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1. Introduction

Geometric calculus is an alternative to the usual calculus of Newton and Leibnitz. It provides differentiation and integration
tools based on multiplication instead of addition. Every property in Newtonian calculus has an analog in multiplicative
calculus. Generally speaking multiplicative calculus is a methodology that allows one to have a different look at problems
which can be investigated via calculus. In some cases, for example for growth related problems, the use of multiplicative
calculus is advocated instead of a traditional Newtonian one.

Let I, ¢ and ¢ be the classical sequence spaces of bounded, convergent and null sequences and C(G) be the set geometric
complex numbers [2]. Kizmaz [6] introduced classical difference sequence spaces loo (A), ¢(A) and ¢o(A). Kizmaz , generalized
sequence spaces loo(A™), ¢(A™) and co(A™) were introduced by Mikail Et and Rifat Colak [4], C.Tturkmen and F. Basar
[2] defined w(G), loo(G), ¢(G), co(G) and I,(G), the sequence spaces of all, bounded, convergent, null and absolutely p-
summable sequences over the geometric complex field C(G) which correspond to the sets w, loo, ¢, co and I, over the complex

field C, respectively. That is say that

w(G) ={z = (zx) : o € C(G) for all k € N},
1oo(G) = {& = (21) € w(G) : sup |zl < o0},
keN
¢(G) = {z = (x) € w(@) :© Jim |z ©llg =1},
co(G) = {z = (x) € w(@) :© klg{)lo zr = 1},

Ip(G) ={z = (ax) € w(Q) : G’Z |z |27 < oo}
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Note: Here, symbols lg_,, ¢, c§ will be used to denote lo (@), ¢(G), and ¢o(G) respectively.
C.Tiirkmen and F. Basar [2], Kizmaz [6], defined lg, (Ag), c®(Ac) and c§(Ag) the geometric difference sequence spaces

of bounded, convergent and null sequences x = (z1) [13] as

leo(Ag) = {z = (z) € W(G) : Agz € la .},
c“(Ag) = {z = (zx) € w(Q) : Agz € Y,

c§(Ag) = {z = (x1) € w(Q) : Agz € c§'}.
where Agr = x, © 1. Then we have proved that this is a Banach space with the norm.
I |Ze=lz1le® || Acz ||ow (a)

where Agz = (Agxi) = (5 © zry1). Also it can be proved that ¢©(A¢) and ¢§(A¢) are Banach spaces with the norm

(a). Mikail Et and Rifat Colak[4], Khirod and Bipan [13], define the following new sequence spaces

IS(A7) = {o = (zx) : ATz € 19},
C(AT) = {z = (2x) - ABw € Y,
¢S (AT = {z = (z1) : Alz € c§}, wherem e N
Agw = (1)
Agr = (Agar) = (Th © Thy1)
Adx = (AGxy) = (Agzy © AcTiir)
= (T © Tht1 © Tht1 B Thy2)
= (z © e o Tht1 B Tht1)
Aba = (AGwr) = (Abak © Abwrir)
=(2x 0 Oy ® e’ O xpy1 © This)

Gz = (AGmy) = (AG ' © AG 'whrn)

=aY (60)¢ ©el?) @ ayy), with (90)° = e.
v=0
Then it can be easily proved that lg_ (A%), ¢c®(A%) and 5 (A%) are normed linear spaces with norm.

m
Iz |2,=G)_ leile® || Az llow -

2. Main Results

Theorem 2.1. The sequence spaces la_ (A%), c©(AR) and c§(AR) are Banach spaces with the norm

m
Iz lZe=GY_lzile® | AGz o -

=1



Shadab Ahmad Khan and Ashfaque A.Ansari

Proof. Let (zp) be a Cauchy sequence in lg. (A#), where z, = (:El(-p)) = (:1;5“, xgp), xép), ..) for p € N and m;f) is the
k'™ coordinate of x,. Then
lzp g |86 =G Y lei” 02 |a® || AG(2p © 74) low (1)

i=1

= GZ 2P 6 29|q @sup|AG (zp O xg)lc = 1 asp, ¢ — 0

=1

Hence we get |2p © x4l — 1 as p, ¢ — oo and for each k € N. Therefore (m,(cp)) = (x,(c”, x,(cz), xfcg), ...) is a Cauchy sequence
in C(G). Since C(@) is complete, therefore (:c](f)) is convergent. Suppose that lim ach = xy, for each k € N. Since (z,) is
p—o0

a Cauchy sequence, for each € > 1, there exists N = N(e) such that || z, © z, ||Rc< € for all p, ¢ > N. Hence from (1)

G’Z |$§p) Gxgq)\g < e and |GZ(96)UC oV o (2, ©x{ e <e
i=1 v=0
for all kK € N and p, ¢ > N. So we have

(p) (@), _ (p)
qli)rgoGZ\m ez e = GZ|:€ O zi|lg < € and

i=1 i=1

hm \GAm(mk @x e = |AZ (z (p>@mk|g < e for each p > N.

This implies | z, © = [|S5< €* for each p > N, that is ¢ lim z, = x, where © = (). Now we have to show that
p—o0

z € lg,, (AE). We have

A& zrle =G (0e)'° © (V) © zrtola
v=0

|GZ ce)’“oe ) o (@htv © Thpw B Tho)lG

<1636 0 © @y O mr)ls @163 (06 0 elD) O afulo
v=0

<z oz llRe ©lAG T |6 = O(e).

Therefore we get x € lg_ (A%). Hence lg_ (A%) is a Banach space. It can be shown that ¢©(A%) and ¢§(A%) are closed
subspace of lg._(A#). Therefore these sequence spaces are Banach spaces with the same norm defined for lg_ (A%),

above. O
Lemma 2.2.
(i) G (AZ) G §(AG™),
(ii). <“(AG) € “(AET),
(ii). lcoo (AG) C law (AGT).
Proof. (i) Let z € c§ (A%). Since

|Ag+1xk‘G =|AGxr © A zrii|c

< |AGzkle ® |AGZk+1]c = 1 as k — oo.
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Therefore we obtain = € c§' (A% T). Thus ¢§ (AZ) C c§ (A%™"). This inclusion is strict. For let

Then = € c§ (ALT!) as (m + 1)™ geometric difference of e*™ is 1 (geometric zero). But z ¢ ¢§(A%) as m'" geometric
difference of e*" is a constant. Hence the inclusion is strict.

The proofs of (ii) and (iii) are similar to that of (i). O
Lemma 2.3.

(i). o6 (A&) & 9(AG),

(ii). <C(AE) S low (AF).
Proof.  Proofs are similar to that of Lemma 2.2. Further more , since the sequence spaces lg_ (A%), ¢®(AZ) and c§ (AD)
are Banach spaces with continuous coordinates, that is,

| 2p &z ||8c— 1 implies |x§f) Oz > 1

for each k € N as p — o0, these are also BK-spaces. O

Remark 2.4. It can be easily proved that c§ is a sequence algebra. But in general, lg_ (A®), ¢ (AZ) and c§ (A®) are not

)= (") ¢ 6 (AF) for

m—1

sequence algebra. For let x = (%), y = (e ", Clearly x, y € ¢§(AR). Butz Oy = (e* ®e
lgebra. For I b k

m > 2, since m*™ geometric difference of ¢® is constant.

Let us define the operator D : lg(A%) — la (AZ) as Dz = (1, 1, 1,..., 1, Tm+1, Tm+2,...), where z =
(z1, T2, T3,..., Tm, Tmt1-.-) € lao (AE). It is trivial that D is bounded linear operator on lg . (A% ). Further more, the
set

Dlla. (AG)] = Dlg (AG) ={x = (z1) :x €la (Ag),x1 =22 =+ =Ty, = 1}

is a subspace of lg. (AF) and

286 = |zilc @ |z2lc @ - & [wm|c® || A&z [low
=1016®...01¢ || Agx ||(;OC
=l Agz [lcw

Therefore || z [|S¢ =|| A%z ||g.. in Dig. (AZ).

Now let us define A™ : Dig_ (AZ) = lg..; Atz =y = (AL ‘2, © AL apy1).

& is a linear homomorphism: Let z,y € Dig_ (A¢%). Then

m
v

(6e)"° o Vo (zx D yr)

NE

AG(zr©ye) =G

[~
I
<}

0o onec (e ¢ o) oy

v=0

NE

G

@
Il
<}

=AZzr O AZ Yk
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Therefore A& (z®y) = Adz ® AGy. For a € C(G)
AZ(a o) = (ABa® )

= (G i(@e)”c 0el¥) 0 a o)

=(a6G i(@e)”c oV o Tk)

v=0

=a®AE Oz

This implies that A% is a linear homomorphism. Hence Dlg_ (A%) and le. are equivalent as topological spaces [9]. A%
and (AZ)~! are norm preserving and || A% |l =|| (AZ) ™! |lc.=e. Let [lg..] and [Dlg, (AZ)]’ denote the continuous
duals of lg_, and Dlg__ (A%), respectively. It can be shown that s : [Dlg(AZ)] = [la.]; fa — fao (AB)™! = fisa
linear isometry. So [Dlg,, (AZ)]’ is equivalent to [lg,,]’. In the same way, it can be shown that Dc%(A%) and Dc§ (A%)

are equivalent as topological spaces to ¢ and ¢S, respectively. Also
(D (AG)) = [Deg (AF)) =1F

where I = {z = (z1) : G 3. |zr|e < oo}
k=1

3. Dual Spaces of ig_(A}) and cG(AgL)

In this section we construct the n—dual spaces of g (A%) and ¢%(AZ). Also we show that these spaces are not perfect

space relative to n—dual.

Lemma 3.1. sup, |z © Tr+1|g < 00 i.e. sup, |Azk|e < oo if and only if sup, o |zk|e < 00 and supy, |Tk ekt g

Ik+1|(; < 0.

Corollary 3.2. sup, AL 'zr © AL 'zpi1|le < oo if and only if sup, o AL ag|le < oo and supy |AG T ok ©

-1
ekt ® Ag_lwk+1|c < 0.
Lemma 3.3. sup, o |Aczr|c < oo implies sup,, e~ "tV © |zx|q < oo for each i € N.

7<i+1)xk|c < oo foralli, meNand 1 <i<m.

Lemma 3.4. sup, o |AZ " 2y q < oo implies sup, e~ TV © |AT
Corollary 3.5. sup, e |AZ " | < oo implies supy " @ k] < .

Corollary 3.6. If z € lg (AZ) then sup, e* " |zi|¢ < co.

Proof.

Let = €lg. (AG) = Az € la.,

= sup |AG zk|a < 00
k
= sup AL o, © AL apy]e < 00
k
—1
= supe”  ©|AZzi|le < oo by Corollary 3.2
k

= sup FM e |zk|e < oo by Corollary 3.5
k
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Definition 3.7. If X is sequence space, it is defined as

X = {a— (ak) : Z|akxk| < oo, for each x € X}7
k=1

XP = {a = (ax) : Zakxk is convergent, for each x € X} ,
k=1

X" = {a = (ax) : sup|Zakxk\ < oo, for each x € X} .
k=1
Then X, X? and X" are called a-dual (or Kithe-Toeplitz dual), S-dual (or generalized Kothe-Toeplitz dual) and ~y-dual

spaces of X, respectively.

If X is sequence space, then n-dual of X is define as
(oo}
X" = {a— (ak):Z\akzzk\T < oo for all xGX} and r>1
k=1
X is set to be perfect or n— reflexive if X"7 = X, taking » = 1 in above definition we get a-dual of X. We define and have

prove that [13].

[sla., (AG)]” {a— ak) GZ@ O lak|la < oo}
k=1

[sla( {a = (ax) GZ@ ® ar is convergent with GZ|Rk\G < oo}
k=1 k=1

[slao. {a— (ak) sup|GZe le < oo, GZ|RkG<oo}

k=1 k=1

[sla.. (Ag)]" { e @ la|G < oo, for all xGXandrzl}

:1
where Ry =G Y, an and s:lg (Acg) =l (Ag), z = se =y = (1,z2,x3,...).
n=k+1

Theorem 3.8. Let Uy = {a =(ar): G Y " Olar]i < oo} Then [Dlg,, (AE)]" = Us.
k=1

Proof. Let a € Uy, then using Corollary 3.2 for € Dlg_ (A%) we have

oo} oo
GZ lak © zk|G = GZ{ekW O lak|lg © o |zk|a} < oo by Corollary 3.5.

k=1
This implies that a € [Dig. (AF)]". Therefore
Ui C [Dig.. (Ag)]" (2)

Conversely, let a € [Dlg, (AE)]". Then G Y |ax © zx|G < oo by definition of -dual, for z € Dlg_ (AE). So we take.
k=1

1 ifk<m

Tk = ’m o (3)
et itk >m

Then z = (17 1,1,...,1,emtD™ m+)™ ) € Dlg_ (AZ). Therefore

oo

m oo
GZek"” o |ak|TG _ Gzekmr o |ak|TG @G Z ekmr o |ak|TG

k=1 k=1 k=m+1

m o0
:GZekW ®|ak|TG@GZ|ak®zk\TG < 00

k=1 k=1
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Since ax ® zx = 1 (the geometric zero)for k = 1, 2...,m. Therefore a € U;. This implies
[Dic.. (AG)]" C Us. (4)

Then from (2) and (4), we get [Dia, (AZ)]" = UL. O
Theorem 3.9. [Dig_ (A%)]" = [DcC(AT)]".

Proof. Since Dc%(A%) C Dlg_ (AR), hence
[Dic.. (AG)]" C [DC(AG)]". (4)

Again let a € [Dc®(AB)]". Then G 3 |ar ® x|l < oo for each x € Dc%(AR). If we take = = (%) which is defined in (3),
k=1

we have
GZekmr O laklg = GZekmr O lakle @ GZ lar, @ x| < oco.
k=1 k=1 k=1
This implies that a € [Dig_ (A#)]". Thus
[Dc(AE)])" C [Dig.. (AE)]". (6)

From (5) and (6)

[Dlc.. (AG))" = [D(AG)]".

O
Theorem 3.10.
(1) llo (AE)]" = [Dlg.. (AG)]"-
(ii). [c“(AF)]" = [D(AF)]".
Proof.
(i). Since Dlg.. (AE) Cla. (AF), so
o (AG)]" € [Dloe. (&))" (7
Let a € [Dlg.. (A%)]" and z € lg.. (A%). From Corollary 3.6, we have
G laomle =G> " Olale o (¢ 0 lule) < oo
k=1 k=1
Hence a € [lg.. (AZ)]". Therefore
[Dlao (AG)]" € llaw (AG)]"- (®)

From (7) and (8) we have

lo (AG)]" = [Dlg. (AG)]"
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(ii). Since Dc®(AZ) C c%(A%) implies

[F(AF)" C [De(AG)]" )
Let a € [Dc(AZ)]" and x € ¢®(A%). From Corollary 3.6 we get

p—mr

GZ|ak®xk|E :Gzekw O lakle ® (e O |zrlG) < oco.
k=1 k=1
for x € c“(A%) Cla. (A%). Hence a € [c“(A%)]". Therefore

[De(AE)]" C [ (AE)]". (10)

From (9) and (10)

[ (AE)]" = [De (AF)]".

O
Theorem 3.11. Let X stand for lg, or c®. Then
(XA ={a=(ar): @Y " ©laxle < oo}
k=1
Proof.
la.. (AE)]" = [Dlg.. (A%)]" by Theorem 3.10
={a=(ay): GZ o lak|g < oo} by Theorem 3.8
k=1
Again
[cC(AZ)]" = [Dc®(AE)]" by Theorem 3.10
= [Dig., (A&)]" by Theorem 3.9
={a= (ar): GZeka O lak|g < 0o} by Theorem 3.8
k=1
leo (A" = [F(AG)]
O
Corollary 3.12. For X =lg_, or c®, we get
[X(Ac)" ={a=(ar): GY_ e ©lakl: < 0}, and
k=1
i 2r
(X(AL)]" ={a=(a) : G> " ©lake < oo}.
k=1
Proof. Putting m = 1 and m = 2 in Theorem 3.11 the results follows. Hence [lc_ (Ac)]” = [¢%(Ac)]” and [la (AZ)]? =
a2, o

Theorem 3.13. Let X stand for la_. or ¢© and Us = {a = (ax) : sup, e © |ax|l; < 00}. Then [X(AZ)]" = Us.
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Proof. Leta€ Uz and z € [X(A®)]". Then by definition of Uz and by Theorem 3.8, we have

o lulg o O larly

L

k=1 k

Il
-

O |ze|n @supe® T © |aw]l < 0.
k

NgE

<G

B
Il
-

Hence a € [X(AE)]".

Conversely, let a € [X(Ag)]" and a ¢ Us. Then we have
k—mr T
supe O |aklg = oo.
k

Hence there exists a strictly increasing sequence () of geometric integers [2], where k(i) is a strictly increasing sequence
of positive integers such that

T

PO lakayle > e

Let us define the sequence x by
<|ak(i)‘c)7lc s k= k(l)
1, k # k(3)

T =
where (|ak(i)|c)_lg is the geometric inverse of |ay(;)|c so that
-1
lakle © (larmle) ¢ =e.

Then we get

GZ o el = Gzelw)]mr O [larwle] ¢ < < .

k=1

Hence z € [X(AZ)]" and G )" |ax © 2k = D> e = oo. This is a contradiction as a € [X(AZ)]™. Hence a € Us.
k=1

o lew (AF)]™ = 17 (AF)] ™.

O
Corollary 3.14. For X =lg_, or c®, we get
s —2r
(X(AL)]" ={a=(ax): G " Olarle < oo}
k=1
Proof. In Theorem 3.13 putting m = 2 we obtain the result.
oo (AT = [¢7(AZ)]™.
O
Corollary 3.15. The sequence spaces lg. (A%) and ¢ (A%) are not perfect space relative to n-dual.
Proof.  Proof is trivial as X" # X for X = lg__ (AR) or ¢¢(AD). O
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