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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [11]. Though it is very young, it has been growing fast and
has numerous applications in various fields. During the same time Yeh and bang have also introduced various connectedness
concepts in fuzzy graphs [12]. In crisp graph theory the concept of antipodal graph of a given graph G was introduced
by Smith. A.Nagoor Gani and J.Malarvizhi (2010) introduced the concept of antipodal fuzzy graph [2]. K.Radha and
N.Kumaravel (2014) introduced the concept of edge regular fuzzy graphs [9]. In this paper, we study about edge regular
property of antipodal fuzzy graphs.

First we go through some basic definitions in the next section, which are represented in [1, 2, 4, 5, 8, 9].

2. Basic Concepts

Let V be a non-empty finite set and £ C V x V. A fuzzy graph G : (o, ) is a pair of functions o : V — [0,1] and
w: E —[0,1] such that p(z,y) < o(z) Ao(y) for all z,y € V. The order and size of a fuzzy graph G : (o, ) are defined by
O(G) = > o(z) and S(G) = w(zy). A fuzzy Graph G : (o, p) is strong, if u(xy) = o(x) Ao(y) for all zy € E. A fuzzy
Graph Gx:e‘(/a, w) is complete, 1afcyue(jfcy) =o(z) Ao(y) for all z,y € V. The underlying crisp graph is denoted by G* : (V, E).
The degree of a vertex z is da(z) = Y, p(zy). If each vertex in G has same degree k, then G is said to be a regular fuzzy
graph or k—regular fuzzy graph. Tha:églegree of an edge e = wv € E in G* is defined by dg=(uv) = dg=(u) + dg=(v) — 2.
If each edge in G* has same degree, then G* is said to be edge regular. The degree of an edge zy € E is dg(zy) =
; w(zz) + ; w(zy) — 2u(xy). If each edge in G has same degree k, then G is said to be an edge regular fuzzy graph or
@£z 22y

k—edge regular fuzzy graph.
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The p—distance 6(u, v) is the smallest u—length of any u—v path, where the p—length of a path p : uo, u1, u2, ..., us is €(p) =

n

> ﬁ The eccentricity of a node v is defined as e(v) = max,(6(u,v)). The diameter diam(G) = V{e(v)|v € V},
=1 T

radius 7(G) = A{e(v) |[v € V}. A node whose eccentricity is minimum in a connected fuzzy graph is called a central node.
A connected fuzzy graph is called self-centered if each node is a central node.

Let G : (o, 1) be a fuzzy graph with the underlying set V. An antipodal fuzzy graph A(G) : (0aq), ta(e)) is defined as
follows: The node set of G is taken as the node set of A(G) also. Two nodes in A(G) are made as neighbors if the u-distance

between them is diam(G). i.e., 04(¢)(u) = o(u) for all u € V and

w(uv), if u and v are neighbors in A(G) & uwv € E
pae(w) =19 o(u) Ao(v), if uand v are neighbors in A(G) & uwv ¢ E , for all u,v € V.
0, otherwise.

Here 6(a,b) = 1.4, §(a,c) = 3.9, §(a,d) = 3.1, §(b,c) = 2.5, §(b,d) = 1.7 and d(c,d) = 2. Therefore e(a) = 3.9, e(b) = 2.5,

a(0.9) 0.7 b(0.7) a(0.9) b(0.7)
® a .
0.3 0.6 0.4 0.5
[
d(0.6) 0.5 ¢(0.5) d(0.6) ¢(0.5)
G:(o,u) AG): (O-A(GVIHA(G))

Figure 1.

e(c) = 3.9 and e(d) = 3.1. Therefore diam(G) = 3.9 and r(G) = 2.5. Therefore diam(G) = 3.9 = §(a, ¢).

Theorem 2.1 ([8]). Let G : (o, 1) be a fuzzy graph on G* : (V, E). If p is a constant function, then G is edge regular if and

only if G* is edge regular.

Theorem 2.2 ([10]). Let G : (o, 1) be a fuzzy graph on an odd cycle G* : (V, E). Then G is edge regular if and only if u is

a constant function.

Theorem 2.3 ([10]). Let G : (o, 1) be a fuzzy graph on an even cycle G* : (V, E) with n vertices and let n # 0, (mod 4).

Then G is an edge regular fuzzy graph if and only if p is a constant function.

Theorem 2.4 ([10]). Let G : (o, 1) be a fuzzy graph on an even cycle G* : (V, E) with n vertices and let n = 0, (mod 4).
Then G is an k—edge regular fuzzy graph if and only if u assumes exactly four values r,s,t and | such that consecutive

adjacent edges receives these values in cyclic order with r +t =k and s+ 1 = k.

3. Degree of an Edge in Antipodal Fuzzy Graph

By definition,

dae)(w) = > pa() (uw) + > pace) (wv), Vuv € E(A(G)).
uwweE(A(G)),w#v wvEE(A(GQ)),w#u

For all wv € E(A(G)) and when uv € E,

dae)(uv) = Z wluw)+ o(u)Ao(w)+ Z w(wv)+ Z o(w)Ao(v).
6(u, w) = diam(G) 6(u, w) = diam(G) §(w,v) = diam(G) §(w,v) = diam(G)
uw € E,w #v uw ¢ E wv € E,w # u wv ¢ E
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For all uv € E(A(G)) and when uv ¢ E,

dacy(uww) = Z wluw)+ Z o(u)Ao(w)+ Z uw(wv)+ Z o(w)No(v).
0(u, w) = diam(G) §(u, w) = diam(Q) 6(w,v) = diam(G) §(w,v) = diam(G)
uw € E uw ¢ E,w # v wv € E wv ¢ E,w#u

4. Edge Regular Property of Antipodal Fuzzy Graph of Fuzzy Graph

Remark 4.1. If G : (o, ) is an edge regular fuzzy graph, then A(G) : (0aq), la(e)) need not be edge regqular fuzzy graph.

For example, in Figure 2, G : (o, ) is 0.8-edge regular fuzzy graph, but A(G) : (ca(e), la(c)) is not an edge regular fuzzy

graph.
a(0.9) 04 b(0.6) 2(0.9) b(0.6)
[ . [ ]
0.4 0.4 0.5 0.6
d(0.5) (0.8) (0.5) 05 (0.8)
G:(o,u) A(G) (0 46y M)
Figure 2.

Here 6(a,b) = 2.5, §(a,c) = 2.5, §(a,d) = 2.5, 6(b,c) =5, §(b,d) =5 and d(c,d) = 5.

. e(a) =2.5,e(b) =5,e(c) =5 and e(d) = 5.
o diam(G) =5 and r(G) = 2.5.

oo diam(G) =5 =96(b,c) = 0(b,d) = (¢, d)

Remark 4.2. If L(G) : (w,\) is an edge regular fuzzy graph, then G : (o, ) need not be edge regular fuzzy graph. For

example, in Figure 3, A(G) : (ca(q), baa)) is 0.8-edge regqular fuzzy graph. But G : (o, ) is not an edge regular fuzzy graph.

a(0.9) 0.4 b(1) a(0.9) 0.4 b(1)
* 0.4 * * *
0.4 0.5 0.4 04
0.5
d(Oz)) 0.6 c(()'.7) d(0.9) ¢(0.7)
G:(o,u) A(G):(O-A(G)’IUA(G))

Figure 3.

Here 6(a,b) = 2.5, §(a,c) = 2.5, §(a,d) = 2.5, d(b,c) =2, §(b,d) = 2 and d(c,d) = 1.7.

. e(a) =2.5,e(b) = 2.5,e(c) = 2.5 and e(d) = 2.5.
. diam(G) = 2.5 and 7(G) = 2.5.

. diam(G) = 2.5 = 6(a,b) = 6(a,c) = d(a,d)

Theorem 4.3. Let G : (o, 1) be a fuzzy graph on a complete graph G* : (V, E) such that v is a constant function. Then

A(G) is an edge regular fuzzy graph.
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Proof. Since G* is complete and pu is a constant function, G* is edge regular. By Theorem 2.1, G is edge regular. Let
u(e) =c¢, for all e € E, where c is a constant. For any pair of distinct vertices a,b € V, their u— distance §(u,v) is % Then
eccentricity of a vertex v € V is e(v) = maxy(5(u,v)) = L and the diameter diam(G) = V{e(v) |v € V} = L. It follows that

w and v are neighbors in A(G), for all u,v € V. Therefore pu4(g)(uv) = p(uv) = ¢, for all u,v € V, since G is edge regular,

A(G) is an edge regular fuzzy graph. O

Remark 4.4. The converse of above Theorem 4.3 need not be true. In the following figures, A(G) : (0aq), ba(e)) 1S

1.0-edge regular fuzzy graph. But G* : (V, E) is not a complete graph and p is not a constant function.

a(0.9) 0.4 b(0.5) a(0.9) b(0.5)
[ ® [ ]
0.4 0.4 0.5 0.5
d(0.5) ¢(0.8) d(O}) 0.5 C('OAS)
G:(o,u) AG): (O-A(G)uuA(G))

Figure 4.
Here 6(a,b) = 2.5, §(a,c) = 2.5, §(a,d) = 2.5, 6(b,c) =5, §(b,d) =5 and d(c,d) = 5.

. e(a) =2.5,e(b) = 5,e(c) =5 and e(d) = 5.
oo diam(G) =5 and r(G) = 2.5.

o diam(G) =5 =6(b,¢) = §(b,d) = (¢, d)

In Figure 3, A(G) : (04, Ba(e)) is 0.8-edge regular fuzzy graph. But x is not a constant function.

Remark 4.5. If G : (o, u) is an edge reqular fuzzy graph with u is a constant function, then A(G) need not be an edge regular
fuzzy graph. In Figure 2, G : (o, ) is 0.8-edge regular fuzzy graph with p = 0.4, for all wv € E, but A(G) : (0a(c), Ha(c)) S

not an edge regular fuzzy graph.

Theorem 4.6. Let G : (o, ) be a fuzzy graph on a complete graph G* : (V, E) such that p is a constant function. Then

A" (G) is an edge regular fuzzy graph, where n is a positive integer.

Proof. By Theorem 4.3, G = A(G) = A?(G) = A*(G) = --- = A™(G), it follows that A"(G) is an edge regular fuzzy
graph, where n is a positive integer. O
Theorem 4.7. If G : (o, 1) is a complete fuzzy graph such that o is a constant function, then A(G) is an edge regular fuzzy

graph.

Proof. Given G is a complete and o is a constant function, u is also a constant function. Hence the result follows from

Theorem 4.3. O

5. Edge Regular Property of Antipodal Fuzzy Graph of Fuzzy Graph
on a Cycle

Theorem 5.1. Let G : (o,u) be a fuzzy graph on an odd cycle G* : (V, E) such that o is a constant function. If G is an

edge reqular fuzzy graph, then A(G) : (ca(c), ha(q)) is an edge regular fuzzy graph.



K.Radha and N.Kumaravel

Proof. Let G be an edge regular fuzzy graph on an odd cycle vivavs ... v,v1, where n is odd. By Theorem 2.2, p is a
constant function. Let u(e) = ¢, for all e € E, where c is a constant. For any j, the distance from v; to the vertex farthest

from v; in G* is "Tfl Since p is a constant function, the p-distance from v; to the vertex farthest from v; in G is ("T*l) (%)

1

Therefore e(v;) = maxy, (§(vi,v;)) = (252) (1), for all v; € V. Thus diam(G) = V{e(v;)|v; € V} = %2t = e(vs), for all
t=1,2,...,n.

Now, if i < "%rl, then the vertex farthest from v; is CEES R If i > ”T“, then the vertex farthest from v; is v,_ni1. Hence
2 2

5 (vi,vnfl ) L if i< nl
=2
diam(G) = e(v;) = ERRA
4 (Ui,v.77L+1) s if 4 > HTH
T2
In A(G), v1 is adjacent to vni1, v2 is adjacent t0 Vnis,...,vn_1 is adjacent to vn_1, Vnt1 is adjacent to vn, vnis is adjacent
2 2 2 2 2
to v1, vnts is adjacent to ve, vntr is adjacent to vs,...,vn—1 is adjacent to vn-s, v, is adjacent to vn—1. Therefore A(G)
2 2 2 2

is a fuzzy graph on an odd cycle V1V nt1 VpVUn—1Vn—1Un-3 ... Vnt5V2Vn+3 V1.
2 2 2 2 2

None of the edges in A(G) is in G. Let o(v;) = c1, Y v; € V, where ¢; is a constant. Then pag)(uwv) = o(u) A o(v) = c1,

for every edge uv in A(G). Hence by Theorem 2.2, A(G) is an edge regular fuzzy graph. O

Remark 5.2. The converse of above theorem need not be true. For example, in Figure 5, A(G) is 0-edge regular fuzzy

graph. But, G is not an edge reqular.

a(0.6) a(0.6)
[ ]

1(0.6) b(0.6)

e(0.6) ¢(0.6)

A(G): (o-A(G),,uA(G))

Figure 5.

Here e(a) =4 and e(b) = e(c) = e(d) = e(e) = 4.5. Therefore diam(G) = 4.5 and diam(G) = 4.5 = §(b,e) = d(c, f).

Theorem 5.3. Let G : (o, 1) be a fuzzy graph on an even cycle G* : (V, E) with n # 0(mod4), where |V| =n. If G is an

edge reqular fuzzy graph, then A(G) : (0a(c), ha(a)) @8 a zero-edge reqular fuzzy graph.

Proof. Let G be an edge regular fuzzy graph on an even cycle v1vs . ..v,v1 with n # 0 (mod 4). By Theorem 2.3, u is a
constant function. Let u(e) = ¢, for all e € E, where ¢ is a constant. For any j, the distance from v; to the vertex farthest

from v; in G* is §. Since p is a constant function, the p-distance from v; to the vertex farthest from v; in G is (%) (%)

Therefore e(v;) = max,, (§(vi,v;)) = 3%, for all j = 1,2,...,n. Thus diam(G) = V{e(v;)Jv; € V} = & = e(v;), for all

2¢)

7=12,...,n. Now

(S(U',’Ui+ﬂ), leSﬂ
diam(G) = e(vi) = ' 2 ?
6(1}1‘,1}1-,%), if1>%
Therefore vivi4 2, v2v24 2, ..., vV, are the only edges in A(G). Therefore every pair of distinct edges are non-adjacent in
A(G). Hence A(G) is a zero-edge regular fuzzy graph. O
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Remark 5.4. The converse of above theorem need not be true. For example, in Figure 6, A(G) is 0-edge regular fuzzy

graph. But, G is not an edge regular.

a(0.7) a(0.7)

(0.6) £0.5) 0.6 b(0.6)
k
0.5
e
c(0.5) e(0.6) c(0.5)

[ ]
d(0.6) d(0.6)

G:(o,u) A(G) (0 46y M acc))

Figure 6.

Theorem 5.5. Let G : (o, 1) be a fuzzy graph on an even cycle G* : (V, E) with n = 0 (mod 4) and § = 0 (mod 4), where

V| =n. If G is an edge reqular fuzzy graph, then A(G) : (), ha(q)) i @ zero-edge regular fuzzy graph.

Proof.  Let G be an edge regular fuzzy graph on an even cycle v1vs,...,v,v1 with n =0 (mod 4) and § = 0 (mod 4). By
Theorem 2.4, p assumes exactly four values 7, s,t and [ such that consecutive adjacent edges receives these values in cyclic

order with r + ¢ =k and s + ! = k. For any j, the distance from v; to the vertex farthest from v; in G* is

w3

Since membership values of the edges are r, s,t and [ in cyclic order and § = 0 (mmod 4), the u-distance from v; to the vertex
farthest from v; in G is (2) (2 + 2+ 1+ 7). Thus diam(G) = V{e(v;)|v; €V} = (2) (2 + L1+ 1+ 1) = e(v;), for all

7=1,2,...,n. Now

1) (U',’l}i+ﬂ) s if 4 S z
diam(G) = e(v;) = ' 2 2
1) (vi,vi,g) , ifi > %
2
Therefore viviyn, vavoin,...,vnv, are the only edges in A(G). Therefore every pair of distinct edges are non-adjacent in
A(G). Hence A(G) is a zero-edge regular fuzzy graph. O

Remark 5.6. The converse of above theorem need not be true. For example, in Figure 7 and 8, A(G) is 0-edge regular

fuzzy graph. But, G is not an edge regular.

a(0.7) a(0.7)
q
h(0.5) b(0.6)
0.6
0. 0.6
809 o)
s °
£(0.6) d(0.5)
]
¢(0.6) ¢(0.6)
G:(o.u) A(G) (0 46y M ac)

Figure 7.
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a(0.7) a(0.7)
q
h(0.8) r b(0.6)
0.6
0. 6
£(0.9) c(1)
0.9
£(0.6) J d(0.8)
]
¢(0.6) ¢(0.6)
G:(o,u) A(G) (0 y6)> M)

Figure 8.

Remark 5.7. When n =0 (mod 4) but § # 0 (mod 4), diam(G) need not be equal to e(v;), for all j = 1,2,...,n. Consider
G* : (V,E), where V = {a,b,c,d,e, f,g,h,i,5,k,1} and E = {ab,bc,cd,de,ef, fg,gh, hi,ij, jk,kl,la}. Define G : (o,u) by
o(a) = 0.8, o(b) = 0.7, o(c) = 0.5, o(d) = 0.4, o(e) = 0.5, o(f) = 0.6, o(g9) = 1, o(h) = 0.8, o(i) = 0.5, o(5) = 0.9,
o(k) = 0.6, o(l) = 0.7 and p(ab) = 0.3, u(be) = 0.5, p(cd) = 0.4, u(de) = 0.2, ulef) = 0.3, u(fg) = 0.5, u(gh) = 0.4,
pu(hi) = 0.2, u(ij) = 0.3, u(jk) = 0.5, u(kl) = 0.4, p(la) = 0.2. Here diam(G) = 18.1 # 17.3 = e(b).

6. Properties of Edge Regular Antipodal Fuzzy Graphs

Theorem 6.1. Let G : (o, ) be a fuzzy graph on a complete graph G* : (V, E) such that u(e) = ¢, Ve € E, where ¢ is a

constant. Then the size of A(G) is %, where |V| = n.

Proof. In G*, there are exactly @ edges, where |V| = n. Since u(e) = ¢, Ve € E, where c is a constant, the size of G
is w By Proof of Theorem 4.3, A(G) and G have same number of edges and same membership function. Hence the

size of A(G) is W, where |V| = n. O

Theorem 6.2. Let G : (o,u) be a fuzzy graph on an odd cycle G* : (V, E) such that o = ¢, where c is a constant. If G is

an edge regular fuzzy graph, then the size of A(G) : (ca), ha(e)) s nc, where |V| =n.

Proof. By Theorem 5.1, A(G) is a fuzzy graph on an odd cycle with n vertices and pa(g)(e) = ¢, for every edge in A(G).

Therefore the size of A(G) : (0a(), ta(e)) is ne, where |V| = n. O
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