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1. Introduction and Preliminaries

The concept of fuzzy sets was introduced initially by Zadeh [17] in 1965. Since then, to use this concept in topology and
analysis, many authors have expansively developed the theory of fuzzy sets and application. George and Veeramani [7],
Kramosil and Michalek [10] have introduced the concept of fuzzy topological spaces induced by fuzzy metric which have
very important applications in quantum particle physics, particularly in connections with both string and E-infinity theory

which were given and studied by El Naschie [3—6].
Definition 1.1. Let ® be the set all ¢ : [0,1] — [0, 1] satisfying
(¢1) : & is continuous,
(¢2) : & is monotonically non-decreasing and
(¢3) : @(t) >t for allt € (0,1).
From (¢1) and (¢3) or (¢2) and (¢3) it clear that ¢p(1) = 1.
Definition 1.2 ([8]). A binary operation * : [0.1]x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the following conditions:
(1). * is associative and commutative,
(2). * is continuous,

(8). ax1=a for all a € [0,1],
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(4). a*b< c*d whenever a < ¢ and b < d, for each a,b,c,d € [0,1].
Two typical examples of a continuous t-norm are a *b = a.b and a *x b = min{a, b}.

Definition 1.3 ([8]). A 3-tuple (X, M, *) is called a fuzzy metric space if X is an arbitrary (non-empty) set, * is a continuous

t-norm and M is a fuzzy set on X* x (0,00), satisfying the following conditions for each x,y,z € X and t,s > 0,
(1). M(z,y,t) >0,

(2). M(z,y,t) =1 if and only if z =y,

(3). M(z,y,t) = M(y, 1),

(4). M(z,y,t)*x M(y,z,s) < M(x,z,t+s),

(5). M(z,y,.): (0,00) = [0,1] is continuous.

The function M is called a fuzzy metric.

Definition 1.4 ([16]). A S-tuple (X, M, ) is called a b-fuzzy metric space if X 1is an arbitrary (non-empty) set, * is a
continuous t-norm and M is a fuzzy set on X2 x (0,00), satisfying the following conditions for each x,y,z € X and t,s > 0

and a given real number b > 1,

(1). M(z,y,t) >0,

(2). M(z,y,t) =1 if and only if z =y,

(3). M(z,y,t) = M(y, x, 1),

(4). M(x,y,§)* M(y,2,3) < M(x,z,t+s),
(5). M(z,y,.): (0,00) — [0,1] is continuous.
The function M is called a b-fuzzy metric.

—d(z,y)
Example 1.5. Let M(z,y,t) = e ¢ “ or M(z,y,t) =

m, where d is a b - metric on X and a *x ¢ = a.c for all

a,c € [0,1]. Then it is easy to show that (X, M, x) is a b - fuzzy metric space.

Definition 1.6 ([14]). A S-tuple (X, M, x) is called a dislocated quasi fuzzy metric space if X is an arbitrary (non-empty)

set, * is a continuous t-norm and M is a fuzzy set on X2 x (0,00), satisfying the following conditions:
(1). M(z,y,t) = M(y,z,t) =1,Vi>0=>2 =y,

(2). M(z,y,t)* M(y,z,s) < M(x,z,t+s).

Combining these definitions, we introduce following definitions.

Definition 1.7. A S-tuple (X, M, «) is called a dislocated quasi fuzzy b-metric space if X is an arbitrary (non-empty) set,

% is a continuous t-norm and M is a fuzzy set on X2 x (0,00), satisfying the following conditions:
(M1): M(z,y,t) = M(y,z,t) =1,Vt >0=2 =y,
(M2): M(z,y,5)* M(y,z,3) < M(2,2,t +3),

(M3): M(z,y,.): (0,00) = [0,1] is continuous.
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Definition 1.8. Let (X, M, *) be a dislocated quasi fuzzy b- metric space.

(1). A sequence {zn} in X is said to converge to v € X iff M(zn,x,t) = 1 and M(z,xn,t) = 1, YVt >0

(2). A sequence {zn} in X is said to be a Cauchy sequence iff M (zyn,Tm,t) = 1 and M (zm,zn,t) — 1, Vi > 0.
One can easily prove the following

Proposition 1.9. Let (X, M, x) be a dislocated quasi fuzzy b- metric space and {x,} converge to x then we have

M(z,y,3) < lim sup M (2n,y,t) < M(x,y,bt) and

M(z,y,3) < lim inf M(2n,y,t) < M(z,y,bt).

Definition 1.10 ([2]). An element (x,y) € X x X is called a coupled fized point of a mapping F : X x X — X if F(z,y) ==

and F(y,x) = y.

Definition 1.11 ([11]). An element (z,y) € X X X is called a coupled coincidence point of a mappings F': X x X — X

and g: X — X if F(z,y) = gz and F(y,z) = gy.

Definition 1.12 ([11]). An element (z,y) € X X X is called a common coupled fized point of mappings F : X x X — X
and g : X — X if F(z,y) = g(x) =z and F(y,z) = g(y) = y.

Definition 1.13 ([1]). The mappings S : X x X — X and f : X — X are called w-compatible if f(S(z,y)) = S(fz, fy)

and f(S(y,z)) = S(fy, fr) whenever (z,y) € X x X such that f(z) = S(z,y) and f(y) = S(y, z).

2. Main Section

Now we give our main results.

Theorem 2.1. Let (X, M, ) be a complete dislocated quasi fuzzy b-metric space, F,G: X x X — X and S,T: X — X be

mappings satisfying
(2.1.1) M(F(z,y),G(u,v),t) > ¢(min{M (Sz, Tu,t), M(Sy, Tv,t)}) for all x,y,u,v € X and ¢ €
(2.1.2) M(G(z,y), F(u,v),t) > ¢(min{M (Tz, Su,t), M(Ty, Sv,t)}) for all x,y,u,v € X and ¢ €
(2.1.3) F(X x X) CT(X) and G(X x X) C S(X),
(2.1.4) FS = SF and GT = TG,
(2.1.5) F, G, S and T are continuous.

Then F, G, S and T have a unique common coupled fized point in X x X.

Proof. Let (z0,y0) € X x X. From (2.1.3), we can construct sequences {»}, {yn}, {2} and {w,} in X such that 2o, =
F(z2n,y2n) = TTont1, Won = F(Y2n, Tan) = TY2n+1, 22nt1 = G(T2nt1,Y2n+1) = STant2 and wont1 = G(Yant1, Tant1) =

Sy2n+2.

M(Z’ﬂfla Zn, t)a M(Zna Zn—1, t)v
Case (i): Suppose min = 1 for some positive integer n and for some ¢ > 0. Without
M(wnflv Wn, t)? M(’U)n, Zn—1, t)
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, ) M(z2m-1, 22m, 1), M (22m, 22m—1, 1),
loss of generality assume that n = 2m. Then min = 1. Then from (M1), we have

M(w2m—1, Wam, t), M (Wam, 22m—1,t)

Zom—1 = Zom and wam_1 = wam. Consider
M (z2m, z2m+1,t) = M(F(z2m,Y2m), G(Tam+1, Y2m+1), t)
> ¢(min{ M (z2m—1, 22m, t), M (Wam—1, Wam, t)}),

M(sz+1722m7t) = M(G(x2m+1,y2m+1),F(:vzm,ygm),t)

> ¢(min{ M (22m, 22m—1, t), M (Wam, Wom—1,%)}),

M (w2m, wam+1,t) = M(F(y2m, T2m), G(Y2m+1, Tam+1),t)

Z d)(min{M(/LUZm—l, W2m, t)7 M(ZQ’rn*la Z2m, t)})

M(w2m+1,w2m,t) = M(G(y2m+17m2m+1)7F(y2m7x2m)7t)

Z d)(mll’l{M(’LUQm, W2am—1, t)7 M(ZQTVH 22m—1, t)})

Using (¢2), we have

. M(22m7Z2m+17t)7M(z2m+lvz2m7t)7 . M(Z2m722mfl>t)aM(z2m71,22m>t)7
min > ¢ | min
M('LUQM7w2m+17t)aM(w2m+1»22m7t) M(w2m7w2m—17t)7M(w2m—1yz2m,t) (1)
=¢(1) =1

Hence by (M1), we have z2m = 2z2m+1 and wam = wam+1. Continuing in this way, we can show that zom—1 = 2om =

Zomt1 = ... and Wam—1 = Wam = Wam+1 = .... Hence {zn}, {wn} are Cauchy sequences in X.

M(zn, zn—1,t), M(2n—1, zn, t),
Case (ii): Suppose min # 1 for all n and for all ¢ > 0. Let an(t) =

M(wn7Zﬂ—ht)aM(wn—l:wﬂvt)

M(Zn> Zn+1, t)7 M(Zn+17 Zn, t)7
min for every t > 0. As in (1), we have a2, (t) > ¢(azn—1(t)) and azn+1(t) > P(azn(t)).

M(wnv Wn+1, t)7 M(w"+1a Wn, t)
Thus

an(t) > ¢(an-1(t))
> an71(t)

(2)

Thus {an(t)} is an non-decreasing sequence in [0, 1] for every ¢t > 0. Hence {an(t)} converges to some a(t) < 1 for every
t > 0. If a(t) < 1, taking n — oo in (2), we get a(t) > ¢(a(t)) > a(t). Which is a contradiction. Hence a(t) = 1 for every

t > 0. Thus for all t > 0,

lim M (zn, z2nt1,t) = lim M(zn41, 2n,t) = 1. (3)
n—0o0 n—o0
and
lim M (wn, wnt1,t) = lIm M(wnpy1,wn,t) = 1. (4)
n— oo n—o0

Suppose {z2n} or {wan} are not Cauchy sequences in X. Then there exists an € € (0, 1) such that for each integer k, there

exist integers m(k) and n(k) with m(k) > n(k) > k such that

Mzn 7Zm 7t7MZm 7zn 7t7
in (Z2n(k)s Z2m (k) 1)s M (Z2m k), Z2n (k) » ) <l—e 5)

M (Wan(ky, Wam(k)s t)s M (Wam k), Won(k),t)

for k=1,2,3,---. We may assume that

min M (z2n(k), Zam (k) =2, 1), M (Zam (k) -2, Zon(k)s t), . (©)

M (wan(k)y, Wam(ky—2,t), M (Wam(k)—2, Wan(k),t)
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by choosing m(k) be the smallest number exceeding n(k) for which (5) holds. Let

) M (zan(k)s Z2m(k)> 1) M (22m(k)> Z2n(k)» t)
di(t) = min

M (Wan (ks Wam(k)s t)s M (Wam(k), Won(k),t)

Using (5), we have

1—¢ >di(t)

M (Zan(k), Zom(k)—2> 35) * M (Z2m (k) =25 Z2m(k)» 35 )

=

Zom (k) Z2m(k)—25 35) * M (Z2m(k)—2> Z2n(k)> 355

S

(
> min (
(wzn(k)7 Wam (k)—25 ﬁ) * M(w2m(k)—27w2m(k)7 ﬁ%
(

<

Wam (k) s Wam(k)—25 35) * M (Wam (k) =2, Wan (k) 55)

Zon(k)s Z2m(k)—25 25 ) * M (22m(k)—2, Z2m(k)—15 25) *
22m(k)—1y #2m(k)>» ﬁ) , M (Z2m(k)7 22m(k)—2> ﬁ) *

. Zam(k)—2> Z2m(k)—1> 15 ) * M (Z2mk)—1, Z2n(k)> 25) -
> min

Wan (k) Wam(k)—2> 35 ) * M (Wan(k)—2, Wam(k)—15 75) *

Warm(k)—1> Wam(k)> 25) + M (Wam (k) Wam(k)—2, 55 ) *

o~ o~ o~ o~ o~ o~

Wom(k)—25 Wam(k)—1, ﬁ) * M (w2m(k)717 Wan (k) ﬁ)

1—¢)=* Zam(k)—2> Z2m(k)—1> 35 ) * M (Z2mk)—1, Z2m(k)> 25 »

1—¢)x 22m(k)—25 22m(k)—1 ﬁ) * M (Z2m(k)717 22n(k)s ﬁ) y

, from (6)

—_
™

Warm (k)25 Wam(k)—15 15) * M (Wam(k)—1, Wam (k) 25) -

(1—e)* M (
> min ( ) M(
(1—e)* M (
(1—e)=M(

*

™

Warm (k)25 Wam(k)—15 35) * M (Wam(k)—1, Wan(k)s 25)

Letting k — oo, we get 1 — e > klim di(t) > 1 — € by (3),(4). Thus

lim dk(t) =1—c¢ (7)

k—oo

for all t > 0. On other hand, we have

M (Z2n(k)722n(k)+17 26) * M (22n(k)+17z2m(k)7 21,)
Mzmkazmk: ’ 2p *Mzm s Z2n(k)s 55 ) »
de () > min (22m(k)s Z2m (k415 35) * M (Z2m(k)+1 220k 35)
M (Wan(ky, Wan(k)y+1> 25 ) * M (Wan (k)15 Wom(k)s 25 ) »
M (w2m(k)7w2m(k)+17 2b) * M (w2m(k)+17w2n(k)7 Qb)
M (22n(k)> 220(0) 41> 35) * M (G(@2n0)+1> Y2n(e)+1)s F(T2m (k) Y2mk)) 35) »
— i M (2am(k), Z2mk)+15 25 ) * M (G(Tamr)y+15 Yom k) +1)s F @2n(r), Yon)» 25 ) »
M (Wan k), Wan(k)+15 25) * M (GW2nk)+1, T2nk)+1)s FY2mk), T2mk))s 25) »
M (Wam(k), W2k +1> 25) * M (GW2m)+15 T2mk)+1)s F(Y2n(i)s T2nk)) 25 )
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M (z n , 22m -1 L )
M (Z2n(k)’22n(k>+l’ %) " ¢ min ( 2n(k)s #2m(k)—1 Qb) ,
M (wZn(k)7w2m(k)’ 2Lb)

M (z m(k)s 22n(k)—1s = )
M (sz(k),22m(k)+1’ QLb) * ¢ | min ( e t2b) ’
- M (Wam(k), Wan(k)» 25) (8)
M (w n(k), W2m ’i ’
M (wan k), Wan(k) +15 35) * ¢ | min e et ) 7
M (ZQn(k:)szm(k) 1) 26)
7)

M (w2m(k)aw2n k)s 2p)

M (W (k) Wam(k)+15 35) * ¢ | min

M (22m (k) Z2n(k) =15 25 )

M(ZQn(k)v'ZQm(k) 1,4) > M(ZQTL(’C)VZQm(k:)—Q,iZ) * M(sz(k)—%ZQm(k)—l,ig) and M(Z2m(k)a22n(k) 1,4) >

’2b ’21:

M (zom (k) ZZn(k),ﬁ) % M (220 (k) Z2n(k)71,ﬁ) , from (6). Write similarly for other values in (8)

Z2n(k)s Z2n(k)+1, i) * ¢ (mln{ 1—exM (ng(k),g, Zom(k)—15 #) s 1—¢ }) )

M

M
di(t) > min

M Wan (k) Wan(k)+1y QLb) * ¢ (mln{ 1- g, 1—exM (z2m(k)727 Zo2m(k)—1, #) ) )

M

(
(Z2m(k)> Z2m (k) 11> 25) * ¢ (min{ 1— &% M (220k), Z2n(k) -1, 2z ) 1 — € }) ,
(
(

Wam(k), W2m(k)+15 ﬁ) * ¢ (min { l1-el—-exM (Z2n(k)7 Zon(k)—1> ﬁ) })

Letting k — oo, using(7),(3),(4), (¢1) and (¢3), we get 1 —e > ¢(1 —€) > 1 — ¢, which is a contradiction. Thus {z2,} and

{wan} are Cauchy sequences. Hence lim M (z2n,22m,t) =1 and lim M (wapn, wom,t) =1, Vt > 0. Now
n,m— oo n,m— oo

M (22n 41, 22m11,t) = M (22041, 22m, 58 ) * M (22m, 22m+1, 35)

v

M (22n+1732n7 #) * M (Zzn,zzm, #) * M (Z2m,22m+1, %)

Letting n,m — oo, we get lim M (z2n+1,22m+41,t) > 1 %1 %1 = 1. Thus lim M (z2n41,22m+1,t) = 1. Similarly

n,m— oo n,m— oo

lim M (wan+1,Wom+1,t) = 1. Thus {zan4+1} and {wan41} are Cauchy. Hence {z,} and {wy,} are Cauchy. Since X is

n,m—00

complete there exist z,w € X such that {z,} converges to z and {w,} converges to w. Since S and F are continuous and

SF = FS, we have

Sz = lim Sza, = lim S(F(z2n,y2n)) = lim F(Szan,Sy2s) = lim F(z2n-1,w2n-1) = F(z,w). 9)

n— oo n—r00 n— oo n—00

Similarly we can show that

Sw = F(w, 2). (10)

Since G and T are continuous and GT = T'G, we have

Tz= lim Tzont1 = lim T(G(z2n+1,Y2n+1)) = lim G(Tx2nt1, TY2n+1) = hm G(22n, w2n) = G(z,w). (11)

n—o0 n— o0 n—o0

Similarly we can show that

Now

M(Sz,Tz,t) = M(F(z,w),G(z,w),t)
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> ¢ (min{M(Sz,Tz,t), M(Sw,Tw,t)})

Similarly we can show that

M(Tz,Sz,t) > ¢ (min{M(Tz, Sz,t), M(Tw, Sw, t)}),
M(Sw, Tw,t) > ¢ (min{M (Sw, Tw,t), M(Sz,Tz,t)})

M(Tw, Sw,t) > ¢ (min{M (Tw, Sw,t), M(Tz,Sz,t)}).

Thus we have

M(Sz,Tz,t), M(Tz,Sz,t), M(Sz,Tz,t), M(Tz,Sz,t)
min > ¢ | min
M(Sw, Tw,t), M(Tw, Sw,t) M(Sw, Tw,t), M(Tw, Sw,t)
which in turn yields from (¢3) and (M1) that Sz = Tz and Sw = Tw. Let « = Sz = Tz and 8 = Sw = Tw. Then

Sa = S(Sz) = S(F(z,w)) = F(Sz,Sw) = F(a, ). Similarly S8 = F(8,a), Ta = G(a, 8) and T8 = G(B, ). Consider

M(Sa,a,t) = M(F(a, B8),G(z,w),t)
> ¢ (min{M (Sa, o, t), M(SB, B,1)}) .

Similarly
M(a, Sa,t) > ¢ (min{M(«, Sa, t), M(8,58,t)}),
M(SB, B,t) = ¢ (min{M(SB, B,1), M(Sa, o, 1) })
M(B,S8,t) > ¢ (min{M(B,SB,t), M(a, Sa, t)}) .
Hence
M(Sa,a,t), M(a, Sa, t), M(Sa,a,t), M(a, Sa, t),
min > ¢ | min
M(SB,B,t), M(B,5B,t) M(SB,B,t), M(B,5B,t)

which in turn yields from (¢3) and (M1) that Sa = o and S = 3. Similarly we can show that Tao = a and T8 = 3. Thus
Fla,f)=Sa=a=Ta=G(a,B) and F(B,a) =SB =5 =T = G(B,a). Thus («a, ) is common coupled fixed point of
F, G, S and T. Using (2.1.1), (2.1.2) we can show that («, 8) is unique common coupled fixed point of F'; G, S and T. O

We give an example to illustrate Theorem 2.1.

Example 2.2. Let X = [0,1] and a * ¢ = ac for all a,c € [0,1] and M be a fuzzy set on X x X x (0,00) defined by
M(z,y,t) = efwfﬂ. Let F,G: XxX — X and S,T : X — X be defined by F(z,y) = &L, G(z,y) = &L, Sz = £ and

64 7 96 7
Te= 5. Let¢:[0,1] = [0,1] be defined by ¢(t) :t%ﬁ,forallt € [0,1]. Now M (z,y,t) = M(y,z,t) =1= efw =1

ande_wﬂzl:>a:—y:O,:c=0,y—a::0,y=0:>x=y:0:>x:y. Consider

—[lz=yI2+I=]]
Ma,yt+s) = T
—2[{lz—z2+ |z} +{1z—y?+]|2]}]
>e t+s

—2[lz—z2+]2l]  —2[lz—y?+I2]]
= e t+s .e t+s

—2fjz—z2+]zl]  —2[lz—y|2+|z|
>e [ t ].e [ B }

—[lz—z+l=l]  —[lz—wi?+I=]]
—e t/2 e s/2

=M (z,2,L)« M (z,y,%).
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Thus M is a dislocated quasi fuzzy b-metric with b = 2. Now consider

T+ utv |2 z+ _3—2+3—22 x4
| — S+ %5 = WL + %51
z_u Yy_ v
— (23)3# _~_16J;y
2 x w2 )2 x
<glm |(5-4)+ (-5 + 5
1 1 T w2 x 1 v 2
Sﬁ[ﬁ(i*ﬂ +5+1 (5 3) +%]
1 T w2 x v)2
33*2[{(5—3) +5}+{ §-3) +%H
2 x w2 T v)2
Sﬁ[max{(§_§) +5.(5-3%) +%}]
Hence
o (o 9
M (F(z,y),G(u,v),t) =e :
~ds e (5-4)"4 8 (3-4) 44}
>e ?
r 1
—max{(5-4)"+3 (zg)2+g}] 10
= |le t
- 1
Yy
2

= [min {M(Sz, Tu, t), M(Sy, Tv,t)}] T
=¢ (mln {M(va Tu, t)a M(Sy7 T, t)}) .
Thus (2.1.1) is satisfied. Similarly we can easily verify (2.1.2), (2.1.3), (2.1.4) and (2.1.5). Clearly (0, 0) is the unique
common coupled fixed point of F,G,S and T. Now replacing the completeness of X, continuities of F,G,S and T and
commutativity of pairs (F,S) and (G,T) by w-compatible pairs (F,S) and (G,T) and completeness of S(X) or T'(X), we
prove a unique common coupled fixed point.Infact we prove the following theorem.
Theorem 2.3. Let (X, M, ) be a complete dislocated quasi fuzzy b-metric space, F,G: X x X — X and S,T: X — X be
mappings satisfying
(2.9.1) M(F(z,y),G(u,v),t) > ¢(min{M(Se, Tu, 20°t), M(Sy, Tv,26°t)}) for all z,y,u,v € X and ¢ € ®
(2.8.2) M(G(z,vy), F(u,v),t) > ¢(min{M (T, Su, 2b°t), M(Ty, Sv, 2b°t)}) for all x,y,u,v € X and ¢ € ®
(2.3.3) F(X x X) CT(X) and G(X x X) C S(X),
(2.3.4) one of S(X) and T(X) is a complete subspace of X,
(2.3.5) (F, S) and (G, T) are w-compatible.
Then F, G, S and T have a unique common coupled fixed point in X X X.
Proof. As in proof of Theorem 2.1, the sequences {z,} and {w,} are Cauchy, where 22, = F(Ton,y2n) = TTont1,
Wan = F(y2n, Tan) = TY2n+1, 22nt1 = G(Tont1,Y2n+1) = STant2 and wans1 = G(Y2n+1, T2nt1) = Sy2ny2. Without loss of
generality assume that S(X) is a complete subspace of X. Since zant1 = STant2 € S(X) and wont+1 = Sy2nt2 € S(X),
there exist z,w,u and v in X such that zo,11 — 2 = Su, wap+1 — w = Sv. By Proposition (1.9), (2.3.1), (¢1) and (¢2), we
have
M (F(u,v),2,bt) > lim sup M (F(u,v),G(2n+1,Y2n+1),t)
n—oo
S 1 . 2 2
> n11_>rrolo sup ¢ (mln {M (Su7 22, 2b t) , M (S’U,wgn,% t)})
> (min {M (z, Zon, 2b2t) , M (w, Wan, 2b2t)})
—o(1) = 1.
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M (z, F(u,v),bt) > lim sup M (G(z2n+1,Y2n+1), F(u,v),t)

n—00

> nlLrI;o sup ¢ (min {M (zzn, Su, 2b2t) , M (wzn, Sv, 26275)})

> ¢ (min {M (zgn, z, 2b2t) M (wgn,w, 2b2t)})
—6(1) = 1.

Thus M (F(u,v),z,bt) = M(z, F(u,v),bt) = 1forallt > 0,b > 1. From (M1), we have F(u,v) = z so that Su = z = F(u,v).
Similarly we can show that Sv = w = F(v,u). Since the pair (F,S) is w-compatible, we have Sz = S(Su) = S(F(u,v)) =
F(Su, Sv) = F(z,w) and Sw = S(Sv) = S(F(v,u)) = F(Sv, Su) = F(w, z). By Proposition 1.9, (2.3.1), (¢1) and (¢2), we

have

M (Sz,z,bt) = M (F(z,w), z, bt)
> nll—>n<>lo sup M (F(Z,U)),G(Ign+1,y2n+1),t)

> nh_)n;o sup ¢ (min{M (Sz,zgn,2b2t) , M (Sw,wzn,Zth)})

> ¢ (min{M (Sz, z,bt), M (Sw,w,bt)}).

Similarly we can show that

M(z,Sz,bt) > ¢ (min{M (z, Sz, bt), M (w, Sw,bt)}),
M (Sw,w,bt) > ¢ (min {M (Sw,w,bt), M (Sz,z,bt)})

M (w, Sw,bt) > ¢ (min {M (w, Sw,bt) , M (z,Sz,bt)}).
From (¢2), we have

M (Sz,z,bt),M (z,Sz,bt), M (Sz,z,bt), M (z,Sz,bt),
min > ¢ | min

M (Sw,w,bt) , M (w, Sw, bt) M (Sw,w,bt) , M (w, Sw, bt)
which in turn yields from (¢3) and (M1) that z = Sz and w = Sw. Thus
z=8z=F(z,w) (13)

and
w= Sw = F(w,2) (14)
Since F(X x X) = T(X), there exist a, 8 in X such that Ta = F(z,w) = Sz = z and T8 = F(w, z) = Sw = w. Now using

(2.3.1) and (¢2), we have

M (Ta,G(a, B8),t) =M (F(z,w),G(a, B),t)

> ¢ (min {M (Sz,Ta, 2b2t) , M (Sw, T8, 2b2t)})
> ¢ M (T, G(ev, B), tb) *M(G(avﬂ)7Ta7tb) )
o [ d M (T Gl )00« M (Ga ), T,

M (TP, G(B, ), t) M (G(B, @), TP, t)

Similarly we can show that

M (G(a, B),,Ta,t) * M (Ta, G, B), 1),
M (G(B,a),TB,t)« M (TB,G(B,),t)

M(Gla, 8), Ta,t) > ¢ | min
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M(TB.G(5.0).t) > 6 | min M(TB,G(B,a),t) * M (G(B,a), TB,t)
M (Ta,G(a, B),t) * M (G(a, B), T, t) ,
M(G(B,0), T8,8) > 6 | min M (G(B,a),TB,t)« M (TB,G(B,),t) .
M (Ta,G(a, 8),t) * M (G(a, B), Ta, t)

Hence

i M(Ta,G(a, B),t), M(G(a, B), T, t), > 6 | min M (Ta,G(a, 8),t) * M (G(e, 8), Ta, t)
M(TB,G(8,a),t), M(G(B,0), TB,t) | M (TB,G(B,a),t) x M (G(B,a), TB,t)

which in turn yields from (¢3) and (M1) that Ta = G(a, 8) and T8 = G(B, a). Since the pair (G, T) is w-compatible, we
have

Tz=T(Ta)=T(G(a, B)) = G(Ta,TB) = G(z,w) (15)
Tw=T(TB)=T(GB,a) =GTH,Ta) =G(w,z). (16)

Now we have

M (z,G(z,w),t) =M (F(z,w),G(z,w),t)
>0 mm{M Sz Tz, 2b%t ) (Sw,Tw,2b2t)})

( { z G(z,w),2b t), }) , from (13), (14), (15) and (16)
w G(w, z), 2b2t)

- ( M (z,G(z,w),t), M (w,G(w, 2),1) })

Similarly

M(G(z,w),2,1) = ¢ (min M (G(z,w),z,t), M (G(w, 2), w, t) }> ’

M(w, G(w, z),t)

AV

M(G(w, 2),w,t) > ¢ ( min

{
® (min{ M (w, G(w, 2),t) , M (z,G(z,w),t) })
G

M (G(w, 2),w, ), M (G(z,w), 2, 1) }) .

Thus from (¢2), we have

min M (27 G(Z7 w)7 t) ) M (G(Z7 w)’ Z? t) ) > ¢ min M (27 G(Z7 w)? t) b M (w7 G(w7 Z)? t) )
M (w, G(w, 2),t), M (G(w, 2),w,t), B M (G(w, 2),w,t), M (G(z,w), z,t)

which in turn yields from (¢3) and (M1) that z = G(z,w) and w = G(w, z). Thus
z2=G(z,w) =Tz 17)
and
w=G(w,z)=Tw. (18)

From (13), (14), (17) and (18), it follows that (z,w) is a common coupled fixed point of F,G,S and T. Uniqueness of

common coupled fixed point of F,G, S and T follows easily from (2.3.1) and (2.3.2). O
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Now we give an example to support Theorem 2.3.

Example 2.4. Let X = [0, 1] and axc = ac for all a,c € [0,1] and M be a fuzzy set on X x X x (0, 00) defined by M (z,y,t) =
e*w. Let F,G: X x X = X and S,T : X — X be defined by F(z,y) = %, G(z,y) = %,Sx = % and
Tx = % and Let ¢ : [0,1] — [0,1] be defined by ¢(t) = t%, for all t € [0,1]. As in Ezample 2.2, M is a dislocated quasi

fuzzy b-metric space with b = 2. Consider

2
22492 _ u? 402 + z24+y% (2127u2)+(2y27v2) + 22492
128 256 128 - 256 128

22 w2\ (2 2
2 4 2 4 z2+y

- 64 + 128

2 2

2 22 _ u? v o2 a®+y?

S 64 x64 |:( 2 4 ) + ( 2 4 + 128

IN
S: -
—
ey
M‘HN
|
4:-‘%
N——
J’_
S

+ =
Jr
— %‘H

Hence
,{‘12+y2,u2+v2 12+y2}
128 2 8
M (F(z,y),G(u,v),t) =e ?
2 2\2 2 2 22 2
gyl (F-2) e (5 -2F) v
Z € t
r 2 2 2 2 3
2 2 2 2 1
~mef (-4 ) 45 (4-4) 0
= e 8t

Il
=
=,
=]
° |
e,
L~
N‘hm
|
% #f
o
+
N——
° |
—_——
I~
S
|
%+
G
N“‘:N
——
=

= [min {M(Sz, Tu, 26*t), M(Sy, Tv, 26*t) }] &
= ¢ (min { M (Sz, Tu, 2b*t), M (Sy, Tv, 2bt)}) .
Since ¢(t) = ¢4

Thus (2.3.1) is satisfied. Similarly we can easily verify (2.3.2), (2.3.3), (2.3.4) and (2.3.5). Clearly (0, 0) is the unique

common coupled fixed point of ', G, S and T. Wadhwa introduced the following definitions.

Definition 2.5 ([9]). Let f and g be two self -maps of a fuzzy metric space (X, M,x). We say that f and g satisfy E.A.
Like property if there exists a sequence {xzn} such that lim fz, = lim gz, = z for some z € f(X) or z € g(X), i.e.,
n— oo n— oo

z € f(X)Ug(X).

Definition 2.6 ([9]). Let A, B,S and T be self maps of a fuzzy metric space (X, M, *), then the pairs (A, S) and (B,T) said
to satisfy common E.A. Like property if there exist two sequences {xn} and {yn} in X such that lim Az, = lim Sz, =
n— o0

n— o0

lim Ty, = lim By, ==z
n— o0

n—oo

where z € S(X)UT(X) or z € A(X) U B(X).
Now we extend this definition to dislocated quasi fuzzy b-metric spaces as follows.

Definition 2.7. Let (X, M, *) be a dislocated quasi fuzzy b-metric space withb > 1 and F,G : X xX — X and S,T: X — X

be mappings. The pairs (F,S) and (G,T) are said to satisfy common E.A. like property if there exist sequences {xn}, {yn},

{zn} and {wn} in X such that lim F(zn,yn) = lim Sz, = lm G(zn,wn) = lim Tz, = a and lm F(yn,z,) =
n—oo n—oo n—r oo n—r oo n—r oo

lim Sy, = lim G(wn,2,) = lim Tw, = a' for some a,a € S(X)NT(X) or F(X x X)NG(X x X).

n—00 n—00 n—r00
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Theorem 2.8. Let (X, M, x) be a dislocated quasi fuzzy b-metric space, F,G : X x X — X and S,T : X — X be mappings

satisfying
(2.8.1) M(F(z,y),G(u,v),t) > ¢(min{M (Sz, Tu,b’t), M (Sy, Tv,b*t)}) for all x,y,u,v € X and ¢ € &
(2.8.2) M(G(z,y), F(u,v),t) > ¢(min{M (Txz, Su, b*t), M(Ty, Sv,b*t)}) for all z,y,u,v € X and ¢ € ®
(2.8.3) the pairs (F,S) and (G,T) satisfy common E.A. like property,
(2.8.4) the pairs (F,S) and (G,T) are w-compatible.

Then F, G, S and T have a unique common coupled fized point in X x X.

Proof. Since (F,S) and (G,T) satisfy common E.A. like property, there exist sequences {zn}, {yn}, {2n} and {wn}
in X such that lim F(zn,yn) = lim Sz, = lim G(zn,wn) = lim Tz, = « and lim F(yn,zn) = lim Sy, =

lim G(wn,zn) = lim Tw, = o' for some a,a* € S(X)NT(X) or F(X x X)NG(X x X). Without loss of general-
n— oo n—oo

ity assume that o, o' € S(X)NT(X). Since lim Sz, = a € S(X) and lim Sy, = a* € S(X), there exist u,v € X such
n—oo n— o0

that o = Su and o' = Sv. From Proposition 1.9, (2.8.1) and (¢1), we have

M (F(u,v),a,bt) > lim sup M (F(u,v), G(zn,wn),t)
n—o0
> lim supzj)(min{M(a,Tzn,b2t),M(al,Twn,b2t)})
n— o0

=¢(1) = 1.

Hence M (F(u,v),a,bt) =1 for all t > 0 and b > 1. Similarly from (2.8.2), we can show that M (a, F(u,v),bt) = 1. Hence
from (M1), F(u,v) = a. Similarly we can prove that F(v,u) = o'. Thus Su = a = F(u,v) and Sv = o = F(v,u). Since
the pair (F,S) is w-compatible, we have Sa = S(F(u,v)) = F(Su, Sv) = F(a,a') and Sa' = S(F(v,u)) = F(Sv, Su) =
F(a',a). From Proposition 1.9, (2.8.1) and (¢1), we have

M (Sa,a,bt) =M (F(a,al),a,bt)
> lim sup M (F(a,al),G(zn,wn),t)
n— oo
> lim supd)(min {M(Sa,Tzn,b2t),M(Soz1,Twn,b2t)})
n— oo
> (min {M(Sa,a,th),M(Sal,al,th)}) ,

> (min {M(Sa, a,bt), M(Sat, ot bt)}) ,

M (o, Sa,bt) =M (a,F(a,al),bt)
> lim sup M (G(zn,wn),F(a,al),t)
n— o0
> lim sup ¢ (min {M(Tzn, Sa,th),M(Twn,Sal,b2t)})
n— o0
> (min {M(a, Sa, b’t), M(at, Sa?t, th)}) ,
> ¢ (min { M (e, Sa, bt), M(a*, Sa',bt)})
Similarly we can prove that M(Sa',a',bt) > ¢(min{M(Sa’,a',bt), M(Sa,,bt)}) and M(a', Sat,bt) >
d(min{ M (o, Sat, bt), M(a, Sa, bt)}). From (¢2), we have

M(Sa, a, bt), M(a, Sa, bt), M(Sa,a,bt), M(a, Sa, bt),
min > ¢ | min

M(Sat,at,bt), M(a*, Sat, bt) M(Sa?t, at,bt), M(at, Sat, bt)
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which in turn yields from (¢3) and (M1) that Sa = a and Sa' = o'. Thus

Sa=a=F(a,a') and Sa' =a' = F(a', )

(19)

Since lim Tz, = a € T(X) and lim Tw, = o' € T(X), there exist 8, 3" such that « = T8 and o' = TS". Consider

n— oo n—oo

M (a, G(B,8"),bt) > lim sup M (F(zn,yn), G(8,8").t)

> lim sup ¢ (min {M(Szn, a, b°t), M (Syn,a*,b°t)})
n— oo

= $(1) = 1.

Hence M (o, G(B,8"),bt) = 1 for all ¢t > 0. Similarly from (2.8.2) we can show that M(G(3,8"), a, bt)
(M1), G(B,8") = a. Similarly we can prove that G(8*,8) = a'. Thus a = T8 = G(3,8") and o'
Since the pair (G,T) is w-compatible, we have Ta = T(G(8,8")) = G(TB,TB') = G(o, ') and Ta'
G(TB', TB) = G(a', a). Now from Proposition 1.9, (2.8.1) and (¢2), we have

M (o, Ta,t) =M (F(oc,ozl),G(Oz,al),t)
> (min {M(Sa,Ta,th),M(Sal,Tal,th)})
> d)(min{M(a,Ta,t),M(ocl,Tal,t)}),

Similarly we can show that

M(Ta,a,t) > ¢(min{M(Ta, a,t), M(Tal7 ol t)}),
Mo, Tat t) > ¢(min{ M (o', Ta',t), M (o, Tar, t)})

M(Ta', ol t) > ¢(min{ M(Ta", o', t), M(Ta, a,t)}).

From (¢2), we have

M(a,Ta,t), M(Ta, o, t), M(a,Ta,t), M(Ta, o, t),

min > ¢ | min
M(a!, Tal, t), M(Tat, ot t) M(a!, Tat,t), M(Tat, ot t)

which in turn yields from (¢3) and (M1) that Ta = « and Ta' = o'. Thus
G(a,a') and o' =Ta' = G(a', a)

From (19) and (20), we have F(o,a') = Sa = a = Ta = G(a,a') and F(a',a) = Sa' = o' = Ta?

= 1. Hence from

T8' = G(B',B).
= T(G(B,B))

(20)

G(a',a). Thus

(a, @) is a common coupled fixed point of F, G, S and T. O
Now we give an example to support Theorem 2.8.

Example 2.9. Let X = [0,1] and axc = ac for all a,c € [0,1] and M be a fuzzy set on X x X x (0, 00) defined by M (z,y,t) =
efw. Let F,G: X x X —- X and S,T : X — X be defined by F(z,y) = 12;;*2, G(z,y) = zzzféyz,Sx = é and

2
— =
Taz—3

fuzzy b-metric space with b = 2. Consider

$2+y27u2+v22 x24y? :L’(ﬁ,ﬁ)+(£7ﬁ) +9”2+y2
32 48 32 256 2 3 2 3 32
<ok [(55)" 0 (5 5)] ¢ 2

~ &[5 -4) 1 (5-%) v 545

<s{(F-9) 5]+ {(5-9) ++2}]

(5-5) +%]].

IN

and Let ¢ : [0,1] — [0,1] be defined by ¢(t) = t%, for all t € [0,1]. As in Ezample 2.2, M is a dislocated quasi
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Hence

Bl=

[min {M(Sx,Tu, bzt),M(Sy,Tv,b2t)}]
= ¢ (min { M (Sz, Tu,b*t), M (Sy, Tv,b°t)}) .

Since ¢(t) = t2.

Thus (2.8.1) is satisfied. Similarly we can easily verify that (2.8.2).One can easily show that the pairs (F,S) and (G,T)

satisfy common E.A. like property with x, = %, Yn = %H’ Zn = % and w, = Qn% forn =1,2,3,..... Clearly the pairs

(F,S) and (G,T) are w-compatible and (0, 0) is the unique common coupled fixed point of F, G, S and T
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