{z,v}(x),v;(®)) : ® € X},B =

{{z, v (z),v5(x) : z € X}.
(i). A C B if and only if v} (z) < vf(z) and vy (z) > v (z)
(ii). AU B= mazx{v}(x),v}(z)} and min{v,(x),v5(z)}

(iii). AN B= min{v}(z),vf(2)} and maz{v,(x),v;(z)}
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(). A={(z,[f1(x),1 - th(@)],[f1(2), -1~ t3(2)]) : z € X}
forallzx e X.

Definition 3.4. A Vague set A = (vA,vA) of a set U with ’UX =0 implies that t7, = 0,1 — :{ =0 and v, = 0 implies that

t,=0,—-1—f, =0 for all x € U is called zero bipolar vague set and it denoted by 0.

Definition 3.5. A Vague set A = (UA7’UA) of a set U with vj{ =1 implies that t} = 1,1 — f;f =1 and v, = —1 implies

thatt, = —1,—1— f, = —1 for all x € U is called unit bipolar vague set and it denoted by 1.

Definition 3.6. Let R be a ring. A bipolar vague set A = {x,vj, v;} in R is called a bipolar vague ring on R if it satisfies

the following conditions:
(i)- vA (z +y) = min{v} (2),vi ()}
(ii). vy (x +y) < maz {vy (z),v; (y)}
(iii). v} (zy) > min {v} (z), v} ()}
(iv). v (wy) < maz {vy (2),v; ()}
for all z,y € R.

Definition 3.7. Let R be a ring. A family T of a bipolar vague rings in R is said to be bipolar vague structure ring on R

if it satisfies the following axioms:
(i). 0,1 et
(). If G1,G2 € T then G1NG2 €T
(4i). If G; € T for alli € I, then U;erGi € 7.

Then the ordered pair (R, T) is called a bipolar vague structure ring space. Every member of T is called a bipolar vague open

ring in (R, 7). Then the complement A of a bipolar vague open ring A in (R, T) is a bipolar vague closed ring in (R, T).

Example 3.8. Let R ={0,1} be a set of integers of modulo 2 with two binary operations as follows:

+10|1 -10|1

00| 1] and|o|0|0

1|10 110|1

Then (R,+,-) is a ring. Define bipolar vague rings B and C on R as follows:

t5(0) = 0.7t5 (1) = 0.61 — f# (0) = 0.8 1—fE ()=
t5 (0) = 0.5¢5 (1) = 0.41 — £} (0) = 0.6 1—f& (1) =
tg (0) = —0.6t5 (1) = —0.51 — f5 (0) = —0.61 — f5 (1) = —0.6
to (0) = —0.3t5 (1) = —0.21 — f5 (0) = —0.51 — f5 (1) = —0.5

Then 7 ={0,1, B,C} is a bipolar vague structure ring on R. Thus the pair (R, T) is a bipolar vague structure ring space.
Notation 3.9. Let (R,T) be a bipolar vague structure ring space. Then
(i). O(R) denotes the family of bipolar vague open ring of a bipolar vague structure ring space (R,T).

(#). C(R)denotes the family of bipolar vague closed ring of a bipolar vague structure ring space (R,T).
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Definition 3.10. Let (R, T) be a bipolar vague structure ring space. Let A = {xw}v;} be a bipolar vague ring in R.

Then
(i). the bipolar vague interior of A is defined and denoted as BVrint(A) = U{B = {z,v},v5} | B € O(R) and B C A}.
(ii). the bipolar vague closure of A is defined and denoted BVrcl(A) = N{B = {z,v},v;} | B € C(R) and A C B}.

Remark 3.11. Let (R, T) be a bipolar vague structure ring space. Let A = {x,v}v;} be a bipolar vague ring in R. Then

the following statements hold:

(i). BVrcl(A) = A if and only if A is a bipolar vague closed ring.
(it). BVrint(A) = A if and only if A is a bipolar vague open ring.
(#i). BVrint(A) C A C BVgcl(A).

(). BVgint(1) =1 and BVgint(0) = 0.

(v). BVrcl(0) =0 and BVgcl(1) = 1.

(vi). BVrcl(A) = BVgint(A) and BVgint(A) = BVgcl(A).

Definition 3.12. Let (R,7) be a bipolar vague structure ring space. Let A = {:r,vj,v;} be any bipolar vague ring in R.

Then the bipolar vague boundary of A is denoted and defined as BVrbd(A) = BVrcl(A) N BVrcl(A).

Proposition 3.13. Let (R, 7) be a bipolar vague structure ring space. Let A and B be any two bipolar vague rings. Then

the following conditions hold:

(i). BVRrbd(A) = BVrbd(A)

(i). If A is a bipolar vague closed ring, then BVrbd(A) C A
(iii). If A is a bipolar vague open ring, then BVgrbd(A) C A

(). Let A C B and B be any bipolar vague closed ring (resp., A be any bipolar vague open ring ). Then BVgrbd(A) C
B(resp., BVRbd(A) C B)

(v). (BVrbd(A)) = BVrint(A) U BVgint(A)
Proof.

(i)

BVgbd(A) = BVicl(A) N BVrcl(A)
= BVrcl(A) N BVacl(A)

= BVrcl(A) N BVacl(A)

= BVgbd(A)

(ii). BVrbd(A) = BVgel(A) N BVgel(A) C BVrcl(A) = A. Hence, BVRbd(A) C A.

(iii). Let A be any bipolar vague open ring. Then A is bipolar vague closed ring. By (ii),BVrbd(A) C A and by (i),
BVrbd(A) C A.
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(iv). Since A C B implies that BVgcl(A) C BVgcl(B), we have BVgbd(A) = BVrcl(A) N BVrcl(A) C BVgcl(B) N
BVrcl(A) C BVrcl(B) = B, since B is a bipolar vague closed ring.

(v). (BVrbd(A))=(BVrel(A) N BVrel(A)=(BVrel(A)) U (BVrel(A) = BVgint(A) U BVrint(A).

The converse of (¢) and (7i) of proposition is not true in general as seen in the following example.

Example 3.14. In evample 3.6 , Consider a bipolar vague ring G, t§, (0) = 0.6, t£ (1) = 0.5, 1 — £} (0) = 0.7, 1 — £} (1) =
0.6, tg (0) = —0.6, t5 (1) = —0.5, 1 — f5 (0) = —=0.7, 1 — f5 (1) = —0.6 clearly, BVrbd(G) C G. But G is not a bipolar

vague closed ring.

Example 3.15. Let R = {0,1} be a set of integers of modulo 2 with two binary operations as follows:

+10|1 -|10|1

00| 1] and|o|0|0

1|11 110|1

Then (R,+,+) is a ring. Define bipolar vague rings B and C on R as follows:

th(0) = 0.6t} (1) = 0.5 1—-fF(0)=081-ff(1)=
t5 (0) = 0.5t5 (1) = 0.41 — f£ (0) = 0.5 1—fE ()=
t5(0) = —0.5t5 (1) = —0.41 — f; (0) = —0.71 — f; (1) = —0.6
t5(0) = —0.3t5 (1) = —0.21 — f5 (0) = —0.51 — f5 (1) = —0.5

Then T = {0,1, A, B} is a bipolar vague structure ring on R. Let
th(0) = 0.5t (1) = 0.11 — f£ (0) = 0.4 1—f+(1)=03
tz (0) = —0.3tz (1) = —0.21 — f5 (0) = —0.51 — f (1) = —0.4

be a bipolar vague ring. Now BVrbd(F) C F. But F is not a bipolar vague open ring.
Definition 3.16. Let A and B be any two bipolar vague rings. Then A — B = AN B.

Proposition 3.17. Let (R, 7) be a bipolar vague structure ring space. Let A = {m, vj", v;} be any bipolar vague ring. Then

the following conditions hold:
(i). BVrbd(A) = BVrcl(A) — BVrint(A)
(ii). BVRrbd(BVrint(A)) C BVrbd(A)
(iii) BVrbd(BVrcl(A)) D BVrbd(A)
(iv) BVrint(A) C A — BVibd(A)
Proof.
(i). Since (BVrcl(A)) = BVgint(A). Therefore,
BVrbd(A) = BVrcl(A) N BVgcl(A)

= BVRCZ(A) — (BVRCZ(Z))

= BVRCZ(A) — BVRint(A).

Thus BVrbd(A) = BVrcl(A) — BVrint(A). Hence (7).
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BVgrbd(BVgint(A)) = BVrcl(BVgint(A)) — BVrint(BVgint(A))
= BVRCZ(BVRint(A)) — BVR’int(A)
g BVRCZ(A) - BVRint(A)

= BVrbd(A).

(ii).

BVgrbd(BVrcl(A)) = BVgrcl(BVrcl(A)) — BVrint(BVrcl(A))
= BVgcl(A) — BVgint(BVgcl(A))
D BVgcl(A) — BVgrint(A)

= BVgbd(A).

A — BVgbd(A) = AN (BVrbd(A))

= AN (BVgcl(A) N BVrcl(A))

= AN (BVgint(A) U BVgint(A))

= (AN BVgint(A)) U (AN BVrint(A))
= (AN BVgint(A)) U BVgint(A)

;) BVRint(A) .

O

Remark 3.18. Let (X,7) be a bipolar vague topological space. Let A and B be any two bipolar vague sets. Then
NicsBVcl(A;) 2 BVcl(Nies(As), where J is an indezed set.

Proposition 3.19. Let (R, 7) be a bipolar vague structure ring space. Let A and B be any two bipolar vague rings. Then,

BVrbd(A U B) C BVibd(A) U BVibd(B).

Proof.

BVrbd(AU B) = BVrcl(AU B) N BVrcl(AU B)
C (BVgel(A) U BVgel(B)) N (BVrel(A) N BVgel(B))
= [BVgel(A) N (BVrel(A) N BVgrel(B))U
[BVRrel(B) N (BVrel(A) N BVrel(B))] = (BVrbd(A) N BVrel(B)) U (BVrbd(B) N BVrcl(A))

C BVrbd(A) U BVrbd(B).

In above Theorem, the equality does not hold as shown in the following example.
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Example 3.20.

0lo]1| and|0|0|0

Then (R,+,-) is a ring. Define bipolar vague rings A, B, C' and D on R as follows:

th(0)=0.7th (1) =051 — f1 (0) =071 — ff (1) =0.7
t5(0) = 0.7t5 (1) = 0.51 — £ (0) = 0.81 — f (1) =0.7
t&(0) = 0.4t5 (1) = 0.31 — £& (0) = 0.61 — f& (1) = 0.5
t5(0) = 0.5t5, (1) = 0.41 — f3 (0) =0.71 — 5 (1) = 0.5
4 (0) = —0.4t5 (1) = —0.31 — f5 (0) = —0.51 — f; (1) = —0.4
tp (0) = —0.5t5 (1) = —0.41 — f5 (0) = —0.61 — f5 (1) = —0.5
to (0) = —0.3t5 (1) = —0.21 — f& (0) = —0.41 — f5 (1) = —0.3

tp (0) = —0.4tp (1) = —0.21 — f5 (0) = —0.51 — fp (1) = —0.4

Then 7 = {0,1,A, B,C, D} is a bipolar vague structure ring on R. Let t} (0) = 0.5; t& (1) = 0.4; 1 — f% (0) = 0.5;
1— £ (1) =04; t; (0) = —0.6; t5 (1) = —=0.4; 1 — f5 (0) = —0.6; 1 — f5 (1) = —0.4 be the bipolar vague rings.It is easily
verify that BVabd(F U G) # BVrbd(F) U BVrbd(G).

Proposition 3.21. Let (R, 7) be a bipolar vague structure ring space. Let A and B be any two bipolar vague rings. Then,

BVgbd(AN B) C BVgbd(A) U BVrbd(B).

Proof.

BVrbd(AN B) = BVrcl(AN B) N BVrcl(AN B)
C (BVrcl(A) N BVgcl(B)) N (BVgcl(A) U BVrcl(B))
= [(BVgcl(A) N (BVrel(B)) N BVrcl(A)] U [(BVrcl(A) N BVrcl(B)) N BVrcl(B)]
= (BVrbd(A) N BVicl(B)) U (BVgbd(B) N BVrcl(A))

C BVRbd(A) U BVRbd(B).

In general, the equality of the above theorem does not hold as seen from the following.

Example 3.22. In ezample choose bipolar vague rings t} (0) = 0.6; t5 (1) = 0.5; 1— fi (0) = 0.7; 1 — f (1) = 0.6; t (0) =
—0.4;tp (1) = =0.3; 1 — fz (0) = —0.6; 1 — fr (1) = —0.7; t5 (0) = 0.2; t5 (1) = 0.1; 1 — 4 (0) = 0.3; 1 — £} (1) = 0.4;
te(0)=-03;t;(1) =-02;1— f; (0) = —0.5; 1 — f5 (1) = —0.5 gives that BVrbd(F N G) # BVrbd(F) U BVrbd(G).

Proposition 3.23. Let (R, 7)be a bipolar vague structure ring space. Let A be any bipolar vague rings. Then the following

conditions hold:

(i). BVrbd(BVRgbd(A)) C BVrbd(A)
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(ii). BVrbd(BVrbd(BVrbd(A))) C BVrbd(BVrbd(A)).
Proof.
().
BVgbd(BVgbd(A)) = BVrcl(BVrbd(A)) N BVrcl(BVrbd(A))

C BVrel(BVgbd(A))

= BVrbd(A).

(i).

BVgrbd(BVrbd(BVrbd(A))) = BVrcl(BVrbd(BVg(bd(A))) N BVrcl(BVrbd(BVrbd(A)))

= BVrbd(BVgbd(A)) N (BVrcl(BVrbd(BVrbd(A)))

C BVRbd(BVgrbd(A)).

O

Definition 3.24. Let A = (z,v}(z),v4(z)) be a bipolar vague ring of X and B = (z,v}(x),vg(x)) be a bipolar vague ring
of Y, then the bipolar vague ring A x B = (v} x v, v, xvg) of X x Y is defined as (v} x vh)(z,y) = min {v}(z),vE(y)}
for every (z,y) € X XY and (v x vg)(z,y) = maz {v,(x),v5(y)} for every (x,y) € X x Y.

Definition 3.25. Let (R1,7) and (Rz2,0) be any two bipolar vague structure spaces. The bipolar vague ring product space
of (R1,7) and (Ra,0) is the cartesian product (R1,7) X (Rz,0) of sets (R1,7) and (R2,0) together with the bipolar vague

structure ring Ry x Ra generated by the family, {p7'(A),p;*(B) | A € R1,B € Rz, where p1 and pa are projections of
(R1,7) X (R2,0) onto (R1,7) and (Rz2,0)}.

Proposition 3.26. Let A, B,C and D be bipolar vague rings in X, Then (AN B) x (CN D)= (Ax D)N(B x D).

Proof.
((vh Nvp) x (v Nvp))(z,y) = min((v} Nvg)(@), (v5 Nvp)(y))
= min(min(v} (), v5 (2)), min(vé (), v5 (y)))
= min(min(v; (z), vp(y)), min(v (2), v (y)))
= min((vA x vp)(z,y), (vh X v&)(x,y))
= ((vh x vp) N (vg x v&))(x,y)
Similarly,
((va Nwg) X (ve Nvp)) (2, y) = max((vy Nwvg)(@), (ve Nvp)(Y))
= max(max(vy (z),vp (2)), max(ve (), vp (y)))
= max(max(vy (z),vp (y)), max(vp (z), vo (y)))
=max((vy X vp)(z,y), (vp X vo)(z,y))
= ((va xvp) N (v X ve)) (2, Y).
Hence, (AN B) x (CND)=(AxD)Nn(Bx D). O
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Proposition 3.27. If A is a bipolar vague ring in X and B is a bipolar vague ring in' Y, then

(). (Wi x 1) N1 xvE)=vhxvh and (vy x —1)N (=1 x vg) = v, X vp.
Proof.  Let A= (z,v}(x),v;(®)), and B = (y,v(y),v5(y)). Since v} x 1 = (z,min(t},1),min(1 — f1,1)) = (z,t},1 -
D) =vk and 1 x vt = (y,min(1,t3), min(1,1— f£)) = (y,t5,1— ) = v}, we have (v} x )N (1 xvk) = vi(2)NvE(y) =
((z,y), min(t}(z), t5(y)), min(l — f4(z),1 ~ f5(y))) = vi x vg. Similarly,
vy x—1=(xz,max(ty, —1),max(—1-f,,—1)) = (z,t,,—1—f,) = v, and —1xvg = (y,maz(—1,t5), max(—1,-1-f5)) =
(y,t5,—1— f) = vy, we have (v; x —1)N (=1 xv3) = v, (z) Nv;(y) = ((z,y), maz(t;(z),t5(y)), maz(—1— f; (), -1 —

f5())) =v, x vg. Hence the proof. B

Proposition 3.28. If A = (z,v}(x),v}(x)) is a bipolar vague in Ry structure space and B = (z,v};(z),v5(x)) is a bipolar

vague in Ry structure space, then
(i). BVR,cl(A) x BVR,cl(B) DO BVrcl(A x B).
(i1). BVg,int(A) x BVg,int(B) C BVgint(A x B).
Proof.
(i). Since A C BVg,cl(A) and B C BVg,c(B), A x B C BVg,cl(A) x BVr,cl(B) Now, BVgrcl(A x B) C
BVgcl(BVg, cl(A) x BVg,cl(B)) such that BVrcl(A x B) C BVg, cl(A) x BVg,cl(B).
(ii). Follows from (i).

O

Proposition 3.29. Let (X, R;)(i = 1,...,n) be a family of bipolar vague product related structure spaces. If each A; is a

bipolar vague ring in X, then
BVgrbd H(Al) = [BVRbd(Al) X oo X BVRCZ(ATL)} U [BVRCZ(Al) X oo X BVRCl(An)] U---u [BVRCZ(Al) X e X BVRbd(An)]
i=1

Proof. 1t suffices to prove this for n = 2. Consider

BVirbd(Ay x As) = BVrel(A1 x As) — BVrint(A; x As)
= (BVrcl(Ar) x BVrcl(As)) — (BVrint(Ar) x BVrint(As))
= (BVrel(Ar) x BVrcl(As) — (BVrint(Ar) N BVacl(A1)) x (BVrint(As) N BVrcl(As))
= (BVrel(A1) x BVrcl(As)) — (BVrint(A1) x BVrcl(As)) N (BVacl(Ar) x BVrint(As))
= [(BVacl(A1) x BVacl(As)) — (BVrint(A1) x BVrel(A2))] U [(BVacl(A;) x BVrcl(As))
— (BVacl(A1) x BVrint(As))]
= [(BVrcl(Ar) — BVrint(A1)) x BVgcl(As)] U [BVrel(A1) x (BVrel(As) — BVrint(As))]

= ((BVrbd(A1) x (BVrel(A)) U (BVrel(A1) x (BVrbd(As)).

O

Definition 3.30. Let (R1,7) and (R2,0)be any two bipolar vague structure ring spaces. A function f : (R1,7) — (R2,0)
is said to be bipolar vague ring continuous if and only if for each bipolar vague open ring B in (R2,0) the inverse image

f7Y(B) is a bipolar vague open ring in (Ry,T).
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Proposition 3.31. Let (Ri,7) and (R2,0) be any two bipolar vague structure ring spaces. Let f : (Ri,7) — (R2,0) be a

bipolar vague ring continuous function. Then, BVrbd(f (A)) C f~*(BVrbd(A)).

Proof. Let f be a bipolar vague ring continuous function. Let A be any bipolar vague ring in (R2, ). Then, BVgcl(A) is

a bipolar vague closed ring in (Rz, o), which implies that f~'(BVgcl(A)) is a bipolar vague closed ring in (R1, 7). Therefore,

BVrbd(f~'(A)) = BVrcl(f~(A)) N BVrel(f~1(A))
C BVrel(f~" (BVrcl(A))) N BVrel(f ™ (BVrcl(A)))
= f Y (BVgd(A)) N f~(BVrcl(A))
= fY(BVgd(A) N BVrcl(A))

= f~(BVgrbd(A))

Therefore, BVrbd(f~*(A)) C f~1(BVzbd(A)). O
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