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Abstract: In this paper the cardinalities of equivalence classes of starred Green’s relations in order-preserving full contraction
transformation semigroup of a finite set(OCTy) and the elements in each equivalence classes were investigated. For each
class tables were formed, elements were arrange based on their kernel and image sets, patterns of arrangement observed
and formulae were deduced in each case through the combinatorial principles.
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1. Introduction

Algebraic and Combinatorial properties of transformation semigroup have been studied over a long period and interesting
results have emerged for example [4]. A semigroup is simply a set S which is closed under an associative binary operation
usually denoted by (xy) z = z (yz) for all z,y, z € S. The semigroup S is called a monoid if it has identity, that is, if it contains
an element 1 with the property that 1 = 1o = z for all x € S. Transformation of X is a function of X to itself. Let the
finite set 1,2,3,...,n be X,,, then a mapping o : A — B, where A and B are subsets of X,, is called a partial transformation
of X,,. If A= X,, the mapping « is called a full transformation of X,,. If for z,y € X,, such that z # y = za # ya, The
mapping « is called partial one-one transformation of X,,. The set of all full, partial and partial one-one transformations of
X, form semigroup under composition of mappings are respectively denoted by T,,, P, and I, .These semigroups are often
referred to as full transformation, partial transformation and symmetric inverse semigroup respectively. This is supported
by the fact that every finite inverse semigroup can be embedded in a symmetric inverse semigroup. Regular semigroups
were introduced by [6] and was the paper in which popular Green’s relations were introduced. It was his study of regular
semigroups which led Green to define relations. Let S be a semigroup a,b € S . If a and b generate the same left principal
ideal,that is S'a = S'b, then we say that a and b are £- equivalent and write aL b or (a,b) € L£.If a and b generate the same
right principal ideal that is aS* = bS?!, then we say that a and b are R- equivalent and write aR b or (a,b) e R. Ifaand b
generate the same principal ideal that is S'aS', then we say that a and b are J equivalent and write aJ b or (a,b) € J, Let

H=LNR,D=LUR, then H,D are equivalences on S too. It is well known that 7 = D in any finite semigroup.These five
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equivalences are usually called Green’s equivalence relations. They were first introduced by [6] and have a great importance
in the study of the algebraic structure of semigroups. Two functions are L-related if and only if they have the same image,
R-related if and only if for z and y in the set X,; such functions are in the same table row(kernel). Similarly, two functions
are D-related if and only if their image sets have the same size. Each D-class in a semigroup S is a union of L-class and
R and their intersection of is either empty or an H-class. Hence, it is convenient to visualize D-class as what [2] called an
egg box , in which row represents an R-class, each column represents L£-class and each cell represents H-class. Note that, it
is possible for the eggbox to contain a single row or single column of cells. even to contain only one cell. Similarly, it may
be an infinite eggbox. Recently, [5] characterised the Green’s relations and starred Green’s relations in C'T,, CI,, and also

starred Green’s relation in OCT,.

Table 1. Structure of D-class

2. Main Results
Theorem 2.1. Let S = OCT,, the number of
(a). D*-class of height r is 1;

(b). L* -classes of height r isn —r + 1;

n—1
(c). R*-classes of height T is ; and
r—1
n—1
(d). H* -classes of height ris (n —r + 1)
r—1

Proof.

(a). From the characterisation of starred Green’s relations [5] that if |im («) | = |im (B) | then («, 8) € D* (OCT,) . Hence,

D*-class of height r is equal to 1.

(b). Since for each a € OCT,,, im () is convex subset of X,,, by characterisation of L*-relation in OCT,, the number of
L*-class of height r corresponds to the number of ways of selecting r consecutively terms out of n. This is given by

n—r+1.

(c). From the order-preservedness of OCT;, each block of the ker (a), & € OCT,, must be convex in X,. Thus, by charac-
terisation of R-relation,the number of R-classes of height r in OCT, is equal to the number of partitions of X,, into r
convex classes. This is not difficult to see that, this number equal to the number of ways of inserting » — 1 identical

strokes into n — 1 places since inserting a stroke in space is the same as selecting that place. Hence, the number of
n—1
R-classes of height r in OCT,, is the number of ways of selecting » — 1 places out of n — 1 places, that is,
r—1
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(d). By characterisation of the H-relation in OCT5,, the number of H-classes of height r is equal to the product of number

n—1
of the columns and number of the rows of height r. That is, (n —r + 1) O
r—1

Theorem 2.2. Let D* be a D*-class of height r in OCT,,. Then

(1). The number of elements in each L* -class within D*-class is ;
r—1

(2). The number of elements in each R* -class within D*-class ism —r + 1; and
(3). The number of elements in each H* -class within D*-class is 1

Proof.  The proof of (1)and (2) follows from the proof of Theorem 2.1. For (3), since H*-class is the intersection of £*-class

and R"-class and each cell contained only one element. Hence, the number of element in each H* -class is equal to 1. O
Corollary 2.3. Let S = OCT,, the total number of

(a). D*-classes in OCT, is n;

(b). L* -classes in OCTy, is "("TH);

(c). R*-classes in OCTy, is 2" *; and

(d). H*-classes in OCT, is (n+ 1) 2" 2

Proof.

(a). Since for each r =1,2,...,n there is 1 D*-class, an a € OCT,, with |ima| = r, then we have n D*-class.

(b). The total number of L£*-classes in OCT}, is

n 2

= = = n(n + 1) 2 —n® —n+2n n*+n  nn+1)
R N N N s ~n
r=1 r=1 r=1

2 2 2 2

r=1

(c). The total number of R-classes in OCT, is equal to

i n—1 :"il n—1 _ g1
r=1 \ r—1 r=0 r

(d). Since H-classes are trivial in OCT,, then the total number of H-classes in OCT, is equal to the order of OCT,,, That
is, |OCT,|, and this has been found by Adeshola (2013) to be (n + 1) 2" 2. Hence,

n n—1 L
> (n—7r41)=|0CT,| = (n+1)2"

r=1\ r—1

Example 2.4. Let o« € OCTy and |ima| = .
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Forr=1
] {1 = o7 7
1934 < {1234} > < {1234} > ( {1234} ) ( {1234} >
1 2 3 4
Forr =2
n/r {12} {23} {34}
1o3a| (1 {24 1 {234} 1 {234}
1 2 2 3 3 4
12/34 <{12} {34}) <{12} {34}) <{12} {34}>
123]4 <{123} 4) <{123} 4) <{123} 4)
1 2 2 3 3 4
Forr =3
n/r {123} (234}
1|2|34 <1 2 {34}> <1 2 {34}>
12 3 23 4
1/23]4 <1 {23} 4> <1 {23} 4)
1 2 3 2 3 4
12/3)4 <{12} 3 4> <{12} 3 4>
1 23 2 34
Forr=4

n/r {1234}
1234 1234
1234

Number of L*-classes in OCTy is 10; number of R*-classes in OCTy is 8; number of D*-classes in OCTy is 4; number of

H*-classes in OCTy is 20.

Acknowledgement

My special thank goes to Dr. A. T. Imam of Ahmadu Bello University of Zaria, for his unbeatable knowledge passed on me
during my visit to him. I appreciate him for his hospitality and time spent with him out of it busy schedule. May Almighty

Allah continue to increase his knowledge and bless all his family.

References

[1] D.A.Adeshola, Some semigroups of full contraction mapping of a finite chain, Ph.D., Thesis, (unpublished), University
of Ilorin, Nigeria, (2013).

[2] A.H.Clifford and G.B.Preston, The algebraic theory of semigroups, Vol. 1, Mathematical Survey, American Mathematical
Society, (1961).

[3] A.H.Clifford and G.B.Preston, The algebraic theory of semigroups, Vol. 2, Mathematical Survey, American Mathematical
Society, (1967).

[4] O.Ganyushikin and V.Mazorchuk, Classical finite transformation semigroup: An introduction, Sringer-Verlag, London,
(2009).

438



G. R. Ibrahim and S. O. Makanjuola

[5] G.U.Garba, M.J.Ibrahim and A.T.Imam, On certain semigroup of full contraction maps of finite chain, Turkish Journal
of Mathematics, 41(2017), 500-507.
[6] J.A.Green, On the Structure of Semigroups, Ann. of Math., 54(1951), 163-172.



	Introduction
	Main Results
	Acknowledgement
	References

