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1. Introduction

The concept of energy of a graph was introduced by I. Gutman [4] in the year 1978. Let G be a graph with n vertices
and m edges and let A = (a;;) be the adjacency matrix of the graph. The eigenvalues A1, A2, - , A, of A, assumed in non
increasing order, are the eigenvalues of the graph G. As A is real symmetric, the eigenvalues of G are real with sum equal to

n

zero. The energy E(G) of G is defined to be the sum of the absolute eigenvalues of G. i.e., E(G) = Z |Ai]. For details on
i=1

the mathematical aspects of the theory of graph energy see the reviews[5], papers [1, 2, 6] and the references cited therein.

The basic properties including various upper and lower bounds for energy of a graph have been established in [8, 9], and it

has found remarkable chemical applications in the molecular orbital theory of conjugated molecules [3, 7].

1.1. Partition Energy

Let G be a simple graph of order n with vertex set V = {v1,v2,...,vn} and edge set E. Let P, = {V1, Va2, V3, ..., Vi} be a

partition of a vertex set V. The partition matrix of G is the n x n matrix defined by A(G) = (ai;), where

2 if v; and v; are adjacent wherev;,v; € V,.
—1 if v; and v; are non adjacent wherewv;,v; € V..
Qqj =
1  if v; and v; are adjacent between the sets V. and Vs, forr # s wherev; € V, andv; € Vg

0  otherwise

The eigenvalues of this matrix are called k - partition eigenvalues of G. The k - partition energy Py E(G) is defined as the

sum of the absolute values of k - partition eigenvalues of G [10].
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1.2. Minimum Dominating Partition Energy

Let G be a simple graph of order n with vertex set V = {v1,va,...,v,} and edge set E. Let P, = {V1, V2, V3,...,Vi} be a
partition of a vertex set V. A subset D of V is called a dominating set of G if every vertex of V — D is adjacent to some vertex
in D. Any dominating set with minimum cardinality is called a minimum dominating set. Let D be a minimum dominating
set of a graph G. The minimum dominating k - partition matrix of G is the n X n matrix defined by PrAp(G) = (as;),

where

2 if v; and v; are adjacent wherewv;,v; € V.
—1 if v; and v; are non adjacent wherew;,v; € V;.
A5 =
1 ifi=j, vi € D or v; and v; are adjacent between the sets V- and Vs, forr # swherev; € V. andv; € V;

0  otherwise

The characteristic polynomial of Ap(G) is denoted by fn (G, A)= det(A] — Ap(G)). The minimum dominating k - partition
eigenvalues of the graph G are the eigenvalues of Ap(G). Since Ap(G) is real and symmetric, its eigenvalues are real
numbers and we label them in non-increasing order A1 > A2 > -+ > A\,,. The minimum dominating k - partition energy of

G is defined as P, Ep(G) = Z |Ai|. Note that the trace of Ap(G) = |D|.

2. Minimum Dominating Partition Energy of Friendship Graph

Definition 2.1. The friendship graph is the graph obtained by taking m copies of the complete graph Ks with a vertex in

common. It is denoted by K3™.

Theorem 2.2. For m > 2, the minimum dominating I-partition energy of friendship graph K3* is equal to 2(3m — 2) +

V4m?2 +20m + 9.

Proof.  Consider the friendship graph K3* with vertex set V = {uo,u1,u2,...,u2m}. The minimum dominating set is

D = {uo}. Then the minimum dominating 1-partition matrix of friendship graph is

uo U1 U2 U3 ... U2m—2 U2m-—1 U2m
w |1 2 2 2 ... 2 2 2
U1 2 0 2 -1- -1 -
wa |2 2 0 -1 -1 -1 -1
PlAp((K3)™) = ws |2 -1 =1 0 -1 -1 —1
Uom-2|2 -1 =1 =1 --- 0 -1 -1
Uom-1|2 —1 —1 =1 --- -1 0 2
Uom |2 —1 =1 —1 ... -1 2 o)

Characteristic equation is —(A — 4)™ Y (A +2)™(\? + (2m — 5)A — (10m — 4)) = 0. The minimum dominating 1-partition

spectrum of K3" is

—(2m —5) +VAmZ +20m +9 —(2m — 5) — VAm2 + 20m + 9

4 —2
2 2

(m—1) m 1 1
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The minimum dominating 1-partition energy of K3* is

PLEp(K) = [4)(m — 1) + ] — 2|(m) + | —Zm =9+ V24m2+20m+9’(1)+‘_(2m_5) - V24m2+20m+9 (1)

P Ep(KYY) = 2(3m — 2) + V/4m?2 + 20m + 9.

O

Theorem 2.3. For m > 2, the minimum dominating 2-partition energy of friendship graph K3* is equal to 2(3m — 2) +

V4am?2 —4m + 9.

Proof. Consider the friendship graph K3* with vertex set V. = {uo,u1,us,...,usm}. Let Vi = {ug} and Vo =
{u1,u2,...,u2m} be the 2-partitions of the vertex set V. The minimum dominating set is D = {uo}. Then the mini-

mum dominating 2-partition matrix of friendship graph is

Uo UL U2 U3 ... U2m—2 U2m—1 U2m

w |1 1 1 1 1 11

w |1 0 2 -1 -1 -1 -1

uz |12 0 -1 -1 -1 -1

PAp((K3)™)=| ws |1 -1 -1 0 --- -1 -1 -1
Ugm-2| 1 —1 =1 =1 -~ 0 -1 -1

Upm-1|1 -1 =1 =1 ... -1 0 2

Upm |1 -1 -1 =1 -~ -1 2 0

nxn

Characteristic equation is —(A — 4)™ 7' (A 4+ 2)"™(A\% + (2m — 5)A — (4m — 4)) = 0. The minimum dominating 2-partition

spectrum of (K3)™ is

—(2m —=5)+vV4dm2 —4m+9 —(2m —5) —v4m? —4m+9
2 2

4 -2

(m—=1) m 1 1
The minimum dominating 2-partition energy of (Ks3)™ is

—(2m —5)++v4m? —4m +9
2

‘(1)+‘—(2m—5)—\2/4m2—4m—|—9 (1)

PLEp(K3)™) = [4|(m — 1) + | = 2|(m) +

P Ep(K3") =2(3m —2) + /4m? —4m + 9.

O

Theorem 2.4. For n > 2, the minimum dominating (m + 1)-partition energy of friendship graph K3* is equal to 2(2m —

1) ++v8m+ 1.

Proof.  Consider the friendship graph K3* with vertex set V = {uo, u1,us,...,u2m}. Let Vi = {uo} and Vo = {u1,us}, V3

={ua,us}, ... , Vint1 = {t2m—1, u2m } be (m—+1)-partitions of the vertex set V. The minimum dominating set is D = {uo}.
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Then the minimum dominating (m + 1)-partition matrix of friendship graph is

U UL U2 U3 U4 ... U2m—2 U2m—1 U2m
Uo 11 1 1 1 -- 1 1 1
U1 1 0 2 0 O 0 0 0
U2 1 2 0 0 O 0 0 0
us3 1 0 0 0 2 0 0 0
Pri1Ap (Kgn) =
U4 1 0 0 2 0 0 0 0
Usgm—2|1 0 0 0O 0O --- 0 0 0
Ugm-1|1 0 0 O O --- 0 0 2
Uzm |10 0 O O .- 0 2
(2m+1)x(2m+1)

Characteristic equation is —(A — 2)™ " Y(A 4+ 2)™(A\® — 3\ — 2(m — 1)) = 0. The minimum dominating (m 4 1)-partition

spectrum of (K3)™ is

3+vV8m—+1 3—v8n+1
2

2 -2
2

(m—-1) m 1 1

The minimum dominating (m + 1)-partition energy of K3* is

Pty Ep(K3") = [2|(m — 1) + | = 2|(m) + ‘@‘(1) + ’3*2@‘(1)

PiminyEp(KF) =2(2m — 1) + v8m + 1.
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