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1. Introduction

A simple model equation is the Korteweg-de Vries (KdV) equation [? ]

v + 6VVy + OVzez =0, (1)

which describe the long waves in shallow water. Its modified version is,

wr — 6u Ug + Uggs = 0 (2)

and again there is Miura tramsformation [? ]

v=1u’+u, , 3)

between the KdV equation (1) and its modified version (2). In 2002, Liu and Yang [? ] studied the bifurcation properties
of generalized KdV equation (GKdVE)

Ut + au"uy + Usee =0, a ER, n € ZT . (4)

Gungor and Winternitz [? | transformed the Generalized Kadomtsev-Petviashvili Equation (GKPE) (u¢ + p(t)uus +

Q) Uswa)e + o (Y, )uyy + aly, t)uy + by, t)uay

+e(y, ugs + e(y, t)us + f(y, )u+ h(y,t) =0, (5)
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to its canonical form and established conditions on the coefficient functions under which (5) has an infinite dimensional
symmetry group having a Kac-Moody-Virasoro structure. In [? ], they carried out the symmetry analysis of Variable

Coefficient Kadomtsev Petviashvili Equation (VCKP) in the form,
(uf + f(IIZ, Y, t)uuﬁ? + g(a:, Y, t)u;z;q;,r)g) + h(I, Y, t)uy =0.

The equal width (EW) wave equation was suggested by Morrison and Meiss [? | to be used as a model partial differential
equation for the simulation of one-dimensional wave propagation in a nonlinear medium with a dispersion process. The EW
wave equation is an alternative description of the nonlinear dispersive waves to the more usual Korteweg de Vries (KdV)
equation. It has been shown to have solitary wave solutions and to govern a large number of important physical phenomena
such as shallow water waves and plasma waves. In this chapter, we discuss the symmetry reductions of the (2+1)-dimensional

Equal Width wave equation with damping term
Ut + U+ uty — p(Uzar + Uyyt) =0, where p € R . (6)

Our intention is to show that equation (6) admits a three-dimensional symmetry group and determine the corresponding
Lie algebra, classify the one- and two-dimensional subalgebras of the symmetry algebra of (6) in order to reduce (6) to
(141)-dimensional PDEs and then to ODEs. We shall establish that the symmetry generators form a closed Lie algebra
and this allowed us to use the recent method due to Ahmad, Bokhari, Kara and Zaman [? ] to successively reduce (6) to
(141)-dimensional PDEs and ODEs with the help of two-dimensional Abelian and non-Abelian solvable subalgebras. This
chapter is organised as follows: First, we determine the symmetry group of (6) and write down the associated Lie algebra.
secondly, we consider all one-dimensional subalgebras and obtain the corresponding reductions to (141)-dimensional PDEs.
Next, we show that the generators form a closed Lie algebra and use this fact to reduce (6) successively to (141)- dimensional

PDEs and ODEs. Finally, we summarises the conclusions of the present work.

2. The Symmetry Group & Lie Algebra of u;+u-+uuy, — p(uget +uyyt) = 0

If (6) is invariant under a one parameter Lie group of point transformations (Bluman and Kumei [3], Olver[? ])

= z4eb(z,y t;u)+O0(2), (7)
y' = y+en(zytu)+ 0, (8)
t" = t+er(z,y t;u) +O0(), (9)
u* = uted(z,y,t;u) +O(E) . (10)

Then the third Prolongation PrS(V) of the corresponding vector field

0 0 ad 0
V= 5(x3y7tau)% + n(x7ya tv u)ai,y + T(J],y, ta u)& + ¢)(£L’,y7 t? u)%’ (11)
satisfies
pr3(V)Q(z, y, t; w)|Q(z,y,t;u=0 = 0. (12)
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The determining equations are obtained from (12) and solved for the infinitesimals &, 7, 7 and ¢. They are as follows

£ =k, (13)
n = ks, (14)
T = kg, (15)
¢ = 0. (16)

At this stage, we construct the symmetry generators corresponding to each of the constants involved. Totally there are three

generators given by

Vi = oz,
Vo = 0Ot
Vs = 0y.

The symmetry generators found in Eq.(17) form a closed Lie Algebra whose commutation table is shown below.

Vi, V51| V1| V2 | V3
Vi
Va
V3 0[0|0

Table 1. Commutator Table

The commutation relations of the Lie algebra, determined by Vi, V2 and V3 are shown in the above table. For this three-
dimensional Lie algebra the commutator table for V; is a (3 ® 3) table whose (i, )" entry expresses the Lie Bracket [V;, V;]
given by the above Lie algebra L. The table is skew-symmetric and the diagonal elements all vanish. The coefficient C; ;
is the coefficient of V; of the (i,5)" entry of the commutator table. The Lie algebra L is solvable. In the next section,
we derive the reduction of (6) to PDEs with two independent variables and ODEs. These are three one-dimensional Lie
subalgebras

Ls,l = {‘/1} ) Ls,2 - {VZ} ) Ls,3 = {‘/3} 5

and corresponding to each one-dimensional subalgebras we may reduce (6) to a PDE with two independent variables. Further
reductions to ODEs are associated with two-dimensional subalgebras. It is evident from the commutator table that there are

no two-dimensional solvable non-abelian subalgebras. And there are three two-dimensional Abelian subalgebras, namely,

Lax={V1,Va}, La2={V1,V3}, Laz={Vs,V5}.

3. Homotopy Perturbation Method (HPM)

To describe the HPM, consider the following general nonlinear differential equation

Aw) = f(r) =0, rEQ, (17)
under the boundary condition
ou
B(u, a—n) =0, reodf, (18)
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where A is a general differential operator, B is a boundary operator, f(r) is a known analytic function and 9 is a boundary
of the domain 2. The operator A can be divided into two parts L and N, where L is a linear operator while N is a nonlinear

operator. Then Eq. (17) can be rewrittten as

L(u) + N(u) — f(r) =0, (19)
Using the homotopy technique, we construct a homotopy:

V(ir,p) : 2 x[0,1] = R
which satisfies

H(V,p) = (1 = p)[L(V) = L(uo)] + p[A(V) = f(r)]

or
H(V,p) = L(V) — L(uo) + pL(uo) + p[N(V) = f(r)], r€Q, pe€[0,1], (20)
where p € [0,1] is an embedding parameter, uo is the initial approximation of Eq. (17) which satisfies the boundary

conditions. Obviously, considering Eq. (20), we will have

H(V,0) = L(V) — L(uo) = 0,

H(V,1) = A(V) = f(r) =0, (21)

changing the process of p from zero to unity is just that V' (r, p) from uo(r) to u(r). In topology, this is called the deformation
also A(V) — f(r) and L(u) are called as homotopy. The homotopy perturbation method uses the homotopy parameter p as

an expanding parameter [? ? 7 ] to obtain
V = wo + po1 + p’va +p3v3+---:ip"vn. (22)
n=0
p — 1 results the approximate solution of eq (17) as
U—Fl)LIrllV—U0+U1+UQ+~~~—7§:()Un. (23)

A comparison of like powers of p gives the solutions of various orders. Series (23) is convergent for most of the cases.
However, convergence rate depends on the nonlinear operator,N(V'). He [? | suggested the following opinions:

(1). The second derivative of N (V) with respect to v must be small as the parameter p may be relatively large.

(2). The norm of L™'2Y¥ must be smaller than one so that the series converges.

ou

Now, we implement the HPM method to Eq.(??). According to HPM, we construct the following simple homotopy

Ut + Pl(—p1Uey @it — f2Uasoat — 0 = PnlUa,,z,t) — VUUz, ] = 0. (24)
With the initial approximation u(z1,...,Zn,0) = uo(z1,z2,...,Zn), we suppose that the solution has the following form
w(@y, ..., @0, t) = w1, ..., Tn,t) +pus (@1, ..., Tn,t) + pPua(@e, ..., Tn,t) +.. .. (25)
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Insertion of eqn. (25) into eqn. (24) and equating the term with like powers of p, we get

o Ouo
. —— =0. 2
P =0 (26)
1 Bul 83uo 83u0 83’M0 8’&0
Py (‘“ oc2or M oazor T TP aazar ) TV 0 00, (27)
2 . a’(L2 o 83u0 03U0 63u0 aul 8’&0
P T (’“ 020t M oxzor T T am2ar ) TV M0z T om0 (28)

and so on. We solve Egs. (26)-(28), to get the values of uo, u1,u2 etc. Thus as considering Eq. (25) and letting p = 1, we

obtain the approximate analytic solution of Eq. (?7?) as
(X1, oy Tnyt) = uo(X1,. .oy Ty t) Fur(x1, ..oy Tnyt) +u2(z1, ..oy Tnyt) + ... (29)

4. Computational Illustrations of HPM

In this section, we describe the above method by the following examples to validate the efficiency of the HPM.

Example 4.1. Consider the (n+1)-dimensional Equal Width wave equation and assuming the constants v = uis =1 as,
Ut = Ugqzt T Uzgaot + *+° + Uz pa,t + Uz, (30)

under the initial condition

u(z1,z2,...,&n,0) =uo(x1,T2,...,Tn) =T1 + T2+ + Tn. (31)

Applying the homotopy perturbation method to Equation (30), we have
Ut + pl(— Uz, 21t — Uzg,mnt — *** — Uzp,ant) — Uz, ] = 0. (32)
In the view of HPM, we use the homotopy parameter p to expand the solution
w(x1, T2, ..., Tn,t) = uo + pu1 +pQU2+... (33)
The approximate solution can be obtained by taking p = 1 in Eq. (33) as
u(T1, T2, ... Tnyt) =uo +ur +uz + ... (34)

Now substituting from Eq. (32) into Equation (31) and equating the terms with identical powers of p, we obtain the series

of linear equations, which can be easily solved. First few linear equations are given as

o, Ouo _
Py = 0. (35)
10w (Pu  Puo o Puo uy 210 (36)
P e T \ o220t T 9x20t 9120t Dzs”
2 . aUQ _ 83u0 831,L0 8371,0 8714 8uo
P T (aﬁaﬁmgaﬁ"'*m%m T\ T ) (37)
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Using the initial condition (31), the solution of Equation (35) is given by

u(z1, T2, .., &Tn,0) =wo(x1,Z2,...,2n) = (x1 + T2+ + Tn).

Then the solution of Equation (36) will be

Pug ug &ug Oug
W@, @) /((axfat oazor T 617%815) +“0671) dt.

0
ut(z1, T2, ..., Tn,t) = (1 + 22+ - + )t

Also, we can find the solution of Equation (37) by using the following formula

t
83’LL0 83u0 63u0 8u1 (9’11,0
T ) = dur
uz(@1;.--, 2n,¢) /(8x§8t+8x§8t+ *m%m)*(“”a T e
0

Uz (T1, T2,y Tnyt) = (21 + a2 + -+ 28

etc. Therefore, from Equation (38), the approximate solution of Equation (30) is given as

ou) .

u(:c1,...7xn,t):(x1+-~~—|—;rn)+(:c1+---+:En)t+(x1+~~~+xn)t2+...

Hence the exact solution can be expressed as

(z14+ 224+ 20)
(1-1) '

u(x1, T2, ..., Tn,t) =

provided that 0 <t < 1.

4.1. Illustration of HPM for (3+1)-dimensional Equal Width wave equation

Consider the (3+1)-dimensional Equal Width wave equation as,

Ut = Uggt + Uyyt + Uzzt + Uy,

under the initial condition

u(z,y,2,0) = uo(x,y,2) =x +y+ 2.

Applying the homotopy perturbation method to Equation (45), we have

Ut +p[(7uzzt — Uyyt — Uzzt) - Uuz] =0.

In the view of HPM, we use the homotopy parameter p to expand the solution

u(x,y, z,t) = uo + pur + p us + . ..

The approximate solution can be obtained by taking p = 1 in Equation (48) as

u(x7y7z7t):u0+u1 G+ us + ...

(41)

(42)

(44)

(46)

(47)

(49)
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Now, substituting Equation (48) into Equation (47) and equating the terms with identical powers of p, we obtain the series

of linear equations. First few linear equations are given as

0.3’&0

D E:O.

1 aU1 83UO 3311,0 8311,0 5'U()
o = + +uo—o—-
ot 0x20t  0y20t 0220t Ox

2 . aUQ _ ( 83uo 83uo a3u0 > + ( 8u1 auO)

P =\ om0t T oot T o201 U0y T,

Then the solution of Equation (50) using the initial condition (46) is given by
w(@,y,2,0) = uo(z,y,2) = (x +y +2).

We derive the solution of Equation (51) in the following form

t
d3uo Pug 9*uo Ouo
t) = Oz
ui(z,y, z,t) / (&ﬁ@t + D20t + 32281:) + uo Ox
0
ul(w,y7z,t) = (x—|—y—|—z)t

Also, we can find the solution of Equation (52) by using the following formula

t
- 8311,0 8311,0 83uo 6’11,1 8UO
uz(2,y,2,t) = / (830281% *ograr 8z28t) + (“OE + “1%> dt.

0
us(x,y,2,t) = (x +y + 2)t°.

etc. Therefore, from Equation (49), the approximate solution of Equation (45) is given as

u(z,y,2,t) = (@ +y+2)+(@+y+2)t+(@+y+ )7 +...

Thus, the exact solution can be expressed as

(z+y+2)

u(x’y’z7t) = (1—t) i

provided that 0 <t < 1.

4.2. Tllustration of HPM for (2+1)-dimensional Equal Width wave equation

Consider the (2+1)-dimensional Equal Width wave equation as,

Ut = Ugzt + Uyyt + Uy,

under the initial condition

u(z,y,0) = uo(z,y) =2 +y.

Applying the homotopy perturbation method to Equation (60), we have

Ut + pl(—Uazt — Uyye) — U] = 0.

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(60)
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In the view of HPM, we use the homotopy parameter p to expand the solution

u(z,y,t) = uo + pus +p2u2 +... (63)

The approximate solution can be obtained by taking p = 1 in Equation (63) as

u(z,y,t) = uo +ur +uz + ... (64)

Now, substituting Equation (63) into Equation (62) and equating the terms with identical powers of p, we obtain the series

of linear equations. First few linear equations are given as

o'aUQ

1. 5‘U1 _ 83UO 8311,0 8u0

P T <8m28t agrot ) T og (66)
2 . (9112 _ 83U() 83u0 8u1 aU()
P T <8x28t+ ayrot) T\ "0 T, ) (67)

Then the solution of Equation (65) using the initial condition (46) is given by

u(z,y,0) = uo(z,y) = (z +y). (68)

We derive the solution of Equation (66) in the following form

t
_ 83UQ 8311,0 auO
wu(@y,t) = / (81‘2815 + 8y28t) truoge (69)
0
ur(z,y,t) = (z + y)t. (70)

Also, we can find the solution of Equation (67) by using the following formula

t

B ABug Pug duq Oug
uz(z,9,t) = / <m + 6y26t) + (“037 + “15) dt. (1)

0

uz(z,y,t) = (x + y)t2. (72)

etc. Therefore, from Equation (64), the approximate solution of Equation (60) is given as

wz,y,t) =(@+y)+ @+y)t+ (@ +y)t2 +... (73)

The exact solution can be expressed as

u(xvyv t) = (1 — t) ’ (74)

provided that 0 <t < 1.
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4.3. Illustration of HPM for (1+1)-dimensional Equal Width wave equation
Consider the (1+1)-dimensional Equal Width wave equation as,
Ut = Ut + Uik, (75)

under the initial condition
u(z,0) = uo(z) = 2. (76)

Applying the homotopy perturbation method to Equation (75), we have
Ut + pl—Uzat — vz = 0. (77)
In the view of HPM, we use the homotopy parameter p to expand the solution
u(z, t) = uo + pus + pPua + ... (78)
The approximate solution can be obtained by taking p =1 in Eq. (78) as
u(z,t) =uo +ur +uz + ... (79)

Now, substituting Equation (78) into Eq.(77) and equating the terms with identical powers of p, we obtain the series of

linear equations. First few linear equations are given as

o, Ouo _
PG =0, (80)
T T duo
P T (8302816) R (81)
2, Ouz _ ( Ouy ou ,  duo
P T (8x28t) + (“" T > ' (82)

Then the solution of Equation (80) using the initial condition (46) is given by

u(z,0) = uo(z) = (2x). (83)

We derive the solution of Equation (81) in the following form

[ u u
wot) = [ (S ) + w5, (84)
ui(z,t) = —4(x)t. (85)

Also, we can find the solution of Equation (82) by using the following formula

t
o 83u0 8U1 Buo
uz(@,t) = / (m) + (“037 tugy ) (86)

ug(x,t) = 8(x)t>. (87)

etc. Therefore, from Equation (79), the approximate solution of Equation (75) is given as
u(z,t) = 2z — dat + 8zt + ... (88)

Hence, the exact solution can be expressed as
2x)
u(z,t) = (1(+ 2 (89)
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5. Adomian Decomposition Method (ADM)

Consider the following linear operator and their inverse operators:

0 5
L = — La;a: :77 :1,2,..., .
tT Gy tmemet T Gag ! "
t x; t
L =/(.)dt, [ =//(.)d7drd% i=1,2...n.
0 0 0

Using the above notations, Equation (??) becomes

(Z L 2t ) +vu g;i, (90)

operating the inverse operators L; ! to Equation (90) and using the initial condition gives

ou

u(x1,...,Tn,t) = uo(x1,...,Tn,t) +Lt <Zaz z;,25,t ) +1/Lt “871 (91)

The decomposition method consists of representing the solution u(z1, 2, ..., Zn,t) by the decomposition series
u(wl,xg,...,xn,t):Zuq(ml,xg,...,xn,t). (92)

q=0
The nonlinear term ué‘%‘l is represented by a series of the so called Adomian polynomials, given by

Ag(x1,22,...,Zn,t). 93
8962 z:: 1,22, .., Tn, t) (93)
The component ug(z1, T2, ..., Tn,t) of the solution u(x1,x2,...,Tn,t) is determined in a recursive manner. Replacing the

decomposition series (92) and (93) for w into Equation (91) gives

oo
E Ug(Z1, T2, ..., Tn,t) = uo(T1,...,Zn,t) + Ly <E &iLg; w1 )
q=0

+ VL{leq(xl,:rg,...,xn,t). (94)
q=0
According to ADM the zero-th component uo(z1,...,Zn,t) is identified from the initial or boundary conditions and from
the source terms. The remaining components of u(z1,...,Z,,t) are determined in a recursion manner as follows
uo(Z1, ...y Tn,t) = uo(z1,...,Tn), (95)
Uk(ml,...7£l,'n, - <Zal T, Tt > +VLt (Ak)+7L71(uk)v k 2 0> (96)

where the Adomian polynomials for the nonlinear term uaf’T"l are derived from the following recursive formulation,

1 d* - i - i
Ak—mw(<;Aui> <iz;>\ui>>k_o,k_07l,2,.... (97)
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First few Adomian polynomials are given as

Aug o Ow Ouo
Ao =wo oz, A =wo g + u1 oz,
_ a’LLo 8u1 BUQ
A2 =2 8.131 + u 8131 + o aitl ’ (98)

using Equation (96) for the adomian polynomials Ax, we get

Uo(T1, .oy Tnyt) = uo(T1, ...y Tn), (99)

ui(T1, .. Tnyt) = Ly" (Z aiin,zi,t(uo)> +vL; (Ao) + vL ™ (o), (100)
i=1

Uz (1, ..., o0, t) = L7 (Z aiin,zi,t(u1)> +vLy (A + L (w), (101)
=1

and so on. Then the ¢-th term, uq can be determined from

qg—1
uq:Zuk(:cl,...,xn,t). (102)
0

Knowing the components of u, the analytical solution follows immediately.

6. Computational Illustrations of ADM for (n+1)-dimensional Equal
Width Wave Equation

Using Equations (97) and (98), first few components of the decomposition series are given by

Uo(T1, .. Tnyt) = (X1 + -+ + Tn), (103)
Ul (T1, ..y Tnyt) = (X1 + - + 20)t, (104)
ug(21, ... T, t) = (@1 + - + @)t (105)
uz (21, ... T, t) = (@1 + - + 207, (106)

Then by the decomposition series, we get the solution

(oo}

w(zy,...,Tn,t) = Zuk(xl,...,xn,t),

k=0
= uo(®1,...,Tnyt) Fur(®1, ..., Tn,t) Fu2(T1, ..., Tn, ) + ...,

= (@14 Fx )AL +t+7+...) (107)

Hence, the exact solution can be expressed as

(14 + )

=) (108)

(1, ..., Tn,t) =
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6.1. Adomian Decomposition Method for (3+1)-dimensional Equal Width wave
equation

Using Equations (97) and (98), first few components of the decomposition series are given by

uo(w,y, 2,t) = (z +y+ 2), (109)
ui(z,y,2,t) = (x +y + 2)t, (110)
us(z,y, 2,t) = (¢ +y + 2)t*, (111)
us(x,y, 2,1) = (@ +y + 2)t°, (112)

and so on. By the decomposition series, we get the solution

oo

u(x7 y? Z7 t) = Zuk(x7 y? Z7 t)7

k=0
= uo(x7yaz7t) +u1(:v,y,z,t) +U2(l’,y,z,t) +

(x4+y+2)A+t+2+2+...) (113)

Therefore the exact solution can be expressed as

(z+y+2)

T (114)

u(x’ y7 z? t) =

provided that 0 <t < 1.

6.2. Adomian Decomposition Method for (2+1)-dimensional Equal Width wave
equation

Using Equations (97) and (98), first few components of the decomposition series are given by

uo(z,y,t) = (z +y), (115)
ui(z,y,t) = (z + y)t, (116)
uz(z,y,t) = (:E+y)t2, (117)
us(z,y,t) = (z + y)t°, (118)

and so on. By the decomposition series, we get the solution

oo}

U(CE,y, t) = Zuk(xvyyt):

k=0
uo(z,y,t) +ui(z,y,t) +ua(z,y,) + ...,

(+y)(I+t+2+2+..0) (119)

Therefore the exact solution can be expressed as

(z+y) (120)

provided that 0 <t < 1.
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6.3. Adomian Decomposition Method for (1+1)-dimensional Equal Width wave

equation

Using Equations (97) and (98), first few components of the decomposition series are given by
uo(z,t) = (2z),

ui(z,t) = (—4x)t,
uz(z,t) = (817,
us(z, t) = (—16z)t°,

and so on. By the decomposition series, we get the solution

o0

u(z, t) = Z uk(z,t),

k=0
uo(x,t) + ui(z, t) + ua(z,t) + ...,

= 2z — 4dat + 8zt® — 16x¢>

Finally, the exact solution can be expressed as
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