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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [7] in 1965. The idea of an intuitionistic fuzzy set is due to Atanassov
[4-6] and [2] has defined the concept of fuzzy topological spaces induced by Chang [1]. In 1981, Heilpern [9] first introduced
the concept of fuzzy contractive mappings and proved a fixed point theorem for these mappings in metric linear spaces. His
result is a generalization of the fixed point theorem for point-to-set-maps of Nadler [8]. Estruct and Vidal [10] give a fixed
point theorem for fuzzy contraction mappings over a complete metric space which is a generalization of the given Heilpern’s

fixed point theorem.

2. Preliminaries

Definition 2.1 ([9]). Let A,B € W(X),a € [0,1]. Define

P.(A,B) = inf  d(z,y),

T€EAL,YEBa
Du(A, B) = dist(Aw, Ba)

D(A,B) =sup D.(A, B)
Whenever dist is Hausdorf distance, The function pa is called a a-space, Do is a a-distance, and D is a distance betweenA
andB. It is easy to see that ps is nondecreasing function of a.

Definition 2.2 ([9]). Let A,B € W(X) . An approzimate uantity A is more accurate than B, denoted A C B, iff

A(z) < B(z), for each x € X. It easy to see that relation C is a partial order determined on the family W(X).
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Definition 2.3 ([9]). Let X be an arbitrary set and Y any metric linear space. F is called a fuzzy mapping iff F' is mapping
from the set X into W(Y) , i.e., F(x) € W(Y) for each x € X. A fuzzy mapping F is a fuzzy subset on X XY with

membership function F(x,y). The function value F(x,y) is the grade of membership of y in F(x).
Definition 2.4 ([9]). Let A,B € W(X),a € [0,1]. Define
pa (A,B) =inf{d(z,y) : © € Aa,y € Ba}
DD‘ (AvB) = H(AOHBDL)v
D (A,B) =sup D, (A, B)
Where H is the Hausdorf distance. For x € X we write ps (z, B) instead of P, ({z}, B).

Definition 2.5 ([10]). Let X be metric space and « € [0, 1]. Consider the following family Wa (X):
Wo (X) = {A € I* 1 A, is nonempty compact and convem} .

We need the following lemma. Let (X, d) be a metric space.

Lemma 2.6 ([9]). Let z € X, A € W(X), and {z} be a fuzzy set with membership function of set {z}. If {x} C A, then

Pa (z, A) =0 for each o € [0,1]..

Proof. 1If{z} C A, xz € A, for each o € [0, 1].

Pa (0, 4) = inf d(z,y) =0,

YEAN

O

Lemma 2.7 ([9]). pa (z,A) < d(z,y) + pa (y, A) for any z,y € X.

Proof.

Pa(z,4) = inf d(z,2) < inf (d(z,y)+d(y,2))
= d(m,y) +pOt (y7A) .

O

Lemma 2.8 ([9]). If {z0o} C A, then pa (zo, B) < Do (A, B) for each B € W (X).

Proof.

Po (w0, B) = inf d(zo,y) < sup Jnf d(z,y)
< Du (A, B)

O

Lemma 2.9 ([3]). Let (X,d) be a complete metric space, F : X — W (X) be a fuzzy map and xg € X. Then there exists

z1 € X such that {z1} € F (z0).
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3. Main Result

Theorem 3.1. Let a € (0,1] and (X,d) be a complete metric space. Let F be a continuous fuzzy mapping from X into
Wa(X) satisfying the following condition: There exist K € [0,00) — [0,00), K(0) =0, K(t) <t for allt € (0,00) and K is

non-decreasing such that

Do (F(z), F(y)) < Kmax{éd@,y),pa(y,ﬂx)), pa(@, F(y)) + pa(2, F(2)) }

2

and

118

[(%)n d(xo,xl)] < 00. Then there exists x € X such that xo is a fized fuzzy point of F.

n=1

Proof. Let zo € X and suppose that there exists 1 € (F(20))a. Since (F(x1))a is a nonempty compact subset of X,
then there exists z2 € (F(x0))a such that d(z1,z2) = pa(z1, F(z1)) < Do(F(z0), F(z1)). By Lemma 2.8. By induction
we construct a sequence {z,} in X such that z,, € (F(zn-1))a and d(zn, Znt1) < Do(F(2n), F(2n-1)). Nothing that K is

non-decreasing and using inequality (1), we have

d(xnym’rrl»l) S Da(F(xn

~

s F(2n-1))

<K (max {%d(rnﬂ,xn),pa(mn,F(a:n,l)), Pa(Zn-1, F(zn)) +2pa(xn,1,F(xn,1)) })
<K (max {%d(%_hxn)’d(mm ), d(xnﬂ,mnﬂ); d(zn_1,2) })

< K (max {%d(%_l,xn), W})

< LK (max (d(@o1,20). (w1, 7)) ”

Suppose d(Tn, Tn+1) > d(Tn—1,2y) for some n. Then from (2) and K (¢) < ¢ for all ¢ € (0,00), we have

IN

d(x’ﬂvm’ﬂ“rl) Kd(xnvx’ﬂ+1)

IN
N = N =

d(@n, Tnt1) < 5d(Tn, Tnt1)

This is a contradiction. Therefore we have

d(n, Tnt1) < %Kd(mn_l, Zn)

1 K
S iK {Ed(xn_g, $n_1)}

1 K
< -K9— n—2, In—
<3 { 2 d(zn—2,2 1)}

KK (K :
55 {?d(mnfg,l‘nfz)} .
K
on

IN

IN

d(.’Eo, .’El)
Hence we obtain

d(xny xn+m) S d(.’l}n, xn+1) + d(xn+17 xn+2) + -+ d(xn-',-m—ly frn+m)

K n K n+1 K n+m—1
< (5 d(zo, 1) + (5> d(zo, 1) + -+ (E) d(zo,z1)

IN
3
+
I 3
L
| —
7 N
| >
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o
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Since Y {(%)n d(mo,xl)} < 00. So there exists r such that

n=1

gngfﬁ<§>u@mmﬁ—r<m

i=n

Therefore {z,} is a Cauchy sequence in X. Suppose {z,} converges to x € X. Now, by Lemma 2.6 and 2.7

pa(z, F(z)) < d(2, 7n) + pa(Tn, F(z))
<d(z,zn) + Da(F(zn-1), F(z))

<d(z,zn)+ gd(xnfl,w)

Consequently, pa(z, F(z)) = 0 and by Lemma 2.6, o C F (z). Hence z, is a fixed fuzzy point of F'. O

References

[1] C.L.Chang, Fuzzy topological spaces, J. Math. Anal. Appl., 24(1986), 182-190.

[2] D.Coker, An introduction to intuitionistic fuzzy topological spaces, Fuzzy Sets and Systems, 88(1997), 81-89.

[3] I.Beg and M.A.Ahmed, Common fized point for generalized fuzzy contraction mapping satisfying an implicit relation,
Appl. Math. Lett., (2012).

[4] K.Atanassov, Intuitionistic fuzzy sets, in: VII ITKRs Session, (V. Sgurev, Ed.), Bulgarian Academy of Science, Sofia,
(1984).

[5] K.Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and System, 20(1986), 87-96.

[6] K.Atanassov, Review and new results on intuitionstic fuzzy sets, preprint IM-MFAIS-1-88, (1988).

[7] L.A.Zadeh, Fuzzy sets, Information and control, 8(1965), 338-353.

[8] S.B.Nadler, Multivalued contraction mapping, Pacific J. Math., 30(1969), 475-488.

[9] S.Heilpern, Fuzzy mapping and fized point theorem, J. Math. Anal. Appl., 83(1981), 566-569.

[10] V.D.Estruch and A.Vidal, A note on fized fuzzy points for fuzzy mapping, Rend Istit. Univ. Trieste, 32(2001), 39-45.



	Introduction
	Preliminaries
	Main Result
	References

