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1. Introduction

In mathematics, a functional equation is any equation that specifies a function in implicit form. Often, the equation relates
the value of a function (or functions) at some point with its values at other points. For instance, properties of functions
can be determined by considering the types of functional equations they satisfy. But the theory of functional equations is
relatively young. The beginning of a theory of functional equations is connected with the work of an excellent specialist in
this field, Hungarian mathematician J. Aczel. The stability problem for functional equations first was planed in 1940 by
Ulam [46]:

When is it true that a function which approzimately satisfies a functional equation must be close to an exact solution of the
equation?.

If the problem accepts a solution, we say that the equation is stable. This phenomenon is called Ulam — Hyers stability
and has been extensively investigated for different functional equations. Let (G,.) be a groupoid and let (Y,.) be a groupoid

with the metric p. The following definition of stability of the equation of additive homomorphism from G to Y

fle+y) = f@)+ fy) (1)

is formulated.
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Definition 1.1. Equation (1) stable in the Hyers-Ulam sence if for every € > 0 there exists § > 0 such that for every
function f: G =Y fulfilling

p(flz+y), flx)+ f(y) <9, T,y G

there exists a solution g of (1) satisfying

p(f(x),9(x)) <€ z€G.

The study of stability problems for functional equations concerning the stability of group homomorphisms and affirmatively
answered for Banach spaces by Hyers [19]. It was further generalized and excellent results obtained by number of authors
[2, 18, 37, 38, 40]. Its solutions via various forms of functional equations like additive, quadratic, cubic, quartic, mixed type
functional equations which involves only these types of functional equations were discussed. We refer the interested readers
for more information on such problems to the monographs [1, 4, 6-14, 20-22, 36, 48]. The generalized Ulam-Hyers stability
of various types of functions equations (via.) fuzzy normed space, Non-Archimedean space were discussed in [15-17, 25—
28, 43, 44, 47]. Recently, Matina J. Rassias et. al., [35] introduced the Leibniz type additive-quadratic functional equation

of the form

Sl sty e =ar (T = e (B ) s (B ) e ()

and obtained its general solution and generalized Ulam - Hyers stability of Leibniz AQ - mixed type functional equation
in quasi-beta normed space using direct and fixed point methods. The solution of the Leibniz type additive and quadratic

functional equation (2) is given in the following lemmas.
Lemma 1.2 ([35]). If an odd function f: X — Y satisfies the functional equation (2) then f is additive.
Lemma 1.3 ([35]). If an even function f: X — Y satisfies the functional equation (2) then f is quadratic.

In this paper, the authors investigate the Generalized Ulam-Hyers stability of a Leibniz type additive and quadratic functional

equation (2) in of non-Archimedean fuzzy normed spaces using direct and fixed point methods.

2. Preliminaries

It is to be noted that, Mirmostaface and Moslehian [25] initiate a notion of a non-Archimedean fuzzy norm and studied
the stability of the Cauchy equation in the context of non-Archimedean fuzzy spaces. They presented an interdisciplinary
relation between the theory of fuzzy spaces, the theory of non- Archimedean spaces, and the theory of functional equations.
During the last three decades, theory of non-Archimedean spaces has prolonged the interest of physicists for their research,
in particular, in problems coming from quantum physics, p—adic strings, and superstrings. One may note that |n| < 1 in
each valuation field, every triangle is isosceles and there may be no unit vector in a non-Archimedean normed space (cf
[23]). These facts show that the non-Archimedean framework is of special interest. Fuzzy set theory is a powerful hand
set for modeling uncertainty and vagueness in various problems arising in the field of science and engineering. It has also
very useful applications in various fields, such that population dynamics, chaos control, computer programming, nonlinear
dynamical systems, nonlinear operators, statistical convergence, etc. [28, 42, 45]. The fuzzy topology proves to be a very
valuable tool to deal with such situations where the use of classical theories breaks down. The most fascinating application
of fuzzy topology in quantum particle physics arises in string and E-infinity theory of EI Naschie [30]- [34]. The definition

of non-Archimedean fuzzy normed spaces was given in [27].
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Definition 2.1. Let K be a field. A non-Archimedean absolute value on K is a function |- | : K — R, such that for any

a,b € K, we have

(NA1) |a| > 0 and equality holds if and only if a = 0;
(NA2) |ab| = [a] [b];

(NA3) |a+ b|] < max{|al, ||} -

The condition (N A3) is called the strong triangle inequality. Clearly, |1| = | — 1| =|1| and n <1 for all n > N. We always

assume in addition that | - | is non trivial, i.e., that
(NA4) there is an ao € K, such that |ao| # 0, 1.
The most important examples of non-Archimedean spaces are p—adic numbers.

Example 2.2. Let p be a prime number. For any nonzero rational number x, there exists a unique integer ng, such that

x = §p"x, where a and b are integers not divisible by p. Then |z|, = p~"* defines a non-Archimedean norm on Q. The

completion of Q with respect to the metric d(x,y) = | — y|p is denoted by Qp which is called the p—adic number field. In

fact, Q, is the set of all formal series x = arp®, where lax| < p — 1 are integers. The addition and multiplication
k>ng
between any two elements of Q, are defined naturally. The norm | > arp®| = p~"* is a non-Archimedean norm on Q,

k>ng
= P
and it makes Qp a locally compact field (see [41]). Note that if p > 2 then |2"|, =1 for each integer n but |2|2 < 1.

Now we give the definition of a non-Archimedean fuzzy normed space.

Definition 2.3. Let X be a linear space over a non-Archimedean field K. A function N : X x R — [0,1] is said to be a

non-Archimedean fuzzy norm on X if for all x,y € X and all s,t € R,
(NAF1) N(z,c) =0 for all ¢ < 0;

(NAF2) = =0 if and only if N(z,c) =1 for all ¢ > 0;

(NAF3) N(cx,t) =N (x, ﬁ) if ¢ # 0;

(NAF4) N(z + y,max{s,t}) > min{N(z,s), N(y,t)};

(NAF5) tlgglo N(z,t) = 1.

A non-Archimedean fuzzy norm is a pair (X, N) where X be a linear space and N is non-Archimedean fuzzy norm on

X. If (NAF4) holds then
(NAF6) N(z+y,s+1) > min{N(z,5), Ny, D)}

Recall that a classical vector space over the complex or real field satisfying (NAF1) — (NAF5) is called a fuzzy normed
space in the literature. We repeatedly use the fact N(—z,t) = N(x,t), z € X,t > 0, which is deduced from (NAF3). It is

easy to see that (NAF4) is equivalent to the following condition:

(NAF7) N(z +y,t) > min{N(z,t), N(y,t)}.
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Example 2.4. Let (X,]||-]||) be a non-Archimedean normed space. Then
t
t77 t > 07 x e X,
N (z,t) = + [zl
0, t<0, ze€X

Then (X, N) is a non-Archimedean fuzzy normed space.

Example 2.5. Let (X,]||-||) be a non-Archimedean normed space. Then
0, <z,
N (z,t) =
1, t> ||z

Then (X, N) is a non-Archimedean fuzzy normed space.

Definition 2.6. Let (X, N) be a non-Archimedean fuzzy normed space. Let {x,} be a sequence in X. Then {x,} is said
to be convergent if there exists v € X such that lim N(z, —z,t) =1 for all t > 0. In that case, z is called the limit of the

n—00

sequence T, and we denote it by N — lim =z, = x.
n— o0

Definition 2.7. A sequence {x,} in X is called Cauchy if for each € > 0 and each t > 0 there exists ng such that for all

n >ng and all p > 0, we have N(Tnyp — Tn,t) > 1 — €. Due to this fact that
N(zn — Zm,t) > min{N(zj41 —z;,t)/m<j<n-—1, n>m},

a sequence {xn} is Cauchy if and only if lim N(xni1 — xn,t) =1 for all t > 0.
n—oo

Definition 2.8. Every convergent sequence in a non-Archimedean fuzzy normed space is a Cauchy sequence. If every Cauchy

sequence is convergent, then the non-Archimedean fuzzy normed space is called a non-Archimedean fuzzy Banach space.

Here after, throughout this paper, assume that K non-Archimedean field, X be vector space over K, (Y, N’') be a non-
Archimedean fuzzy Banach space over K and (Z, N’) be an (Archimedean or non-Archimedean) fuzzy normed space. Also

we use the following notation for a given mapping f : X — Y such that

Df(@,y,%0) = fl—t)+ fly—1)+ (=) =3f (FELEE )~ (29” }f"") -1 (_”?fy_z) ~f (%)

for all z,y, z,t € X.

3. Stability of the Functional Equation (2) Using Direct Method

In this section, the non-Archimedean fuzzy stability of a Leibniz type AQ -functional equation (2) is provided using direct

method. The following theorem provide the stability result of (2) for f is odd function.

d K
Theorem 3.1. Let k = +1 be fized and let 9 : X* — Z be a mapping such that for some d with 0 < <7> <1

2
N' (9 2"z, 2" 2, 2"z, 2" x) , r) > N' (d""9 (z,z,x,z),7) (3)
forallx € X, all >0, and
lim N’ (9 (2""2, 2"y, 27" 2,2""t) , 2""r) = 1 (4)
n—oo
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for all z,y,z,t € X and all r > 0. Suppose that an odd function f, : X — Y satisfies the inequality
N (D folz,y,2,t),7) > N (¥(z,y,2,t),r)
for all x,y,z,t € X and all r > 0. Then the limit
Aw) = N — tim £
exists for all x € X and the mapping A : X — Y is a unique additive mapping satisfying (2) and

N (fo(z) — A(z),7) > N' (9(22,2,0,0), 7|2 — d|)

for all x € X and all r > 0.

Proof. First assume k = 1. Replacing (z,y, 2, t) by (2z,2,0,0) in (5) and using oddness of f,, we get
N (fa(2z) — 2fa(z),7) > N’ (9(22,2,0,0),r), VzeX,r>0.

Using (NAF3) in (8), we arrive,

Replacing = by 2"z in (9), we obtain

" 2n+1 )
N <M — fa(2"2), %) > N (02" 2,2"2,0,0,7), VaeX,r>0,

Using (3) and (NAF3) in (10), we have

N <w — fa(Qnm)7 g) > N’ (19(237,1',0’0)’ dLn

5 ) VaeX,r>o0.

One can easy to verify from (11), that

@ z) _Ja z > _ v .
N ( on+1 on ’9.9n N (19(2:6, x, 0, 0), ) R rze X,r>0

Replacing r by d"r in (12), we obtain

N fa(2"Tz)  fu(27z) d"r
gnt1 on '2.9n ) =

— )>N’(19(2x,w,0,0)77"), VzeX,r>0.

It is easy to see that

L n-l a i+1(1} a ifL’
fa(2 ),fa(x):zv @7 2)  Jal2 )}, VazeX.

277, 27,+1 21
1=0

It follows from (13) and (14), we have

fa(2"2) S dr N fa(2M2)  fa(2'z) d'r
N(Tl_fa(x)7iz;2.2i>2mlnH{N( 2i+1 a 2? 72‘2i>}

n—1
> min U {N' (9(22,,0,0),7)}
i=0

> N' (9(2z,2,0,0),r), YzcX,r>0.



Leibniz Type AQ-Functional Equation in Non-Archimedian Fuzzy Normed Spaces

Replacing = by 2™z in (15) and using (3), (NAF3), we get

fa(2" M) fa 2’” = , r
N< o Z - %m) >N (ﬂ(2x,x,0,o),d—m) (16)

. for all z € X and all » > 0 and all m,n > 0. Replacing r by d™r in (16), we get

n—1 i
fa(2"z)  fu(2™) dr /
N - . >N 2 1
( 2n+m 2m ) ; 2 . 2z+m = (19( x, T, 07 0),7") ( 7)
for all z € X and all » > 0 and all m,n > 0. It follows from (17) that

fa ontmy fa(2Mx r

N ( (2n+m ) - (2777, )77" Z N/ ’l.9(2x,$,0, 0),m (18)

i=m 2.2

n 1 . . . a 277, .
for all z € X and all » > 0 and all m,n > 0. Since 0 < d < 2 and ) (%) < 00, using (N AF5) implies that {%} isa
i=0
Cauchy sequence in (Y, N). Since (Y, N) is a non-Archimedean fuzzy Banach space, this sequence converges to some point
A(z) € Y. So, we can define a mapping A: X — Y by
A(z) =N — lim % Ve X.

n—o00

Putting m = 0 in (18), we get

fa (2" r

N(%—fa(:c),r zN/ 7.9(2.’1}717,0,0),?(]77; s VII:EX,T>O (19)
i=0 2.2¢

Letting n — oo in (19) and using (NAF5), we arrive

N (fa(z) — A(z),r) > N' (9(22,,0,0),7(2—d)) VYz€X,r>0.
To prove A satisfies (2), replacing (z,y, z,t) by (2"z,2"y,2"2,2"t) in (5), respectively , we obtain

2n

1
N (—(Dfa(Q”m, 2"y, 2"z, 2”t)),r> > N (9(2"x, 2"y, 2" 2,2™t), 2" ) (20)

for all z,y,z,t € X and all r > 0. Now,

N(A(xft)+A(y7t)+A(zft)*3A(%*t)*A(%}#)*A<%M)7A<%W)’r>

| \/

min {N (A =0) - Lr@w-0.7).

N (-0 - 3= 0.5 ) N (4G -0 - g 0), F)
N( 3A<x+y+z_t)+%fa(w_gnt)é>7
N(—a(Zoy=2), L, (22Re—y—2)) )
NE AE x+32y ))+f§(2n(i+29>z)3)7“)
3 2n i 3 '8 )7
N< A( T — ?g;/—|—2,z)+infa<2 (7:1:;)y+2z)>’§)7
N(zinfa SO+ £y t))+2%fa(2"(z—t))—%fa<w—2”t)
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for all z,y, 2z,t € X and all r > 0. Using (20) and (NAF5) in (21), we arrive

N(A(as—t)—l—A(y—t)+A(z—t)—3A(W—t)

20—y —=z —xr4+2y—=z —xr —y+2z
A= )4 —= =) —4(—=
() A () () )
>min{1,1,1,1,1,1,1, N (9(2"z, 2"y, 2"2,2"t),2"r) }

> N (9(2"x, 2"y, 2"2,2"t), 2" ) (22)

for all z,y,z,¢t € X and all r > 0. Letting n — oo in (22) and using (4), we see that

3 3
B —z+2y—z\ —xr —y+ 2z .
() () o)

for all z,y,2,t € X and all r > 0. Using (NAF2) in the above inequality, we get

N(A(x—t)+A(y—t)+A(z—t)—3A(M_t) _A(M)

Aw—t)+ Ay — 1) + Az — 1) - 34 (TTEEE ) :A<72m’3y’z) +A<7"”§y*z) +A<7’x*§’+2z)

for all z,y,2,t € X. Hence A satisfies the functional equation (2). In order to prove A(z) is unique, let A’(z) be another
additive function satisfying (2) and (6). Hence,
, ) n fa(2%z) 27r fa((2™x) Joom 27T
N(A(z) — A'(z),r) > mm{N AQ"x) -2 —— ) N[ = - A'(2"x), — }
2n 2 2n 2
>N’ <19(2"+1x,2":c70,0), W)

>N (19(2:5,91:,0,0), %) . YzeX,r>o0.
Since lim M = 00, we obtain
n—o0 an
. / r2"(2—d)

1 N 9(2 0,0), ———= | = 1.

i, ( (2,2,0,0), =5 g )
Thus

N(A(z) — A'(z),r) =1, Yz € X,r>0,
Hence A(z) = A'(z). Therefore A(x) is unique. For K = —1, we can prove the result by a similar method. This completes
the proof of the theorem. O

From Theorem 3.1, we obtain the following corollary concerning the stability for the functional equation (2).

Corollary 3.2. Suppose that a odd function fo : X =Y satisfies the inequality

N'(e,r),
N(D fa(w,y,z:8),r) 2§ N (e(llz]I* + [lyll* + ll=ll* + [[£]]°) ), (23)

N (e Ll Hyll 1=l el + (lell® + ll® + 1201 + 1) 3 )
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for all > 0 and all z,y,z,t € X, where €,s are constants with ¢ > 0. Then there exists a unique addilive mapping

A: X =Y such that

N’ (e,r),
N (fa(z) — A(2),7) 2§ N' (L +2%€|z||*, 7|2 =2°]), s<1 or s>1;

N (14 2%)e||z]|**,r[2—=2%]), s<i or s>1;
for allz € X and all r > 0.

Proof.  Setting
67
0@y, 2,8) = e(llzll* + Iyl + 11=]° + [1¢]]*)
e {llzl1® 11 121 117 + (el + Hyl1* + 201+ [18]) }

then the corollary is followed from Theorem 3.1. If we define

Example 3.3. Let X be a normed space and N and N’ be non-archimedian fuzzy norms on X and R defined by

— ' >0, z€X,

N (z,7) = r+ [zl
0, r<0, ze€X.
" r>0, zeR,

N (z,7r) = r+ |zl
0, r<0, zeR.

Let ¥ : (0,00) — (0,00) be a function such that 9 (21) < d 9 (l) for alll >0 and 0 < d < 2. Define

8(@y,2,8) =9 (e~ t]) +9 (ly — tl) +9 (1= - tl) - 39 (| 25252 —o))
_19('2”:_% )_ﬁ(H%“‘y‘z )w(‘%ﬁzz )

(24)

(25)

(26)

for all z,y,z,t € X . Let zo € X be a unit vector and define fo : X — X by fa(z) = =z + 9 (||z]|)x0. Now for any

z,y,z,t € X and r > 0, we have

r

N (Dfa(l'yyvzyt)ar) = r 4+ HB(‘T’y’%t)H R HxOH

T
> 5
T+ B8 (z,y, 20

Nl (ﬁ (:E? y’ 27 t) 7r) N

For any z,y,z,t € X and r > 0, we have

N (8 (2z,2y,22,2t) 1) = r
(/6( x’ y7 Z? )7T) 7”+ﬂ(2$72y722,2t)

>
T r+df(z,y 1)

Nl (dﬂ(x’y’zﬂt)7r)'
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Hence the inequalities (3) and (5) are satisfied. Using Theorem 3.1, there exists a unique additive mapping A : X — Y such

that

N(A(x) = fa(z), r) > N’ (5(7;7%’37;"’0)77”)

ze X andr > 0.

The following theorem and corollary provide the stability result of (2) for f is even function. The proof is similar tracing to

that of Theorem 3.1 and Corollary 3.2. Hence the details of the proof is omitted.

Theorem 3.4. Let k = +1 be fized and let 9 : X* — Z be a mapping such that for some d with 0 < (é) <1

4
N' (9 (2°x,2"%x, 2"z, 2%2) ,7) > N' (d"9 (z,z,x,z),7) (27)
for allz € X and all d > 0, and
lim N’ (9 (2""x,2""y,2""2,2""t) ,4""r) = 1 (28)
n—oo

for all x,y,z,t € X and all r > 0. Suppose that a even function fq: X — Y satisfies the inequality
N(D fll(m7y727t)vr) ZNI (ﬁ(m7y727t)vr) (29)

for all x,y,z,t € X and all r > 0 . Then the limit

(2" x)

_ . Ja
Q) =N = I g (30)
exists for all x € X and the mapping Q : X — Y is a unique quadratic mapping satisfying (2) and
N (fq(x) — Q(x),7) > N’ (¥(27,2,0,0), 7|4 — d) (31)
for allz € X and all v > 0.
Corollary 3.5. Suppose that a even function fq : X — Y satisfies the inequality
N'(er),
N(D falw,y, 2 0),7) 2 4 N (e(ll=[1* + [lylI* + |l=1° +11¢]°) , 7) (32)

N (e Ll iyl 1Al 181+ (lel® 4+ Hyll* + 21+ 1)} o)

for all x,y,z,t € X and all r > 0, where €,s are constants with ¢ > 0. Then there ezists a unique quadratic mapping

Q: X =Y such that

N’ (e,7),
N (fo(x) = Q(x),7) > ¢ N'(e(2° + V||z||*,7[4 —2°]), s<2 or s>2; (33)

N’ (e + D)||z|[*,r[4 —2%]), s<i or s>1;

for allz € X and all > 0.
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Example 3.6. Let X be a normed space and N and N’ be non-archimedian fuzzy norms on X and R defined by (25),(26).
Let ¥ : (0,00) = (0,00) be a function such that 9 (21) < d 9 (l) for alll >0 and 0 < d < 4. Define

rT+ytz H

—5— 1)

—x—y+2z
3

B, ,2,6) =9 (llz = t]) + 9 (ly — ¢l + 9 (I — el = 39 (||

A G e U e VR )

for all z,y,z,t € X . Let xo € X be a unit vector and define fq : X — X by fq(x) = z+9(||z]|) xo. Now for any

20—y —=z
3

z,y,2,t € X and r > 0, we have

r

T+ ||ﬁ (CIZ'7y,Z7t)|| ) ”on
T

>

T+ B8z, 2 1)

:N/(B(m7y7z,t)7r)'

N (qu(:c,y,z,t),r) =

For any x,y,z,t € X and r > 0, we have

N’ (8 (2z,2y,22,2t) 1) = r
(5( x7 y? Z? )’T) T+ﬂ(2$72y72272t)

r
> -

:Nl(d/B(:r7y7Z7t)7T)'

Hence the inequalities (27) and (29) are satisfied. Using Theorem 3.4, there exists a unique additive mapping A: X —Y

such that

N(A(z)— fy(x), 1) = N' (w”)

z e X andr > 0.
Theorem 3.7. Let & = £1 be fized and let ¥ : X* — Z be a mapping such that for some d with 0 < (g) <1 and
satisfying (3),(4),(27) and (28). Suppose that a function f: X — Y satisfies the inequality
N (D f(z,y,2,t),r) > N (¥z,y,2,t),r), ¥ x,9,2,t € X,r > 0. (34)
Then there erists a unique additive mapping A : X — Y and unique quadratic mapping Q : X — Y satisfying (2) and
N (f(z) — A(z) = Q(z),r) = N3 (¥(22,2,0,0),7) (35)
where
N3 (¥(2z,2,0,0),r) = min {N; (J(2z,z,0,0),2r|2 — d|), N2 (9(2z,,0,0),2r|4 — d|)} (36)
forallz € X and all r > 0.

Proof. Clearly |4] < |2] < d. Let fo(z) = M for all z € X. Then fo(0) = 0 and fo,(—z) = —fo(z) for all

z € X. Hence

N(D fo(m,y,z,t),r) > min {N/ (D fa(a:,y,z,t),T),N' (D fa(_w7_y7_z; —t),T)}

> min {N’ I(z,y,2,t),7), N (§(~=, —y, —z, —t), r)} (37)
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for all z,y,2,t € X and all > 0. Let
Ni(9(z,y,2,t),r) =min {N" (I(z,y,zt),r), N -z, -y, —2z,—t),7)} (38)
for all z,y,2,t € X and all » > 0. By Theorems 3.1, there exists a unique additive mapping A : X — Y such that
N (fo(z) — A(x),r) > N1 (9(22,,0,0),7r|2 — d|) (39)

for all z € X and all r > 0. Also, let fe(z) = M for all z € X. Then f.(0) = 0 and fe(—z) = fe(x) for all

z € X. Hence

N(D fe(:c7y7zvt)7r) :N(D fQ(x7y727t) -D fQ(_:C7 -Y _Zv_t)727n)

> min {N’ (O(z,y, 2,t),7), N (I(—x, —y, —z, —t), r)} (40)
for all z,y,z,t € X and all » > 0. Let
No(¥(z,y, z,t),r) = min {N’ Iz, y, 2,t),7r), N (I(—x, —y, —z, —t), 7")} (41)
for all z,y,2,t € X and all » > 0. By Theorem 3.4, there exists a unique quadratic mapping @ : X — Y such that
N (fe(z) = Q(z),r) > N2 (9(22,2,0,0), 7|4 — d) (42)
for all z € X and all » > 0. Define

f(@) = fe(@) + folx) (43)

for all x € z. From (35),(38) and (39), we arrive

N (f(2) = Alx) = Q(@),r) = N (fe(a) + fol2) = Al2) = Q@) )
> min {N (fo(a) = A@), 5) . N (fel@) - Q). 7) }
> min {N1 (9(2z,z,0,0),2r|2 — d|), N2 (9(2z,z,0,0),2r|4 — d|)}

- NS (19(2.@, z, 07 0)7 T)
where
N3 (9(2z,,0,0),r) = min { N1 (J(2z, x,0,0),2r|2 — d|), N2 (9(2z,x,0,0),2r|4 — d|)} (44)
for all z € X and all r > 0. Hence the theorem is proved. O

The following corollary is the immediate consequence of Corollaries 3.2, 3.4 and Theorem 3.5 concerning the stability for

the functional equation (2).

Corollary 3.8. Suppose that a function f: X — Y satisfies the inequality

N (D f(z,y,z,t),7)
N' (e,r),

24 N (e(lzl]* 4+ Mlyll* + 11201+ 11t ), (45)
N ({121 lyll® 11210 11+ (21* 4+ yll* + 11201 + 1) }r)
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for all z,y,z,t € X and all v > 0, where €,s are constants with ¢ > 0. Then there exists a unique addilive mapping

A: X =Y and a unique quadratic mapping Q : X — Y such that

N3 (e,7),
N (f(x) = A(x) — Q(x),7) > ¢ Ni(e(2° + 1)||z]|°,7), s#1,2; (46)
Na (e + D)||z|[**,7), s# 1,3/

for allz € X and all r > 0.
Example 3.9. Let X be a normed space and N and N’ be non-archimedian fuzzy norms on X and R defined by (25),(26).

Let 9 : (0,00) = (0,00) be a function such that ¥ (21) < d ¥ (l) for alll >0 and 0 < d < 2. Define

B .2 0) =9 (e = ¢l + 9 (ly — tl) + 0 (12 ) - 30 (|| =252 —])
-] )-o (73] o )

20—y —=z —x—y+2z
for all z,y,z,t € X . Let zo € X be a unit vector and define f : X — X by f(x) = z+ I(||z|]) zo. Now for any

3

3

z,y,2,t € X and r > 0, we have

T
T+ 18 (@, y, 2, )] - [|lzoll
T

e )]
:N/(/B(x’y’z’t)7,r)'

N (Df($7y’ Z7t)7r) =

For any z,y,z,t € X and r > 0, we have

.
r+ B (2z,2y,2z,2t)

N' (B (2z,2y,22,2t), 1) =

>
o 7”+d5(33:y727t)

:N’(d 6($,y727t)77")-

Hence the inequalities (3), (27) and (34) are satisfied. Using Theorem 3.7, there exists a unique additive mapping A : X =Y

and quadratic mapping Q : X — 'Y such that

N(A(x)—Q(a:)—f(x), T) > N3 (ﬂ(2$,£,0,0), T)

re X andr > 0.

4. Stability of the Functional Equation (2) Using Fixed Point Method

In this section, the authors presented generalized Ulam - Hyers stability of the functional equation (2) in non-Archimedian

Fuzzy normed space using fixed point method. Now we will recall the fundamental results in fixed point theory.

Theorem 4.1 (Banach’s contraction principle). Let (X,d) be a complete metric space and consider a mapping T : X — X

which s strictly contractive mapping, that is
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(A1) d(Tz,Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fized point z* = T(z*);

(%) The fized point for each given element x* is globally attractive, that is

(A2) lim T"z = z*, for any starting point v € X;
n—r o0

(#i) One has the following estimation inequalities:

(A3) d(T"z,2*) < &7 d(T"z,T""'z),V n >0,V z € X;

(A4) d(z,2*) < 17 d(z,2"),V z € X.

Theorem 4.2 (The alternative of fixed point [24]). Suppose that for a complete generalized metric space (X, d) and a strictly

contractive mapping T : X — X with Lipschitz constant L. Then, for each given element x € X, either
(B1) d(T"z,T""'z) =00 ¥V n>0, or

(B2) there exists a natural number ng such that:

(i) d(T"z, T '2) < oo for alln >no ;

(i) The sequence (T™x) is convergent to a fized point y* of T
(#13) y* is the unique fized point of T in the set Y = {y € X : d(T"°z,y) < oo};
(

i) dy*,y) < 25 d(y, Ty) for ally €Y.

For to prove the stability result, we define the following:
Wi is a constant such that
2 if i=0

i B
if i=1

=

and € is the set such that

Q={glg: X —Y,g(0) =0}.
The following theorem provide the stability result of (2) for f is odd function in fixed point method.

Theorem 4.3. Let fo : X — Y be a mapping for which there exist a function © : X* — Z with the condition

lim N (O (ui'a, piy, ui 2, pi't) ,uir) =1, Va,y,z,t € X,r >0 (47)

n—r00

and satisfying the functional inequality
N (D fulz,y,2,t),7) > N (9(x,y,2,t),7), V&,y, 2t X,r>0. (48)
If there exists L = L(3) such that the function

x—)ﬁ(m):ﬁ(x,g,0,0),

has the property

! L(’Wm)r = N'(B(z),r T T
N(L " > N (B(z),r), Vo € X,r>0. (49)

Then there erists a unique additive function A : X — 'Y satisfying the functional equation (2) and

Ll*i

N (fo(z) — A(z),7) > N’ (B(x),ﬁr), VzeX,r>0. (50)
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Proof. Let d be a general metric on €, such that
d(g,h) = inf {K € (0,00)|N (g(z) — h(z),r) = N' (B(x), Kr),x € X}.

1
It is easy to see that (€, d) is complete. Define T : Q — Q by T'g(z) = ;g(,uix), for all z € X. For g,h € Q, we have

7

d(g,h) = K = N (g(x) — h(x),r) > N' (B(z), Kr)
g(piz) — h(pix) i
= N ( i - i 77°> > N (B(piz), Kpir)
= N (Tg(x) — Th(z),r) > N’ (B8(z), KLr)

d(Tg,Th) < Ld(g,h)  Vg,h € Q.

Therefore T is strictly contractive mapping on € with Lipschitz constant L. Replacing (z,v, z,t) by (2z,x,0,0) in (48) and

using oddness of f,, we get
N (fo(2x) — 2fa(x),r) > N’ (¥(22,2,0,0),7), V =z€X,r>0. (51)
Using (NAF2) in (51), we arrive
N(@—fa(m),r) > N’ (9(2z,2,0,0),2r), vV zeX,r>0. (52)
With the help of (49), when ¢ = 0, it follows from (52), that
fa(22)

N (T - fa(m),r> > N' (B(x), Lr) = d(Tfa, fo) < L=L"= L'"". (53)

Replacing = by g in (51), we obtain

N (fa(x) —2f, (g) ,r) > N’ (19 (x 3,070) ,r) .V zeX,r>0. (54)
When ¢ = 1, it follows from (54), that
N (fale) = 2fu(3),7) = N (B(2),r) = d(fu, Ty,) S 1=L'. (55)

Then from (53) and (55), we can conclude,
d(fa,Ty,) < L' < o0
Now from the fixed point alternative in both cases, it follows that there exists a fixed point A of T" in €2 such that

A@) = N — lim 282 gy o x, (56)
n—o0 A

Replacing (z,y, z,t) by (ui'z, ui'y, ui'z, pi't) in (48), we arrive

1 n n n n n n n n n
N (,UTD fa(ﬂi Ty i Yy i 25 [bg t),’l”) 2 N’ (19(#1 Ty i Yy g 25 [y t)vul T)a vV z€ X,’I" > 0.
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By proceeding the same procedure in the Theorem 3.1 we can prove the function, A : X — Y is additive and it satisfies the

functional equation (2). Since A is unique fixed point of 7" in the set

A = {fa € Qd(fa, A) < 00},

therefore A is a uniqe function such that

N (fo(z) — A(z),7) > N'(B(2), K1), vV z€ X,r>0. (57)

Again using the fixed point alternative, we obtain

1—
Llfz
a,A) <
= d(fa, A) < 1T
Llfz
= N(u(o) - A 2N (50 ) (58)
This completes the proof of the theorem. O

From Theorem 4.3, we obtain the following corollary concerning the stability for the functional equation (2).

Corollary 4.4. Suppose that a odd function fo : X — Y satisfies the inequality

N'(e,r),
N(D falz,y,2t),7) = § N (e(llz|* + [lylI* + |21 + [[t]]*) . 7)., (59)
N (e{llll® Nlyll® W=l1® 1+ (el + Tyl + 200+ 1) ),

forallx,y,z,t € X and allr > 0, where €, s are constants with ¢ > 0. Then there exists a unique aditive mapping A : X —Y

such that
N’ (e,2r)
/ s(2°+1) 2 .
N(fa(x)*A(x),T)Z N (EHJCH T,WT, s<1l or s>1; (60)
/ L2+ 2 . 5
N(enxn s ) <k o b

for allx € X and all v > 0.

Proof.  Setting
€
0@y 28) = ¢ e{ll=ll” + llyll” + [12l1° + 11"},
{1l 1= + [l™ + 1yl + =0+ e}
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for all z,y, z,t € X. Then,

N’ (O (pi e, pi'y, pi 2, pi't), pi'r)

N (e if'r)

= 3 N (e lldall” + 1yl + k2l + ) i)
N (el Nt ol 1k 21 el + [lidal ™ + eyl -+ ad 2+ ld el ] )
N’ (e, ui'r)

= N (eAllall* + llgll” + 1=+ el et =) )

4s 4s 4s 14sn
N (e {Il1® 4+ [lyl*™ + 121+ 1113 + 2l [yl 2] 10 ("))
—las n— o0
=4 »>las n—oofor s<1lif i=0and s>1if i=1,

— 1las n — oo for s<iif i =0 and s>iif i=1,

Thus, (47) is holds.

But we have B(z) =9 (z, £,0,0) has the property

N’ (L%,B(mx),r) = N'(B(z),r) Yz & X,r>0.

Hence
N’ (e,7),
N’ (B(z),r) = N’ (19 (x Lo 0) 7“) —{ N <el|wlls (ZSH) ,7«),
9 - 727 b I - %.Ss
N (il (250) o).
Now,

N’ (e, pir), N’ (B(x), ir),
, s(2°+1 —s
N T e = e I P
N <6llw\|“s (2 ;i_ 1) 7@,437“) N' (B(a), p;~"r).

Hence the inequality (49) holds for the following cases.

Case:1 L=2'for s=0ifi=0

N (fo(z) — A(z),7) >N’ (B(J:), T Lr) = N'(e,—2r)

1
Case:2 L:(%) fors=0ifi=1

Case:3 L=2"""fors<1ifi=0

N (o) = A)r) 2N (8o ) = 8 (el ES 2 )
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Case:d L=2"lfors>1ifi=1

N (o) = A)r) 2N (8o ) = 8 (il ES, 2 )

Case:5 L =21"% for s < % if7=0

N (o) = A)r) 2N (80, ) = N (et EE, 2 )

Case:6 L =2"""fors>1ifi=1

-t L% 41 9
N (fule) = Alw)r) 2N (o) ) = 8 (el B 2 )
Hence the proof is complete. O

The following theorem provide the stability result of (2) for f is even function using fixed point method. The proof of the

Theorem 4.5 and Corollary 4.6 is similar to that of Theorem 4.3. Hence the details of the proof is omitted.

Theorem 4.5. Let f,: X — Y be a even mapping for which there exist a function ¥ : X* — Z with the condition

lim N’ (9 (i@, w3y, iz, pi't) ,,u?”r) =1 VuazyzteX,r>0 (61)

n—o00

and satisfying the functional inequality
N (D fy(z,y,2,t),r) > N 9z, y,2t),7) ¥V x,9,2,t € X,7>0. (62)
If there exists L = L(i) such that the function
z— B(z) =19 (m,g,0,0) ,

has the property
1
N’ (Lﬁﬂ(uix),r) = N'(B(z),r) Yz € X,r>0. (63)
Then there erists a unique quadratic function Q : X — Y satisfying the functional equation (2) and

Ll*i

N (o) = Q) 2 N (o), = pr) Y€ Xor >0, (60

Corollary 4.6. Suppose that a even function fq: X — Y satisfies the inequality

N' (e, 1),
N(D fom,y:2,t),m) 2 ¢ N (e(|l=l]® + llyll* + [12]]° + [1£]]°) , ), (65)
N (LIl Myll® 1210 1161+ (2l1* 4+ yll* + 1201+ 1) }or)

for all r > 0 and all z,y,z,t € X, where €,s are constants with ¢ > 0. Then there erists a unique quadratic mapping

Q: X =Y such that

N’ (e 57)
N 224D 2 5 by
N (fq(z) = A(z),7) 2 elf]] 2257|225 — 2|7’ v 8< or §>2; (66)

J(2¥ 41 4
N’ (eHxH‘l( 5t ),|24874|r), s< % or

)

=

for allx € X and all v > 0.
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The following theorem provide the stability result of (2) for mixed case in fixed point method.

Theorem 4.7. Let f : X — Y be a mapping for which there exist a function 9 : X* — Z with the condition (47) and (61)

satisfying the functional inequality
N (D f(z,y,2,t),r) > N (9(z,y,2,t),7), ¥ 2,y,2,t € X,r > 0. (67)
If there exists L = L(3) such that the function
z— Bz) =19 (w,g,0,0) ,

has the properties (49) and (63) for all x € X. Then there exists a unique additive function A : X — Y and a unique

quadratic function Q : X —'Y satisfying the functional equation (2) and
N (f(z) = A(z) — Q(z),7) > N3 (B(z),r), Yo € X,r > 0. (68)

Proof. Let fo(z) = M for all z € X. Then f,(0) =0 and fo(—x) = —fo(x) for all z € X. Hence

N(D fo(ac,y7z,t),7“) = N(D fa(w,:%Z,t) -D fa(_l’7 -Y, —z,—t),2r)

> min {N’ (z,y,2,t),7), N (9(~=, —y, —z, —t), r)} (69)
for all z,y,2,t € X and all » > 0. Let
Ni(¥(z,y,2,t),r) =min {N' (¥(z,y,z,t),r), N (§(—z,—y,—z,—t),7)} (70)
for all z,y,z,t € X and all » > 0. By Theorems 4.3 there exists a unique additive mapping A : X — Y such that
1-L

N (fola) - Al2),r) = Ny (mx), L—) (71)

for all x € X and all » > 0.

Also, let fe(z) = M for all z € X. Then fc(0) =0 and fc(—z) = fe(z) for all x € X. Hence

N(D fe(QT,y,Z,t),’f’) = N(D le(m7yaZ7t) -D fQ(fxv -y, 72,70,27’)

2 min {N/ (19(1.5 Y, 2, t)? T) ) Nl (19(71'7 -Y,—% 7t)7 7")} (72)
for all z,y,z,t € X and all » > 0. Let
N2(19(£L',y7 2 t)a T) = min {Nl (19(1.’ Y, 2, t),?“) ’ N, (19(_1'7 -Y, =% —t),’f’)} (73)

for all z,y,2,t € X and all » > 0. By Theorem 4.5, there exists unique quadratic mapping @ : X — Y such that

N (fo(o) = Qa).r) 2 N (8o, £ ) (74)

for all x € X and all » > 0. Define
f(z) = fe(x) + folz) (75)
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for all z € z. From (68),(70) and (71), we arrive

N (f(z) = Alx) = Q(z),7) = N (fe(x) + fo(x) — A(z) — Q(x),7)

r T

> min {N (fo(oc) — Az), 5) N (fe(:v) — Q(z), 5)}

> min {N1 (ﬂ(wL %0 V2 <6($)’ 1Li_LT>}

= N3 (B(z),7)
where
Ll*i Ll*i
N (3(e),r) = min {80 (30 =) e (0, £ )} (76)
for all z € X and all r > 0. Hence the theorem is proved. O

The following corollary is the immediate consequence of Corollaries 4.4, 4.6 and Theorem 4.7 concerning the stability for

the functional equation (2) in fixed point method.
Corollary 4.8. Suppose that a function f: X — Y satisfies the inequality
N' (1),

N (D f(@,y,21),m) 2 9 N’ (e(|le|l* + [lyll* + ll=1* + [1¢]°) . 7)., (77)
N (eIl Tyl WAl el + (lel®™ 4+ yll™ + 120+ 1) 3 )

for all v > 0 and all x,y,z,t € X, where €,s are constants with ¢ > 0. Then there exists a unique additive mapping

A: X =Y and a unique quadratic mapping Q : X — 'Y such that

N3 (e,7),

2% 41
N (f(z) = Alz) = Q(x),r) > { Ns (ellxlis%i)w) , sFALY (78)

. 245+1
N (dlal =B )z

for allz € X and all r > 0.
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