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1. Introduction and Preliminaries

Let A be the class of all normalized analytic functions of the form
f(2) =24 a22” 4+ az2® + ..., (1)

which are defined in the open unit disk U= {z € C: |z| < 1}. Also let S denote a subclass of all functions in .4 which are

univalent in U. Let Sr be the subclass of S consisting of functions satisfying

() .
(e lieg) >0 e @

These functions are called starlike with respect to symmetric points and were introduced by Sakaguchi [1]. Das and Singh

[2] introduced another class Cs namely, convex functions with respect to symmetric points and satisfying the condition

(=f'(2))’ .
" <<f<z) = f(—Z))’> >0 (zel). ®)

Univalent functions belonging to the class S are invertible but their inverse functions may not be defined on the entire unit

disk U. The Koebe one-quarter theorem (see [3]) ensures that the image of U under every function f € S contains a disk of
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radius i. Thus every function f € S has an inverse (say g), satisfying g(f(z)) = z for all z € U and f(g(w)) = w, where

w| <rol(f), To > 7. In fact, it can be easily verified that the inverse function g is given by
f f)> }1 In f: i b il ified that the i fi i is gi b
g(w) = TN (w) = w — asw® + (203 — a3)w® — (5ah — bazas + ag)w’ + ... . (4)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. The class of all bi-univalent functions
defined in U is denoted by X. Lewin [4] investigated the class X of bi-univalent functions and showed that |az| < 1.51 for
the functions in the class . Subsequently Brannan and Clunie [5] conjectured that |as| < /2. Also, Netanyahu [6] proved
that maxgex |az] = 3. Still the coefficient estimate problem is open for each |an|, (n = 3,4...). Brannan and Taha [7]
(see also [8]) introduced certain subclasses of the bi-univalent function class ¥ similar to the familiar subclasses of univalent
functions consisting of starlike, convex and strongly starlike functions and obtained estimates for their initial coefficients.
Many researchers have recently introduced and investigated several interesting subclasses of the bi-univalent functions class

¥ and they have found non-sharp estimates on the first two Taylor-MacLaurin coefficient |az| and |as|. (See [9]-[18]). In the

style of Ma and Minda, Ravichandran [19] introduced the following Sakaguchi type subclasses by means of subordination:

2:1(2)

5:(0) = {f €A T ==

<o)} (5)

where ¢ is an analytic function with positive real part on U, with ¢(0) = 1, ¢'(0) > 0 which maps the unit disk U onto a
region starlike with respect to the 1 and symmetric with respect to real axis. A function f € S;(¢) is called starlike function
with respect to symmetric points in U. Cs(¢) is the class of convex function f € A with respect to symmetric points in U

for which
2(2f'(2))
(f(z) = f(=2))

These classes S;(¢) and Cs(¢) include several well known subclasses of starlike and convex functions respectively as special

< (2). (6)

cases. With subordination, various Ma-Minda type subclasses of the bi-univalent function class 3. are recently introduced
and non sharp estimations on |az| and |as| are found in several investigations (See [9, 11, 12, 14, 16, 17]).
The concept of subordination was generalized in 1970 by Robertson [20] through introducing a new concept of quasi

subordination. For two analytic functions f and ¢, the function f is quasi subordination to ¢ written as

f(2) =¢ #(2) (2€0), (7)

if there exist analytic functions ¢ and w, with [¢(z)| < 1, w(0) = 0 and |w(z)| < 1 such that

f(2)
¥(z)

< (2), (®)

which is equivalent to
f(z) =¥ (2)¢(w(z)) (2 €.

Observe that if ¢(z) = 1, then f(z) = ¢(w(z)), so that f(z) < ¢(z) in U, also if w(z) = z, then f(z) = ¢¥(2)¢(z) and it is
said that f(z) is majorized by ¢(z) and written as f(z) < ¢(z) in U. Hence it is obvious that the quasi-subordination is
generalization of the usual subordination as well as majorization.

The work on quasi-subordination is quite extensive. Infact further generalization of Ma-Minda type subclasses belonging to
the class ¥ are made by several authors including ([21]-[25]) by means of quasi-subordination. In [16] certain new subclasses

of the bi-univalent function class 3 are introduced by unifying the classes S;(¢), Cs(¢) and obtained bounds on |az| and |as]|.
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In the present paper we extend the work of Lashin [16] by introducing certain Sakaguchi type subclasses of the bi-univalent
functions class ¥ associated with quasi-subordination in the open disk U. We also obtain bounds on the initial Taylor-
MacLaurin coefficients for the functions belonging to these new subclasses. Further we discuss some special cases of these

new classes. In this investigation through out the paper, we assume that:

P(z) = Ao+ A1z + A2 + ... (Jp(2)] <1, z € U) (9)

and ¢(z) is an analytic function in U with the form:

$(z) =14 Biz+ B2z + ... (B1 >0). (10)

In proving our results, we use an inequality of Keogh and Merkes [26] which is given in the following Lemma.

Lemma 1.1. Let the Schwarz function w(z) be given by

w(z):w1z+w2z2+w3z3+.-‘ (z €U, (11)

then |w| < 1, |wa — twi| < 14 (Jt] — D|wi| < max{1, [t|}, where t € C. The result is sharp for the function w(z) = z or

w(z) = 2°.

Definition 1.2. For 0 < a < 1, a function f € % given by (1) is said to be in the class S5'?(a), if the following quasi-

subordinations hold:
2:f(2)
f(2) = f(==)

2(2f'(2))'

(1=2) ) — 1(—2)

+ a - —1=<4(o(z) —1) (z€U) (12)

and

2og(w) | 2w ()
Vo) —aC-) " *(gl@) — gy

where g(w) = f~ (w) and the function ¢ is given by (10).

(I-a — 1< (@w) -1 (wel), (13)

It follows that a function f is in the class S&’? () if and only if there exists an analytic function ¥ with [¢(z)| < 1, (z € U)

such that = 5 )
(- )5S gty -1
< (d(z) -1 14
— (6() - ) (1)
and " o)
(1-0) i + gttty — 1
< (p(w) = 1), 15
" (6) ~ 1) (15)

where g = f~* and ¢ is given by (10) and z, w € U.

2. Coefficient Estimates for the Function Class Sg’¢(&)

Theorem 2.1. Let the function f € ¥ given by (1) be in the class S&'%(a). Then

oL 2B [ 1B
|a2§m1n{2(10+a), 02(1+2a) } (16)
and
sl < { g gy {A0l(B + 12D+ 4n1 B} a7)
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Proof.  Since f € S¢'?(a), there exist two analytic functions u,v U — U with u(0) = v(0) =0, |u(z)] < 1and |v(z)| < 1

and a function v in U defined by (9) satisfying

LG 2fE)
(=) 2o 2 oy o) -1 e D) (18)
and
(1-a)—20@) 209 ) pu(w) ~1] (@ eD). (19)

gw) —g(-w)  (9(w) —g(=w))’

Define the function p and ¢ such that

_1tulz) 2
p(z)—liu(z)—l—i—blz—i—bgz 4+ ...
and
(2) = 1+ v(z) =1+4ciz+c2® +
q = 1 —U(Z) = 1 5]
Equivalently
_ p(z) —1 _ 1 _ ﬁ 2
u(z) = p() +1 2 {bw—i— (b2 5 ) ? + .. (20)
and
_q(z) -1 1 _ ﬁ 2
v(z) = J) 12 {clz—i— (02 2 ) 2"+ ] . (21)

Here p and g are analytic in U with p(0) =1 = ¢(0) and since u, v : U — U, the functions p and ¢ have a positive real parts

in U such that |b;| < 2 and |¢;| <2 (i =1,2) . In view of (20) and (21), we have

22f'(2) 2(2f'(2)) _ pz) =1\ _
a-aF s e iy -i=va o (B51) 1] e 22
and
2wy’ (w) 2(wg'(w))’ _ glw) —1Y _
(- 5 vty = o (f557) -1 wen 29
Using (20) and (21) together with (9) and (10), it is evident that
. 2
() [czs (28 - 1) -1 = S AoBibiz + [%AlBlbl + 5 AoB: (bz - %1) v 2ol bﬂ 2. (24)
and
P(w) [¢ (%711) — 1- = %AOBICIUJ + [%A13161 + %AoB1 (C2 — %) + A0432 c?:| Wit (25)
Since the function f and its inverse g are given by (1) and (4) respectively, we have
22f'(2) 2(zf'(2)) _ 2
(1- a)f(z) ~ (=) + a(f(z) =) 1=2(14 a)azz +2(1 + 2a)aszz” + ... (26)
and
(1- )g(f)“’f’l;‘z’zw) + a(g(i()“f/;‘(’dz);)), —1=—-2(1+ a)asw + 2(1 + 2a)(2a% — as)w’ + ... (27)
Now using (24) and (26) in (22) and comparing the coefficients of z and 27, we get
2(1 —+ 0()0,2 = %A()Bﬂ)l, (28)
2(1 + 205)0,3 = %AlBlbl —|— %A()Bl (b2 — %) —|— A0432 b% (29)
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Similarly from (25) and (27), on comparing the coefficient of w and w?, we get

—2(1 =+ a)ag = %A()B1C1 (30)
1 1 7 AoB
2(1 + 2&)(2&% — a3) = §AlB1C1 + 514031 (CQ — %) =+ 04 20%. (31)
From (28) and (30), we find that
b1 = —C, (32)
as = A()B1b1 _ A03101 (33)

T 4(l+a) 404 a)
Adding (29) and (31), we obtain

b
2

AQBQ
4

1 1 2
4(1 + 205)0,% = §AOB1(b2 - ) + §AOB1(C2 - %) + (b? + C%) (34)

Applying Lemma 1.1 with |b;] < 2 and |¢;| < 2 in (33), (34) and (29), we find that

laz| < 2'30|+B;) (35)
ol < S (36)
and
las| < |A0\(B12-21\i2\2)03— [A1| By .
Similarly from (31) and (33), we obtain
In view of (35)-(38), we find the desired assertions for |az| and |as|. This completes the proof of Theorem 2.1. O

If we set ¢(z) = (}fz)w =1+2y2+29%22 4+ ...(0 < v < 1,2z € U) in Definition 1.2, we obtain a new sub class Sg(a,fy) of

the bi-univalent function class X.

Definition 2.2. For 0 < a <1 and 0 < vy <1, a function f € ¥ given by (1) is said to be in the class Sg(a,'y) if the

following subordinations are satisfied

(- a)f(zz)zflj(c?)—Z) T ey - t Kl t Z)W - 1]

and

where g(w) = f~H(w) and z, w € U.

Using the parameter setting of Definition 2.2 in Theorem 2.1, we get the following corollary:
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Corollary 2.3. For0 < a <1 and 0 <~y <1, let the function f € Sg(m v) be of the form (1). Then

. | Aoly |[Ao|v(1 + )
<
a2|mm{(1+a)’ 1+ 2a

and

(J4o|(1 +7) + [A1])y
"mg{ R }

If we set ¢(z) = =292 — 1 4 9(1 — )24 2(1 — )22 +...(0 < v < 1,z € U) in Definition 1.2, we obtain a new subclass

1—2
Sy (@).

Definition 2.4. For 0 < a <1 and 0 <v <1, a function f € ¥ given by (1) is said to be in the class S%’,V(a) if the

following quasi-subordinations hold

W 22f'(2) N 2(2f'(2)) 1+ (1 -2v)z) ;
Ol e Ry ey e K [ ) 1} (=€)

and

- AC) B CAC)) . - ]
i Lo o ey~ (P 1] wew,

where g(w) = f~H(w).
Using the parameter setting of Definition 2.4 in Theorem 2.1, we get the following corollary.

Corollary 2.5. For0 < a <1 and0<v <1, let the function f € Sg!y(a) be of the form (1). Then

(0] < min 4 [A0l1=1) " [2140](1 — )
- l+a ~ 1+ 20

and

1—v
sl < =2 laol + 4.

3. Coefficient Estimates for the Function Class C%@(oz)

Definition 3.1. For 0 < a < 1, a function f € X given by (1) is said to be in the class Cg’d’ if the following quasi-

20'C) \ (20 N a1 (s
(o) (Ghtitsy) 1@ v

subordinations hold:

and

2wy’ (w) “ 2(wg’ (w))’ -« B . y
(Q(W)fg(*w)> <(9(w)*g(fw))’> 1<4 (w)—1) (wel),

where g(w) = f~1(w) and the functon ¢ is given by(10).

Theorem 3.2. Let the function f € ¥ given by (1) be in the class Ci? (). Then

. |Ao|B1 |Ao|(B1 + | B2|)
<
|a2|_m1n{2(2_a), 2(a’ — 30+ 3) (39)
and
L [|Ao|(B1 +|B2]) | |A1|Ba
<= ,
|“3|—2{ o _3a+3 ' 3-2a (40)
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Proof.  Since f € C%'?(a), there exist two analytic functions u,v U — U with u(0) = v(0) =0, |u(z)| <1 and |v(z)| < 1

and a function v in U defined by (9) satisfying

2zf'(2) “ 2(2f'(2) 1706_ =U(2)op [u(z) — z
(o tits) (o tiday) —1=vewte-1 Gev) w
and
2wy’ (w) « 2(wg' (w))’ 17&7 = (W) [v(w) — w
(o eta) (aorteay)  —1=veriie) -1 @ev) =

Define the function p and ¢ analytic in U as in (20) and (21) and then proceed similarly up to (25). Also on expanding
L.H.S. of (41) and (42), we get

22/'(2) : 2(2f"(2))' l_a, = —a)azz —2a)az — a1l — a)a3] 2°
(f(z)—f(—z)) ((f( )),) 1=2(2- a)azz +2[(3 - 20)as — a(1 — a)a3] 5 + .. (43)

and

2wg'(w) i 2wy (@)’ 17&— =-2(2 — a)asw —20)(2a3 — a3) — a(l — a)a3] w?
(o5ts) (cortelay)  —1=-2e-cew (6=t - -al-add s +.. @

It follows from (41) and (43) in view of (24) that,

1
2(2 - a)a2 = §A031b1 (45)
1 1 bt |, AoB
2 [(3 — 2a)a3 — Oé(]. — a)ag] = EAlBlbl + §AoBl <b2 — 51) + 04 Qbf. (46)
Similarly from (42) and (44), on comparing the coefficient of w and w?, we get
1
—2(2—-a)az = §AOB1C1- (47)
1 1 i AoB
2[(3 —2a)(2a3 — a3) — a(l — a)a3] = 5ABier + 5 AoBy <cQ - %1) + 04 23 (48)
From (45) and (47), we obtain
b1 = —C1 (49)
and
_ AoBlbl _ A()Blcl
“= I -a) " A2—a) (50)
Adding (46) and (48), we get
2 21 bt 1 i\ AoB2,s
4(Of — 3« + 3)042 = §AOB1(b2 — E) + §AOBl(C2 — 5) + 4 (bl + Cl)- (51)
Applying Lemma 1.1 with |b;| < 2 and |¢;| < 2 in (50) and (51), we obtain
| Ao| B4
< — .
al < 53 (52)
and
|a2|2 < |AO|(B1 + |BQ|) (53)

— 2(a? —3a+3)
Similarly from (46) and (48), we can obtain

oaf <  { el Bt IBel) L (54)

a? —3a+3 3 — 2«

One more bound on |as| can also be obtained from (45) and (46), but that will be greater than that of (54). This completes

the proof of Theorem 3.2. O
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If we set ¢(z) = (H'z)ﬂ{ =1+42y2+ 29222+ ...(0 <y < 1,z € U) in Definition 3.1, we obtain a new class C%(a,v) of the

1—=z

bi-univalent function class ¥ as given below.

Definition 3.3. For 0 < a <1 and 0 < v <1, a function f € 3 given by (1) is said to be in the class C‘E[’(oz7 v) if the

following quasi-subordinations hold

(f(ng,ﬁ)_z)y ((f(igz—ﬁ?;))')l_a T Ki = ) - 1} et

(oit) (e say) =) 1] eeo

where g(w) = f~1(w).

and

Using the parameter setting of Definition 3.3 in Theorem 3.2, we get the following corollary.

Corollary 3.4. For0 < a <1 and 0 <~ <1, let the function f € Cg(a,’y) be of the form (1), then

. | Aoy |[Ao|v(1 +7)
<
|a2|mln{(2a), (@ —3a+3)

and

YA+ Ao | A
< .
Jas] < {(a2 “3a+3) 3-2a

If we set ¢(z) = @ =1+2(1-v)z+2(1 —v)2? +..(0 < v < 1,z € U) in Definition 3.1, we obtain a new subclass

C;V(a) of the bi-univalent function class .

Definition 3.5. For 0 < a < 1 and 0 < v < 1, a function f € X given by (1) is said to be in the class Cgu(a) if the

following quasi-subordinations hold

() (o lils) el eev

Ga5ds) (<g<i(>wf/;@a;>'>>l_a 1 |(FEE) 1) we)

where g(w) = f~1(w).

and

Using the parameter setting of Definition 3.5 in Theorem 3.2, we get the following corollary.

Corollary 3.6. For 0 < a <1 and0<v <1, let the function f € Cg,y(a) be of the form (1), then

o) Aol —v)  [2]A0|(1 —v)
<
|a2_m1n{ 2-a) 'Va2—3a+3

and

sl < (- { 2l ALY

a?—-3a+3 3-—2«a

Conflict of Interests

The authors declare that there is no conflict of interests regarding the publication of this paper.

490



S. Issar, K. K. Mishra and A. Soni

References

[1] K.Sakaguchi, On a certain univalent mapping, J. Math. Soc. Japan., 11(1959), 72-75.
[2] R.N.Das and P.Singh, On subclasses of schlicht mapping, Indian J. Pure Appl. Math., 8(1977), 864-872.
[3] P.L.Duren, Univalent functions, Grundlehren Math. Wissenschaften, Band 259, Springer-Verlag, New York, Berlin,
Heidelberg and Tokyo, (1983).
[4] M.Lewin, On a coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc., 18(1967), 63-68.
[5] D.A.Brannan and J.G.Clunie, Aspects of contemporary complezx analysis, Academic Press London, (1980).
[6] E.Netanyahu, The minimal distance of the image boundary from the origin and the second coefficient of a univalent
function in |z| < 1, Arch. Ration. Mech. Anal., 32(1969), 100-112.
[7] D.A.Brannan and T.S.Taha, On some classes of bi-univalent functions, Stud. Univ. Babes-Bolyai Math., 31(2)(1986),
70-77.
[8] T.S.Taha, Topics in univalent function theory, Ph.D. Thesis, University of London, (1981).
[9] R.M.Ali, S.K.Lee, V.Ravichandran and S.Supramaniam, Coefficient estimates for bi-univalent Ma-Minda starlike and
convex functions, Appl. Math. Lett., 25(2012), 344-351.
[10] S.Bulut, Coefficient estimates for a class of analytic and bi-univalent functions, Novi. Sad. J. Math., 43(2)(2013), 59-65.
[11] E.Deniz, Certain subclasses of bi-univalent functions satisfying subordinate conditions, J. Class. Anal., 2(1)(2013), 49-60.
[12] S.Sivaprasadkumar, V.Kumar and V.Ravichandran, Estimates for the initial coefficients of bi-univalent functions, arXiv:
1203.5480v2[math.CV], 28 Feb 2013.
[13] Z.-G.Peng and Q.-Q.Han, On the coefficients of several classes of bi-univalent functions, Acta Math. Sci., Ser. B, Engl.
Ed., 34(2014), 228-240.
[14] H.M.Srivastava and D.Bansal, Coefficient estimates for a subclass of analytic and bi-univalent functions, J. Egypt.
Math. Soc., 23(2015), 242-246.
[15] T.Bulboca and G.Murugusundaramoorthy, Estimate for initial MacLaurin coefficients of certain subclasses of bi-
univalent functions of complex order associated with the Hohlov operator, arXiv : 1607.08285v1 [math.CV], (2016).
[16] A.Y.Lashin, On certain subclasses of analytic and bi-univalent functions, J. Egyptian Math. Soc., 24(2016), 220-225.
[17] G.Murugusundarmoorthy, T.Janani and N.E.Cho, Bi-univalent functions of complex order based on subordinate condi-
tions involving Harwitz-Lerch Zeta function , East Asian Math. J., 32(1)(2016), 47-59.
[18] P.P.Vyas and S.Kant, Estimates on initial coefficient of certain subclasses of bi-univalent functions associated with the
class Pm(B), International Journal of Mathematics And Its Applications, 5(1-B)(2017), 165-169.
[19] V.Ravichandran, Starlike and convez functions with respect to conjugate points, Acta Math. Acad. Paedagog. Nyhazi.
(N.S.), 20(2004), 31-37.
[20] M.S.Robertson, Quasi-subordination and coefficient conjecture, Bull. Amer. Math. Soc., 76(1970). 1-9.
[21] S.P.Goyal, O.Singh and R.Mukherjee, Certain results on a subclass of analytic and bi-univalent functions associated
with coefficient estimates and quasi-subordination, Palest. J. Math., 5(1)(2016), 79-85.
[22] P.P.Vyas and S.Kant, Certain subclasses of bi-univalent functions associated with quasi subordination, J. Rajasthan
Acad. Phys. Sci., 15(4)(2016), 315-325.
[23] A.B.Patil and U.H.Naik, Estimates on initial coefficients of certain subclass of bi-univalent functions associated with
Quasi-Subordination, Global Journal of Mathematical Analysis, 5(1)(2017), 6-10.

[24] T.Panigrahi and R.K.Raina, Fekete-Szego coefficient functional for quasi-subordination class, Afr. Mat., 28(5-6)(2017),

491



Coefficient Estimates for Certain Subclasses of Sakaguchi Type Bi-Univalent Functions

707-716.

[25] S.Kant, Coefficient estimates for the certain subclasses of bi-univalent functions associated with quasi-subordination, J.
Fract. Calc. Appl., 9(1)(2018), 195-203.

[26] F.R.Keogh and E.P.Merkes, A coefficient inequality for certain classes of analytic functions, Proc. Amer. Math. Soc.,
20(1969), 8-12.

492



	Introduction and Preliminaries
	Coefficient Estimates for the Function Class S,()
	Coefficient Estimates for the Function Class C,()
	Conflict of Interests
	References

