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1. Introduction

Atanassov [3] introduced and studied the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets [13]. In 2004,
Park [8] defined the notion of intuitionistic fuzzy metric space with the help of continuous t-norms and continuous t-conorms.
Recently, in 2006, Alaca et al. [1] Using the idea of intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy metric
space with the help of continuous t-norm and continuous t-conorm as a generalization of fuzzy metric space due to Kramosil
and Michalek [4]. Further, Alaca et al. [1] proved intuitionistic fuzzy Banach and intuitionistic fuzzy Edelstein contraction
theorems, with the different definition of Cauchy sequences and completeness than the ones given in [8]. The idea of fuzzy
2-metric space and fuzzy 3-metric space was used by Sushil Sharma [11] and obtained some fruitful results. Motivated
by Sushil Sharma [11], we prove some common fixed point theorem in fuzzy 2-metric space and fuzzy 3-metric space by
employing the notion of reciprocal continuity, of which we can widen the scope of many interesting fixed point theorems in
fuzzy metric space. Urmila Mishra [12] proved a common fixed point theorem in fuzzy metric space by introducing reciprocal

continuity. In this paper, we have extended and generalize [12] the above result in intuitionistic fuzzy 3-metric spaces.

2. Preliminaries

Definition 2.1. A 5-tuple (X, M, N, * <) is called a generalized intuitionistic fuzzy 2- metric space if X is an arbitrary
set, * is a continuous t-norm, < is a continuous t-conorm and M, N are fuzzy sets on X> x [0, 00| satisfying the following
conditions:

For each x,y,z,u € X and t1, t2, ts > 0.
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(a).
(b).
(c).

(d).
(e)-
(f)-
(9)-
(h).
(i).
().
(k).

M(z, y, z, )+N (z, y, 2, t) <1,

M (z, y, z, 0) =0,

M(z, y, z, t) =1 for all z, y in X and t > 0 if and only if v =y,

M(z, y, z, t) = M (p{z, y, z}, t), where p is a permutation function,
M(z, y, z, t1 +t2+1t3) > Mz, y, u, t1) * M(z, u, z, t2) * M(u, y, z, t3)
M(z, y, z, .): [0, 00)=[0, 1] is left continuous,

N(z, y, z, t)<0,

Nz, y, 2, )= 0iffer=y=z,

Nz, y, 2, )= N(p{z, y, 2z}, t), where p is a permutation function,

Nz, y, 2z, ti +ta +t3) < N(z, y, u, t1)ON(z, u, z, t2)ON(u, y, z, t3)

Nz, y, z, ): [0, 00)—[0, 1] is right continuous.

Definition 2.2. A sequence {z,} in a intuitionistic fuzzy 2-metric space (X, M, N, *, {) is said to be converge to x in X

iff lim M (2, x, a, t) =1 and lim N (z,, z, a, t) =0, foralla € X and t > 0.

Definition 2.3. Let (X, M, N, %, &) be a intuitionistic fuzzy 2-metric space. A sequence {x,} in X is called Cauchy

sequence, iff im M (Tntp, Tp, a, t) =1 and lim N (Tntp, Tp, a, t) =0, for alla € X and p >0, t > 0.
n—o0 n—oo

Definition 2.4. A intuitionistic fuzzy 2-metric space (X, M, N, *, ) is said to be complete iff every Cauchy sequence

in X is convergent in X.

Definition 2.5. The 5-tuple (X, M, N, *, ) is called a intuitionistic fuzzy 3-metric space if X is an arbitrary set, *

is a continuous t-norm and < is a continuous t-conorm and M, N is a fuzzy set in X* x [0, oo] satisfying the following

conditions, for all x, y, z, w, u € X and t1, ta2, t3, ta > 0.

(a).
(b).
(c).
(d).
(e)-
(£)-
(9)-
(h).
(i).
(3)-
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Mz, y, z, w, 0)+N (z, y, 2, w, 0)<I,

M (z, y, z, w, 0)=0,

M(z, y, z, w, t)=1, for all t > 0.

Mz, y, z, w, t) = M(p(z, y, 2z, w), t), where p is a Permutation function,

Mz, y, z, w, t1 +t2+t3+ts) > Mz, y, 2, u, t1)xM (z, y, u, w, t2)*M(x, u, z, w, t3)xM(z, u, z, w, ta),
M (z, y, z, w, .):[0, 00) = [0, 1] is left continuous ,

Nz, y, z, w, 0) =1,

N(z, y, 2, w, t)=0, forallt >0

N(z, y, 2z, w, t) =N (p(z, y, 2, w), t), where p is a permutation function,

N(C& Y, =z, w, t1 +t2+t3+t4) < N('T7 Y, 2, U, t1)N(CIZ’7 Y, u, w, t?)N(x> u, z, w, tS)N('T7 u, z, w, t4)7
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(k). N(z, y, z, w, .):]0, 0o) = [0, 1] 4s right continuous.

Definition 2.6. A sequence {z,} in a intuitionistic fuzzy S-metric space (X, M, N, %, {) is said to converge to = in X

iff im M (zn, =, a, b, t) =1 and lim N (z,, z, a, b,t) =0, for alla,be X, t > 0.

n—00 n—r00

Definition 2.7. Let (X, M, N, x, {) be a intuitionistic fuzzy 3-metric space. A sequence {x,} in X is called Cauchy

sequence iff im M (Zptp, Tn, a, b, t) =1 and lim N (Tnip, Tn, a, b,t) =0, for alla,b € X, p>0 and t > 0.
n—oo n—oo

3. Intuitionistic Fuzzy 3-Metric Spaces

Theorem 3.1. Let A, B, C, R, S and T be self maps on a complete intuitionistic fuzzy 3-metric space (X, M, N, *, ),

where * is a continuous t-norm, {» is a continuous t-conorm satisfying

(1). AX CTX, BX C SX, CX C RX.

(2). (B, S) and (C, T) are weakly compatible and reciprocally continuous,

(8). For each z, y, z € X and t > 0, M (Azx, By, Cz, u, t) > ¢(M(Rz, Sy, Tz, u, t)), N (Az, By, Cz, u, t) <
V(N (Rz, Sy, Tz, u, t)),

Where ¢, ¢ : [0, 1] — [0, 1] is a continuous function such that ¢ (1) =1, ¢ (0) =0, ¢ (0) =0 and ¢ (1) =1 and ¢ (a) > a
and ¢ (a) < a for each 0 < a < 1. If (A, R) is semi compatible and reciprocally continuous, then A, B, C, R, S and T have

a common fixed point.

Proof. Suppose zo € X be an arbitrary point. Then there exists z1, z2, 3 € X such that Azg = Tz1, Bx1 = Sz2 and
Cz2 = Rzs. Thus we can form sequences {z,}, {yn} and {z,} in X such that yon+1 = Az2n = TZ2n+1, Yont2 = BTont1 =

Sxon+2, Yonts = Conte = Rxopys, forn =0, 1, ...

M (Y2nt1, Yant2, Yants, U, t) = M(Az2n, Brant1, Cantz, u, 1)
> ¢ (M (Rw2n, STant1, TTont2, U, t))
> ¢ (M(Y2n, Y2nt1, Yontz, U, 1))

N (Yon+1, Yont2, Yonts, U, t) = N(Axan, Brant1, Cxantz2, u, t)
<Y (N (Rzan, Sxant1, Toont2, u, t))

< Y (N(y2n, Y2n+1, Y2nt2, U, t)).
Similarly,

M (y2n+3, Yon+d, Yonts, U, t) > & (M (Yant2, Y2n+3, Yon+a, u, 1)) and

N (y2n+3, Y2n+a, Yonts, U, t) <P N (Y2nt2, Yonts, Yontda, U, 1)).
More generally,

M(y’ﬂ+1a Yns Yn—1, U, t) > ¢(M (y’n7 Yn—-1, Yn—2, U, t)) and

N(yn+17 Yny Yn—1, U, t) <1/’(N(ym Yn—1, Yn—-2, U, t))
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Therefore, {M (Yn+1, Yn, Yn—1, 4, t)} is an increasing sequence and {N (Yn+1, Yn, Yn—1, U, t)} is a decreasing sequence

of positive real numbers in [0, 1] and tends to limit ¢ < 1. We claim that £ = 1. If £ < 1, then M (Yn+1, Yn, Yn—1, U, t) >

¢(M (y"a yn—17 yn—27 U, t)) and N(yn+1, y’na y’n—lv u, t) < ¢(N(y”a yn—lv yn—27 U, t)) On lettlng n —

007 we geta hm M(yn+17 yn7 ynfla ’LL, t) > hm M(yn, y’"«l? y’ﬂ*27 ’LL, t) a‘nd hm N(y”+17 y’ﬂ7 y’ﬂflv u7 t) <
n—oo n— oo n—o0

lim N (Yn, Yny, Yn—2, u, t) that is £ > ¢(1) > 1 and £ < (1) < 1 a contradiction. Now for any positive integer

n—o00

p.
t
M st g 0 1) = M (v gosts pusz voto G D)

t
* M Ynt1, Ynt2, Ynts, Yntp, Br-1+1)

t
* ook M| Yntp—3, Yntp—25 Yntp—15 Yntp W

t
*M mnsy n 9 n b 9 Tl 1\ 1 1)
(y Yn+1, Yn+2, 2 (3(p71)+1)>

t
* M (yn+1, Yn+2, Yn+3, 2, m)

t
* M (yn+2, Yn+3, Yn+d, 2, m)

ok M z ;
Yn+p—25 Yntp—15 Yn+ps 2, B(p—1)+1)

t
n+p—2, Yn+p—1, Yn+py < 757 1N | 1\ d
*M(y +p—2; Yntp—1; Yntp, 2 (3(p71)+1)) an

t
N (Yn> Yn+1, Yn—p, U, t) SN(?M, Ynt1s Ynt2, Yntp, m)

¢
ON (yn+17 Ynt2; Yn+3, Yntps W)

t
O ON (ynerfSa Yntp—2; Yntp—1, Yntp, W)

t
SN (yn, Ynt1, Ynt2, 2, m)

t
ON (yn+1, Yn+25 Yn+3, 2, m)

t
SN <yn+2, Yn+3; Yntd, 2, m)

t
<><>N (yn+p727 Yntp—1, Yntp, 2, m)

t
N n+p—2, Yn+p—1, Yn Y 2y Tl 1N 1 1)
<& (y +p=25 Yntp—1; Yntp, 2 (3(p_1)+1)>

Taking limits

) t
Mo st g 0002 i M (i sy s s =5 )

lim M d
* lim. Yn+1, Yn+2, Yn+3; Yntp, Br-1D)+1)

x lim M ——
. Yn+2, Yn+3, Yn+4, Yn+p, (3 (p* 1)+1)

lim M :
Kook nLI%Q Yn+p—3, Ynt+p—2, Ynt+p—1, Yn+p, m

t
li ny Yn s Yn 3 S a0 1N\ 1 1)
*nL“;oM<y Yntt Yng2, 2 (s(p—1)+1))

) t
i M (vt s s = )

) t
i M (e s st = )
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* lim M (yn+p727 Yntp—1, Yntpr 25 m> and

N (Yn, Ynt1s Yn—p, u, t) < Tim N <yn, Ynt1s Ynt2s Ynip, m>
OHILI&N(ynJ,-l, Yn+25 Yn+3, Yn+p, m)
inin;oN (yn+2, Yn+3, Ynt+4d; Yntp, m)
<>"'<>nli_>H§oN (yn+p73, Yntp—2, Yntp—1, Yn+p; m)
<>n1i_)rr;o./\/'(yn, Yn+1l, Ynt2, %, m)
OnlingoN@”“’ Yn+2, Yn+3, 2, m)

t
I v
QniriloN<yn+27 Yn+3, Ynt+4, 2, Bp— 1)+1)>

t
RO ntp—2s Yntp—1, Yntp, 2y o
<> <>n1—>H;oN (y +p—25 Yn+p—1, Yn+tp, 2 (3(]7*1)4’1))

t
1. n —2 n — 1 n k) I
<>nl_)HoloN(y +p—25 Yntp—1, Yn+tp, 2 (3(p_1)+1))

that is, Uim M (Yn, Yn+1, Yntp, U, t) > 1xlxls---x1=1and lm N (Yn, Ynt1, Yntp, U, ) <0H0H0H...O0=0.
n—r o0 n— o0
Which means {y,} is a Cauchy sequence in X. Since X is complete y, — w in X. That is {Azan}, {TT2nt+1}, {BTan+1},
{Szant2}, {Cxant2}, {Rx2n+2} also converge to w in X. That is lim Rz, — w and lim Az2, — w. Since (A, R) is
n— o0 n— o0

semi-compatible, lim Azs, — Rw. Also (A, R) is reciprocal continuous also, therefore, lim Az2, — Aw combining this
n— oo n—o0

process, we get Aw = Rw. Now to prove that Aw = w, for if we consider that Aw # w. Then by the contractive condition,

M(Aw, B$2n+1, C$2n+2, u, t) Z qS(M(Rw, S$2n+1, Tx2n+2, u, t)) and

N(Aw7 Bx2"+17 C$2n+2, u, t) < ¢(N(Rw7 S$2n+1, Tm2n+27 U, t))

Letting n — oo, M (Aw, w,w, u, t) > ¢ (M (Rw, w,w, u, t)) > M(Aw, w, w, u, t) and N (Aw, w,w, u, t) <
Y (N (Rw, w, w, u, t)) < N(Aw, w, w, u, t) a contradiction. Therefore Aw = w = Rw. Since (B, S) and (C, T)
are weakly compatible and reciprocally continuous, as above, we get Bw = w = Sw and Cw = w = Tw. Therefore A, B, C,

R, S and T has a common fixed point. O
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