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1. Introduction

A space is said to be scattered if every nonempty subset of it contains a point isolated with respect to the relative topology.

The study of scattered spaces is having unlimited importance, because they have a plenty of interesting properties. For

example, in [2], it is proved that every topological space is a closed continuous image of a scattered space. V.Kannan and

M.Rajagopalan had worked on these spaces, which can be seen in [1], [2], [3].

In this paper, we introduce the concept of a particular type of scattered space, called strictly scattered space and study its

properties. Let us start with some preliminaries.

2. Preliminaries

Definition 2.1 ([4]). A reflexive transitive relation R on a set X is called a pre-order on X. The ordered pair (X,R) is

called a pre-ordered set.

Definition 2.2. A linearly ordered set is well ordered if every nonempty subset has a first element.

Definition 2.3 ([1]). A topological space (X,T ) is said to be scattered if every nonempty subset of it contains a point isolated

with respect to the relative topology.

Definition 2.4 ([1]). Let X be a topological space. Let A ⊂ X. We define Ao = A;A1 = {x/x ∈ A and x ∈ cl(A− {x})}.

If α is an ordinal and Aα has been defined, then we put Aα+1 = (Aα)1. If α is a limit ordinal and Aβ has been defined for

all ordinals β < α, then we put Aα = ∩β<αAβ. If α is an ordinal we call Aα the αth derivative of A. A topological space X

is said to have a derived length if Xα = ∅ for some ordinal α. In this case, the derived length of X is defined as the least

ordinal α so that Xα = ∅.
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Definition 2.5 ([4]). Let T be a topology on a set X. Then we can associate with it a pre-order ≤ on X such that a ≤ b if

and only if every open set containing b contains a.

Definition 2.6 ([4]). Let (X,≤) be a pre-ordered set. Let x ∈ X. Then define {x̄} = {y : x ≤ y} and {x̂} = {y : y ≤ x}.

Denote the smallest topology on X for which the sets {x̄} are closed for every x in X by µ(≤) and the smallest topology on

X for which the sets {x̂} are open for every x in X by ν(≤).

Lemma 2.7 ([4]). A topology T on X has the associated pre-order ≤ on X if and only if

µ(≤) ⊂ T ⊂ ν(≤)

Lemma 2.8 ([4]). If (X,≤) is a linearly ordered set, then µ(≤) = ν(≤) if and only if every non maximum element has a

successor.

Now let us state the main result.

3. Strictly Scattered Spaces

We will start with the definition of a strictly scattered space.

Definition 3.1. A topological space (X,T ) is said to be stricty scattered if every nonempty subset of it contains one unique

isolated point with respect to the relative topology.

The following lemma gives an example of a strictly scattered space.

Lemma 3.2. A well-ordered set with the initial segment topology is a strictly scattered space.

Proof. Let X be a well-ordered set and T be the initial segment topology on X. Let A ⊂ X and a ∈ A be the first

element of A. Take b ∈ A as the first element of A− {a}. Let U be the initial segment of b in X. Then U is open in X and

U ∩A = {a}. i.e., a is an isolated point of A with respect to the relative topology on A.

Now let c be any element of A − {a, b}. Then a < b < c and so every open set of X containing c contains a and so that c

will not be an isolated point of A with respect to the relative topology.

thus a is a unique isolated point of A, and since A is arbitrary, (X,T ) is strictly scattered.

Let us state the main theorem.

Theorem 3.3. A topological space is strictly scattered if and only if it is homeomorphic to the initial segment topology on

a well ordered set.

Proof. Let (X,T ) be a strictly scattered topological space. Define a linear order on X as follows. If a, b ∈ X, then a < b

if and only if a is the unique isolated point of the subspace {a, b} of X.

Then the unique isolated point of any subspace A will be the first element of A. For, let a ∈ A be the unique isolated point

of A and suppose there exist b ∈ A such that b < a. Then b is the unique isolated point of the subspace {a, b}, which implies

that every open set of X containing a contains b, which contradicts the fact that a is an isolated point of A. Thus X is well

ordered. Now let a ∈ X be a non maximum element of X and let A be the set of all successors of a in X. Take the first

element b of A, then b is the immediate successor of a, for if a < c < b, then c ∈ A and c < b, which is a contradiction. Since

X satisfies the property that every non maximum element has an immediate successor, by [4], µ(R) = ν(R) . .i.e., there

exist one and only one topology on X with this property. By Lemma 3.2, a well-ordered set with initial segment topology

satisfies this property. ∴ X is homeomorphic to the initial segment topology on X.
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Remark 3.4. By Theorem 3.3 it is clear that there is a well ordered set associated with a strictly scattered space. Thus we

can associate an ordinal number Ord(X) with every strictly scattered space.

Corollary 3.5. Let (X,T ) be a strictly scattered space. Then the derived length of (X,T ) is equal to Ord(X).

Proof. By Theorem 3.3, (X,T ) is homeomorphic to the initial segment topology on the well-ordered set (X,≤). Let α

be an ordinal number such that (X,≤) ∼= α. Now, let a1 ∈ X be the unique isolated point of X. Then X1 = X − {a1}.

Let a2 ∈ X1 be the unique isolated point of X1. Then X2 = X1 − {a2} = X − {a1, a2}. Continuing like this, we get

Xn = X − {a1, a2, a3, ...an} where ai ∈ Xi−1 is the unique isolated point of Xi−1 for any successor ordinal n. Thus it is

clear that Xα = ∅ if and only if α = Ord(X).
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