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1. Introduction

In 1940, S. M. Ulam [1] gave a wide range of talk before a Mathematical Colloquium at the University of Wisconsin in
which he presented a list of unsolved problems. It motivated the study of stability problems for various functional equations.

Among the problem raised by S. M. Ulam, the following question is concerned about the stability of homomorphisms.

Theorem 1.1. Let G1 be a group and let G2 be a group endowed with a metric p. Given € > 0, does there exists a § > 0
such that if f: G1 — G2 satisfies

p(f(zy), f(z) f(y)) < o,

for all x,y € G, then we can find a homomorphism h : G1 — G2 exists with

p(f(x), h(z)) < e

for all x € G1%.

If the answer is affirmative, we say that the functional equation for homomorphisms is stable. In 1941, Hyers [2] was the
first Mathematician, who brilliantly answered the question of Ulam by considering G1 and G2 to be Banach spaces. The

result of Hyers is stated in the following celebrated Theorem.
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Theorem 1.2 (Hyers [2]). Assume that G1 and G2 are Banach spaces. If a function f : G1 — G2 satisfies the inequality

[f(z+y) = flz) - fWI < e (1)
for some € > 0 and for all x, y € G1, then the limit

A(z) = lim 27" f(2" z) (2)

n—o0

ezists for each x € G1 and A : G1 — G2 is the unique additive function such that

[f(z) — Az)[| <e ®3)

for all x € G1. Moreover, if f(tx) is continuous in t for each fized x € G1, then A is linear.

Taking the above fact into account, the additive functional equation

fl@+y) = f@)+ fy)

is said to have Hyers - Ulam stability on (G1,G2). In the above Theorem, an additive function A satisfying the inequality
(3) is constructed directly from the given function f and it is the most powerful tool to study the stability of several functional
equations. In course of time, the Theorem formulated by Hyers was generalized by Aoki, Th. M. Rassias [3-5], for additive
mappings. A generalization of Ulam’s problem was recently proposed by replacing functional equations with differential

equations: The differential equation

¢ (f,a:,x/, x”, x(")) =0 (4)

has the Hyers - Ulam stability if for a given € > 0 and a function x such that
’(j) (f,o:,a:/, a:”, x("))‘ <k,
there exists a solution z, of the differential equation (4) such that
(1) —za(t)] < K(e)

and

lim K (e) = 0.

e—0

If we replace € and K (¢) by ¢(t) and ¢(t), where ¢, ¢ are appropriate functions not depending on x and z, explicitly, then
we say that the corresponding differential equation has the generalized Hyers - Ulam stability or Hyers - Ulam - Rassias
stability.

Obloza seems to be the first author who has investigated the Hyers - Ulam stability of linear differential equations [6, 7].
Thereafter, In 1998, C. Alsina and R. Ger [8] were the first authors who investigated the Hyers - Ulam stability of the
following differential equation

’

z (t) —z(t) = 0.

They proved in [8] the following Theorem.
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Theorem 1.3. Assume that a differentiable function f: I — R is a solution of the differential inequality

where I is an open sub interval of R . Then there exists a solution g : I — R of the differential equation :cl(t) = xz(t) such

/

@ (1) — x(t)” <e

that for any t € I, we have,

Ilf@) —g®)|| < 3e.

This result of C. Alsina and R. Ger [8] has been generalized by Takahasi [9]. They proved in [9] that the Hyers - Ulam
stability holds true for the Banach Space valued for differential equation y/ (t) = Ay(t). Indeed, the Hyers -Ulam stability
has been proved for the first order linear differential equations in more general settings in [10-13]. In 2012, M. N. Qarawai

[14] proved the Hyers - Ulam stability of Linear and nonlinear differential equation of second order of the form
" ’ B=1 Ndx
z +p()z +q(x)z=h(z)|z]" e = Ir@degon 4

where 8 € (0,1) with the initial conditions. He also proved in [15] the Hyers - Ulam stability of a generalized second order
nonlinear differential equation of the form Z - F (z, z(z)) = 0 with the initial conditions. In this paper, we investigate the

Hyers - Ulam stability of a General n‘" order Non Linear Differential Equation of the form
2™ (1) = F(t,2(t)) = 0 (5)
with the initial conditions

za)=z(a)=z (a)=..=2""Y(a)=0 (6)

where z € C"(I), I =[a,b], —c0 < a < b< oo and

I

F(ta(®) < L")

‘ [e3

a>0,—00 < x < oo, with F(t,0) = 0. Moreover, we prove the Hyers - Ulam stability of the Emden - Fowler type nonlinear
differential equation of n'* order

2™ () = h(t) [()]* sgn x(t) =0 (7
with the initial conditions (6). Where z € C™(I), I =[a,b], —0o < a < b < 00, @ >0, a # 1 and h(t) is bounded in R.
2. Preliminaries

First, we give the definition of the Hyers - Ulam stability property with the initial conditions.

Definition 2.1. We say that the nt" order non linear differential equation (5) has the Hyers - Ulam stability property with

the initial conditions (6), if there exists a constant K > 0 with the following property, for every e >0, x € C"[a,b], if
2" (t) — F(t, x(t))| <e, (8)

and with the initial conditions z(a) = z (a) = = (a) = ... = 2" Y (a) = 0, then there exists some y(t) € C"[a,b] is a

solution of (5) satisfying
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/ "

with, the initial conditions y(a) =y (a) =y (a) = ... =y Y (a) = 0, such that
() —y(t)| < K e

We call such K as a Hyers - Ulam stability constant for the equation (5).

Definition 2.2. We say that n'" order nonlinear differential equation (7) has the Hyers - Ulam stability property with the
initial conditions (6), if there exists a positive constant K > 0 with the following property:
For every e >0, z € C"[a, ], if

2™ () = h(t) |2(t)|" sgn z(t)| < e, 9)

’ "

and z(a) =z (a) =z (a) = ... = 2"V (a) = 0, then there exists some y(t) € C™[a,b] is a solution of (7) and satisfying

y ™ (&) = ht) ly(®)]* sgn y(t) =0
with the initial conditions y(a) = y (a) = y (@) =...=y" V(a) =0, such that
[z(t) —y(t)| < K e

We call such K as a Hyers - Ulam stability constant for the equation (7).

3. Hyers - Ulam Stability

Now, in the following Theorem, we prove the Hyers - Ulam stability property of the non linear differential equation of the

form (5) with the initial conditions (6).

Theorem 3.1. Assume that x : [a,b] — R is a n times continuously differentiable function such that

z (t)‘ <.< ‘:ﬁ”*”(t)‘

and

l—a
L < <maX \x(t)\)
a<t<b

then the equation (5) has the Hyers - Ulam stability property with the initial conditions (6).

Proof.  Suppose that for every € > 0, and z € C"[a,b], be a n times continuously differentiable real valued function on
I =a,b].

Now, we have to prove that there exists a function y(t) € C"[a, b] satisfying the equation (5) such that
lz(t) —y(t)| < K €

where K is the Hyers - Ulam stability constant that never depends on € nor on y(t). Since z(t) is a continuous on I, then
it keep its sign on some interval [a,t] C [a, b].

Without loss of generality assume that z(¢) > 0 on [a, t]. Assume that for every € > 0, and z € C"[a, b] satisfies the inequality
(8) with the initial conditions (6) and that

M = max |z(t)].

a<t<b
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From the inequality (8) we have
—e<z™(t) = F(t, z(t)) <. (10)

’

Since x(t) > 0 on [a,t] C I and z(t) = = (t) = ... = ("~ (t) = 0, then by Mean Value Theorem, we have 2"~ (t) > 0 in

(a,t).

Multiplying the inequality (10) by ="~V (¢) > 0, we have
e V() < 2™ (1) 2V(@) = F(t, 2(t) 2"V (@) < eV (1), (11)

Then integrating the above equation (11) from a to t, we obtain

/t —e "V (1) dt < /t {x(”)(t) — F(t, ac(t))} "V (1) dt < /t e ™V (1) dt

/t —e ™ V() dt < /t {x(")(t) 2™V (8) — F(t, 2(t)) x<"*1>(t)} dt < /te ™I (1) dt

t t
/ —e V(1) dtg/ 2™ (t) 2"V (¢ dt—/ F(t, z(t)) 2™V (t) dtg/ e o™V (1) dt,

then we have

—2ea") < ( (=1 / Ft, z(t) ™ V@) dt < 2 e 22 (0). (12)

Since we have,

=

t)] < ‘x/(t)’ <. < ‘x“*”(t)’, (13)

by using the above inequality (13) in (12), then easilly we arrive that

0}

‘xw—?)(t)‘z < ‘ Q/tF(t w(t)) 2"V () dt+ 2 € x("_Q)(t)’

IN

2 [ a) @) a2 a2

< 2/ E( 2(0)] [0 de+ 2 e

x(”*”(t)‘

/LM“ L= dr v 2e ‘ (n=2)( t)‘

a

2
< LM ]:U(”*?)(t)( 2 ‘W*?)(t)]

2 2
‘N*”(t)‘ < LMt ]:J"*?)(t)‘ 2 ‘W*”(t)]

2¢€
O] < T et

Hence we have |z(t)| < Ke, where
2

K=i——Tme1

for all ¢ > a. Obviously, we have yo(t) = 0 is a solution and satisfies of the equation (5) with the initial conditions (6), then

we have

lz(t) —yo(t)| < Ke.

Hence the non linear differential equation of the form (5) has the Hyers - Ulam stability property with the initial conditions
(6). O
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Theorem 3.2. Suppose that x(t) € C"[a,b] satisfies the inequality (8) with the initial conditions (6). If

’

(N*”(t)‘ < ‘W*”(t)] <.z (t)’ < |z(8)]

and if
et
L> (max \a:(t)\)
a<t<b

then the equation (5) has the Hyers - Ulam stability property with the initial conditions (6).

Proof. By using the Theorem 3. 1, we can similarly prove that the equation (5) has the Hyers - Ulam stability property

with the initial conditions (6). O

Theorem 3.3. Suppose that z(t) € C"(I), I = [a,b], be a n times cotinuously differentiable function such that

x (t)‘ <. < ‘N—”(t)‘

and
11—
L < (max \x(t)\)
a<t<b

then the equation (7) has the Hyers - Ulam stability property with the initial conditions (6).

Proof.  Suppose that for every € > 0, and z € C"[a,b], be a n times continuously differentiable real valued function on
I =a,b].

Now, we have to prove that there exists a function y(t) € C"[a, b] satisfying the equation (7) such that
lz(t) —y(t)| < K e

where K is the Hyers - Ulam stability constant that never depends on € nor on y(t). Since z(t) is a continuous on I, then
it keep its sign on some interval [a,t] C [a, b].

Without loss of generality assume that (¢) > 0 on [a, t]. Assume that for every € > 0, and z € C"[a, b] satisfies the inequality
(9) with the initial conditions (6) and that

M = max |z(t)].

a<t<b
From the inequality (9) we have,
—e < 2™ —h(t) 2()* < € (14)

’

Since z(t) > 0 on [a,t] C I and z(t) = = (t) = ... = z("~2)(t) = 0, then by Mean Value Theorem, we have "~V (¢) > 0 in

(a,t).

Then multiplying the inequality (14) by 2"~V () > 0, we have

_ ex("_l)(t) < x<")(t) m(n_l)(t) — h(t) z(t)* gg(”_l)(t) < ex(”_l)(t). (15)

Then integrating the above equation (15) from a to ¢, we obtain

/t —ez" V(1) dt < /t {:c(")(t) — h(t) ;r(t)o‘} 2"V () dt < /t e "V (1) dt

a
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/t —e ™ V(@) dt < /t {x(”) () 2™ V() — h(t) z(t)* x(“*“(t)} dt < /t e 2D (t) dt

/le 2"V () dt < /t 2™ (1) 2"V (1) dtf/th(t) () 2™V (1) dt < /te 2"V (1) dt,

a a

then we have
2 t
—2ex" (1) < (m("’”(t)) - 2/ h(t) z(t)* =" V() dt < 2 e 2P (1),

Since we have,

e (t)’ <.< ‘xw*l)(t)], (17)

by using the above inequality (17) in (16), then easilly we arrive that

(sw) < 2

2 t
]W*)(t)‘ < ’ 2/ h(t) e 2™ V() dt + 2 € m<"*2>(t)‘

t

h(t) z(t)* 2"V (@) dt + 2 e 2P (2)

t
< 2/ Ih(t) 2(t)°] )aﬁ"*l)(t)‘ dt+ 2 ‘W*”(t)]

¢ a—1_(n—2) (n—1) (n—2)
<2 LM* "z () z (t)dt+ 2€ |z (t)

2
< LMt x(”_Q)(t)‘ Y2 ‘x("_Q)(t)’

2 2
‘ﬂ”*”(t)] < LM“’l'm("’Q)(t)‘ 2 ]W*Q)(t)'
2€

Ol < T areT

Hence we have |z(t)| < Ke, where
2

K=1—Tn

for all ¢ > a. Obviously, we have yo(t) = 0 is a solution and satisfies of the equation (5) with the initial conditions (6), then

we have
lz(t) — yo(t)| < Ke.

Hence the non linear differential equation of the form (7) has the Hyers - Ulam stability property with the initial conditions
(6). O

Theorem 3.4. Suppose that x(t) € C"[a,b] satisfies the inequality (9) with the initial conditions (6). If

’

2 (0)] < la(®)

(x(”*)(t)‘ < ‘ﬂ”*”(t)‘ <.

and if
11—«
L> (max \x(t)\)
a<t<b

then the equation (7) has the Hyers - Ulam stability property with the initial conditions (6).

. g . )
P?()() B}/ UsS1I the The()]e n 3 3 we can similarly prove 1at the eqlla.tlon [ ha.s the IIyeIS - Ulaln Stablhty [)IO[)eIty

with the initial conditions (6).
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Example 3.5. Consider the equation

) 2(B)% =0 (18)

and the inequality

< e (19)

where 0 < ¢t < 1.

Solution. For a given € > 0, then x(¢t) = € ¢ satisfies the inequality (19) and the conditions of the Theorem 3. 3.

Therefore the equation (refel) has the Hyers - Ulam stability property.

4. A Special Case on Emden - Fowler Type Equation

Let us consider the special case of the equation (7) when a = 1, we have

™ () — h(t) z(t) =0 (20)
with the initial conditions
z(a) = :rl(a) = x”(a) =.=z""V0a)=0
and the inequality
2™ (t) = h(t) z(t)| < € (21)

where z € C"(I), I =[a,b], —0o0 < a < b < oo, and h(t) is bounded in R.

Theorem 4.1. Suppose that x : [a,b] = R is a n times continuous differentiable function and

z (t)‘ <.< ‘:ﬁ”*”(t)‘

then the equation (20) has the Hyers - Ulam stability property if L < 1.

Proof.  Suppose that € > 0 and that x is a n times continuously differentiable real - valued function on [a,b]. Now we have

to prove that there exists a function y(t) € C™(I), where I = [a, b] satisfying the equation (20) such that
lz(t) —y()] <K€

where K is a constant that never depends on € nor on y(t). Since z(t) is a continuous function on I then it keep its sign
on some interval [a,t] C I. Then without loss of generality assume that z(¢) > 0 on the interval [a,b] C I. Suppose that
€ >0, and z(t) € C"[a,b] satisfies the inequality (21) with the initial conditions (6). Hence, we have from the inequality
(21) we have

—e<a™(t) = F(t, z(t)) <. (22)

’

Since z(t) > 0 on [a,t] C I and z(t) = = (t) = ... = 2" (t) = 0, then by Mean Value Theorem, we have z("~V(¢) > 0 in

(a,t).

Then multiplying the inequality (22) by (=1 (¢) > 0, we have

—ex™ (1) < 2™ @) 2"V @) — h(t) z(t) 2"V () < ex" TP (1). (23)
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Then integrating the above equation (15) from a to t, we obtain
t t t
/ —e ™ V(1) dt < / {:A’”(t) — h(t) x(t)} 2™ (1) dt < / e 2™V (t) dt

/t —e ™ V(1) dt < /t {W)(t) ™I (8) = h(t) 2(t) x<"*1>(t)} dt < /te "D (1) dt

a

t t t t

/—e 2D (1) dtg/ 2™ (1) 2D (1) dt—/ h(t) 2(t) 2D (1) dtg/ e 2D (1) dt,
then we have

2

—2ex") < (x("_l)(t)) 9 /t h(t) z(t) V@) dt < 2 e 2" (). (24)

Since we have,

z (t)’ <. < ‘xw*l)(t)], (25)

by using the above inequality (25) in (24), then easily we arrive that
9 t
(N*”(t)) < 2/ h(t) z(t) ™ V@) dt + 2 e 2D (1)

2
’w(n72) (t)‘

< ’ 2/:11(75) () 2" V@) dt+ 2 € x("*”(t)‘

< 2/:\h(t) ()] ‘N*”(t)‘ dt+ 2 ]W*”(t)]

t
< 2/ L o™ (1) 2 V(1) di+ 2 ¢ o2 (0)

IN

2
L Me! ‘x““?)(t)’ 2

x(n72) (t)‘

IA

2
L ’x("’”(t)‘ 2

x(n72) (t)’

2€
1—- L~

=
—~
=
IN

Hence we have |z(t)| < Ke, where

for all t > a. Obviously, we have yo(t) = 0 is a solution and satisfies of the equation (20) with the initial conditions (6),

then we have

lz(t) = yo(t)| < Ke.

Hence the non linear differential equation of the form (20) has the Hyers - Ulam stability property with the initial conditions

(6). =

Remark 4.2. Suppose that z(t) be a n times continuously differentiable function and satisfies the inequality (21) with the
initial condition (6). If

’

2| < |2 0] < 2 @) < )

then, if L < 1 we will easily obtain the Hyers - Ulam stability property for the equation (20) has with the initial conditions
(6) by the similar proof of the Theorem 4. 1.
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Remark 4.3. [t should be noted that if =(t) < 0 on (a,t] and x(a) = 0, hence "~V (t) < 0 on (a,z), then in the proofs
of the Theorem 3. 1, 3. 3 and 4. 1, we can multiply by "~V (t) < 0 in the inequalities (11), ((15), (22)), we obtain the
inequality

ex™ V@) < V@) 2 @) —2"V@) Ftat) < —e 2™V (0).

Then we can apply the similar process used in the above Theorems we get the Hyers - Ulam stability property for the equations

(5), (7) and (20).
5. An Additional Case on Hyers - Ulam Stability
In this section, we consider the Hyers - Ulam stability of the following nonlinear differential equation
2™ (t) = 7 (t, z(t)) (26)

with the initial conditions (6), where x(¢) is a n times continuously differentiable function on [a,b] and —oco < a < b < o0

and 7 (¢, z(t)) is a continuous function for € [a,b] and # € R such that

[w(t,z(t) — w(ty@®)] < L |z@t) — y(t)].

Theorem 5.1. Assume that € > 0 and z(t) be n times continuously differentiable function. If

L (b—a)?
2 —_ )

—_

then the equation (26) has the Hyers - Ulam stability property with the initial conditions (6).

Proof.  Let us assume that € > 0 and z(¢) be a n times continuously differentiable real - valued function on an interval
[a,b] and satisfying the inequality

—e < 2@ —n(t,z(t) < e (27)

Now we have to prove that there exists a function y(¢t) € C"[a,b] satisfying the equation (26) such that
[z(t) —y()] < K e

where K is a constant that never depend on € nor on y(t). Now, we integrate the inequality (27) with respect to ¢, we obtain

/t / edt < / / (=7 (t) = m(s,a(s))) @t < / /  dt

then we have

_e(b;a) < _e(tga) < 2Dy - / /n(s,y(s)) ds < e(t;a) Se(b;‘l) . (28)

But it is clear that

v () —/ /ufr(s,y(S)) ds
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is a solution of the equation
y ™ (6) = 7(t,y(t)

satisfying the initial conditions (6). Now let us find the difference

a(t) —y(0)] < |2 () - / / (s, x(s)) ds| + / / (s, y(s)) ds — / / (s, a(s)) ds|.

Since the function 7 (¢, z(t)) satisfies the Lipschitz condition, and from the inequality (28), we arrive

) w0 < LoDy L Oy ).

From which it follows that
e (b—a)?
_ < 074
(0 - vt < 7P

where 2 > L (b — a)?. Hence the nonlinear differential equation (26) is stable in the sense of Hyers - Ulam. This completes

the proof of the Theorem. O

6. Conclusion

We establish the Hyers - Ulam Stability of a generalized nth order nonlinear differential equation and also proved the Hyers
- Ulam stability of a Emden - Fowler type equation of nth order. It will be more useful to readers can apply more and more

various nonlinear problems for finding the stability of the solutions in the sense of Hyers - Ulam.

References

[1] S-\M.Ulam, A Collection of Mathematical Problems, Interscience Publ., New York, (1960).
[2] D.H.Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A, 27(1941), 222-224.
[3] T.Aoki, On the stability of the linear transformation in Banach Spaces, J. Math. Soc. Japan, 2(1950), 64-66.
[4] Th.M.Rassias, On the stability of the linear mappings in Banach Spaces, Proc. Amer. Math. Soc., 72(1978), 297-300.
[5] Th.M.Rassias, On the stability of functional equations and a problem of Ulam, Acta. Appl. Math., 62(2000), 23-130.
[6] M.Obloza, Hyers stability of the linear differential equation, Rocznik Nauk-Dydakt. Prace Math., 13(1993), 259-270.
[7] M.Obloza, Connection between Hyers and Lyapunov stability of the ordinary differential equations, Rocznik Nauk-
Dydakt. Prace. Mat., 14(1997), 141-146.
[8] C.Alsina and R.Ger, On Some inequalities and stability results related to the exponential function, Journal of Inequalities
Appl., 2(1998), 373-380.
[9] S.E.Takahasi, T.Miura and S.Miyajima, On the Hyers-Ulam stability of the Banach space - valued differential equation
y = Ay, Bull. Korean Math. Soc., 39(2002), 309-315.
[10] I.A.Rus, Ulam Stabilities of Ordinary Differential Equations in a Banach Space, Carpathian J. Math., 26(1)(2010),
103-107.
[11] S.M.Jung, Hyers-Ulam stability of linear differential equation of first order, Appl. Math. Lett., 17(2004), 1135-1140.
[12] T.Miura, S.M.Jung and S.E.Takahasi, Hyers-Ulam -Rassias stability of the Banach space valued linear differential
equation y' = Ay , J. Korean Math. Soc., 41(2004), 995-1005.



Hyers-Ulam Stability of n'" Order Non-Linear Differential Equations with Initial Conditions

[13] T.Miura, S.Miyajima and S.E.Takahasi, A Characterization of Hyers - Ulam Stability of first order linear differential
operators, J. Math. Anal. Appl., 286(2003), 136-146.

[14] M.N.Qarawani, Hyers-Ulam stability of Linear and Nonlinear differential equation of second order, Int. Journal of

Applied Mathematical Research, 1(4)(2012), 422-432.

[15] M.N.Qarawani, Hyers-Ulam stability of a Generalized second order Nonlinear Differential equation, Applied Mathemat-
ics, 3(2012), 1857-1861.

132



	Introduction
	Preliminaries
	Hyers - Ulam Stability
	A Special Case on Emden - Fowler Type Equation
	An Additional Case on Hyers - Ulam Stability
	Conclusion
	References

