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Abstract: WE obtain different families of graphs by attaching two pendent edges at each vertex of G. We call these graphs as double
crown graphs and denote them by G++. We show that CHt and S;'"" and W:j‘l are E-cordial families.
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1. Introduction

In 1997 Yilmaz and Cahit [4] introduced a weaker version of edge graceful labeling called E-cordial. The word cordial was
used first time in this paper. Let G be a graph with vertex set V and edge set E. Let f be a function that maps E into {0, 1}.
Define f on V by f(v) = > {f(uwv)/(uv) € E}(mod 2). The function f is called as E cordial labeling if |ef(0) — ef(1)] < 1
and |vf(0) —vy(1)| < 1. Where ef(4) is the number of edges labeled with ¢ = 0,1 and vy (%) is the number of vertices labeled
with ¢ = 0,1. We also use vf(0,1) = (a,b) to denote the number of vertices labeled with 0 are a and that with 1 are b.
Similarly ef(0,1) = (x,y) to denote number of edges labeled with 0 are x and that labeled with 1 are y respectively. A lot
of work has been done in this type of labeling and the above mentioned paper gave rise to number of cordial labelings. A
graph that admits E-cordial labeling is called as E-cordial graph. Yilmaz and Cahit has shown that Trees 7}, with n vertices
and Complete graphs K, on n vertices are E-cordial if and only if n is not congruent to 2 (modulo 4). Friendship graph
Cé") for all n and fans Fn for n not congruent to 1 (mod 4). One may refer A Dynamic survey of graph labeling for more
details on completed work. In this paper we show that C;f ™ and S} ' and Wn+++1 are E-cordial families. For definitions and

terminology we refer [2, 3, 5].

2. Definitions

Definition 2.1 (Crown Graph). Initially this was defined for Cycle graph and denoted by C,'. It was obtained by attaching
an pendent edge each to every vertex of Cr,. We develop the concept for any graph G and denote it by G*. It is obtained
from a graph G by attaching a pendent edge at each vertex of G. Note that |V (G1)| = 2.|V(G)| and for edges |E(GT)| =
[E(G)]+ V(G-
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Definition 2.2 (Double crown Of G = (p, q) graph). We obtain it by attaching two pendent edges at each verter of G. We

denote it by GTT. Note that |E(GT)| =2p+gq, |V(GT)| = 3p.

Definition 2.3 (Shel graph S,). It is obtained by taking chords from a fized point of Cy to every other vertez of Cy, other

than neighbouring two vertices. It has 2n — 3 edges and n vertices.

3. Main Results

Theorem 3.1. G = C,'" is E-cordial.

Proof. Define C,i " in terms of vertex set and Edge set as follows: V(G) = {v1,vs,vs,...,0,}U{vi;,i =1,2,...,nand j =
1,2}; E(G) = {e; = (vivig1)/i = 1,2,...,n;i+ 1 taken modulo n} U {e;; = (vivi;)/i =1,2,...,n and j = 1,2}. Note
that |V(G)| = 3n and |E(G)| = 3n. Define a function f : E(G) — {0, 1} given by

Case 1: n is divisible by 4. Take t = }; n = 2z.

fle;) =0 for i =2,3(mod 3) and i < 3t;
f(e;) =1 for all other i
flei;)=0 foralli=1,...,z

flei;)=1 forallz+1<i<n

Note that vf(0,1) = (L" @)’ef((), 1) =( %na 37")

27 2

Case 2: n = 1(mod 4)

f(ei) =0 for i = 2,3(mod 3) and i < 3t where t = [g]

f(e;) =1 for all other i

flen) =0,
flerz) =1,
fles;) =0 foralli=2,...,9g+ 1 (where ¢ = nT—l)

f(es;) =1 for all other i

Note that vf(0,1) = (g + 1,q),er(0,1) = (321, 321 4 1),

Case 3: n = 3(mod 4).

f(ei) =0 for i =2,3(mod 4) and 1 <4 < 3t where t = [%} +1

f(e;) =1 for rest of i

n+3
2

flei;) =0 for1<i< for j=1,2 and i # 2
fleij) =1 forrest of i,5 = 1,2, 4 # 2 for i = 2,
f(es;1) =0 and

fleiz) =1

Note that number distribution is es(0,1) = (2%, 321y = ¢£(0,1).
Case 4: n = 2(mod 4) the desired labeling does not exist.

=
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Figure 1. C;Hr is E-cordial actual edge labels are shown

Theorem 3.2. S;'" which is double crown of shel Sy, is E-cordial graph.

Proof. We define G = ST in terms of vertex set and Edge set as follows: V(G) = {v1,v2,vs,..

-aUTL} U {'Ui,j,’L' =

1,2,...,n and j = 1,2}; E(G) = {&; = (vivi1)/i = 1,2,...,n,i + 1 taken modulo n} U {e;; = (viv;;)/i =

1,2,...,n and j=1,2}U{c; = (v1ivs)/i = 3,4,...,n — 1}. Define a function f: E(G) — {0,1} given by

Case 1: n =3(mod 4). Let t = "7*17

fles) =0 fori=1,2,...,t

f(e;) =1 otherwise
flei)=0 fori=1,2,...,t, where t’ = ”T_?’
f(ei) =1 otherwise

n+1

fles;) =0 fori=1to 5

n+3

fles;)=1 fori= 5

n

Note that v(0,1) = (2%tE, 3221) e,(0,1) = (2n — 1,2n — 2).

Case 2: n = 1(mod 4). Let t = 2%,

fle))=0 fori=1,2,...,¢t
f(ei) =1 otherwise

flci)=0 fori=1,2,...,t

f(ci) =1 otherwise t' = nT_?’
f(ei;) =0 fori=2to n;rl’j:LQ
fle1,1) =0,
fleri2)=1
fles) =1 fori="F2 5 j=12

Note that the label numbers are v (0,1) = (2%t 3221 ¢.(0,1) = (2n — 2,2n — 1) for n = 2(mod 4) the desired labeling

2 2

dose’t exists.
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Figure 2. E-cordial labeling copy of S+

Case 3: n = 0(mod 4). On n we take three subcases as n = 4(mod 12), n = 8(mod 4) and n = 12(mod 4). We define
G = S; T in terms of vertex set and Edge set as follows: V(G) = {v1,v2,vs,...,v9n} U{vij,4 =1,2,...,nand j = 1,2};
E(G) = {ei = (vivig1)/i = 1,2,...,n, where i + 1 taken modulo n} U {e; ; = (vivi;)/i =1,2,...,nand j = 1,2} U {¢; =
(v1v:)/i = 3,4,...,n — 1}. Define a function f : E(G) — {0, 1} given by Case 1: n = 0(mod 4).

Subcase 1: n = 4(mod 12). This gives n = 12z + 4 for suitable z = 0,1,2,.... In this case we have |V| = 3n = 36z + 12.
For E-cordial labeling we must have vy(0,1) = (18z + 6,18z + 6) and on edges we have |E| = 4n — 3 = 48z + 13 and
er(0,1) = (2n —1,2n — 2) = (24 + 7,242 + 6) or ef(0,1) = (2n — 2,2n — 1) = (24x + 6,24z + 7). We choose e¢(0,1) =
(2n — 1,2n — 2) = (24z 4+ 7,24z + 6). Define a function f : E(G) — {0,1} as follows: f(e;;) = 1 for j = 1,2 and
1=1,2,3,...,92+ 3. f(e;;) =0for j=1,2and i =9z +4,92 + 5,...,n. Choose 2z triangles on S, not having common
edge but having apex vertex of S, as a common vertex, Take label on all these triangle edges as 1. Label all rest of edges
on S;* as 0. The label distribution is vs(0,1) = (2, 32),e4(0,1) = (2n — 1,2n — 2).

Subcase 2: n = 8(mod 12). n = 12z + 8 for suitable z = 0,1,2,.... In this case we have |V| = 3n = 36z + 24. For
E-cordial labeling we must have vf(0,1) = (18z + 12,18z + 12) and on edges we have |E| = 4n — 3 = 48z + 29 and
er(0,1) = (2n — 1,2n — 2) = (24x + 15,24z + 14) or ef(0,1) = (2n — 2,2n — 1) = (24x + 14,24z + 15). We choose
er(0,1) = (2n—1,2n —2) = (24z + 14,24z + 15). Let ¢ = 3z. Define a function f : E(G) — {0,1} as follows: f(e; ;) =1 for
j=12andi=1,2,3,...,92+6. f(e;;) =0for j=1,2and i =9z + 7,92 + 8,...,n. Choose 2z + 1 triangles on S,, not
having common edge but having apex vertex of S, as a common vertex. Take label on all these triangle edges as 1. Label
all rest of edges on S, * as 0. The label distribution is vs(0,1) = (22, 22),e7(0,1) = (2n — 2,2n — 1).

Subcase 3: n = 12(mod 12); n = 12z 4 12; for suitable z = 0,1,2,3,.... In this case we have |V| = 3n = 36z + 36.
For E-cordial labeling we must have v¢(0,1) = (18z + 18,18z + 18) and on edges we have |E| = 4n — 3 = 48z + 48 and
er(0,1) = (2n — 1,2n — 2) = (24x + 23,24z + 22) or e5(0,1) = (2n — 2,2n — 1) = (24x + 22,24z + 23). We choose
er(0,1) = (2n — 1,2n — 2) = (24z + 7,24z + 6). Define a function f : E(G) — {0,1} as follows: f(e;;) =1 for j = 1,2 and
1=1,2,3,...,924+9. f(ei;) =0for j =1,2 and i = 92+ 10,9z + 11, ..., n. Choose one square and 2z triangles on S,, not
having common edge but having apex vertex of S, as a common vertex, take label on all these triangle edges as 1. Label

all rest of edges on S, as 0. The label distribution is v;(0,1) = (32,3%) ¢,(0,1) = (2n — 1,2n — 2). O

202
Theorem 3.3. G = W,1}"| is E-cordial.

Proof. Tt can be defined as: take a cycle on length n (C,). Take a new vertex w and join it to each vertex of C, by
an edge each. To each vertex v; of cycle two pendent edges are attached (i = 1,2,...,n). We define G in the following
way in terms of V(G) and E(G). V(G) = {vi,v2,...,Va} U{ui;/ for i =1,2,...,n and j = 1,2} U{w}U{w',w"}.
E(G) = {ei = (vivit1)/i = 1,2,...,n where i + 1 is taken modulo n }U{ei,j = (viuj)/i =1,2,...,nand j = 1,2.}U{wi =
(wv;)/i=1,2,...,n}U{(ww), (ww"”)}. Define a function f : E(G) — {1,0} as follows.
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Case 1: (n+ 1) = 0(mod 4).

flv;))=0 fori=1,2,...,2¢ — 1 and

f(v;) =1 otherwise

flw;))=0 fori=2,3,...,2¢ +2

f(w;) =1 otherwise

flei;) =0 forall j=1,2and i=1,2,...,2x
fles;j) =1 foralli=2z+1,...,nand j =1,2
fww') =1

flww') = 1

We observe that label numbers are v;(0,1) = (6z,6x) and ef(0,1) = (2n +1,2n + 1).
Case 2: n+ 1 = 1(mod 4). Define a function f : E(G) — {1,0} as follows.

fle)) =0 fori=1,2,...,2

[\

fle)) =1 forg—kl,...,n

flw;)) =0 fori=1,2,...,

|3

flw) =1 fori:g—&—Lg—i—Q,...,n

fle) =1 foranj:1,2andi:1,2,...,g

fleij) =0 forall j =1,2 andi:g+1,g+2,...,n
flww) =0,
flwn”) =1

We observe that label numbers are vs(0,1) = (2271, 3%EL) and ef(0,1) = (2n + 1,2n + 1).

Case 3: n+ 1= 3(mod 4)

fles) =0 fori=1,2,...,
fle)) =1 forg+1,,..,n
flw))=0 fori=1,2,..., =

flwi) =1 fori=g+1,%+2,...,n

fleij) =1 forall j=1,2 andi:1,2,l..7g

fles;) =0 foraljzl,?andi:g—i—l,g—l—l. ,N
f(ww') =0,
flww”) =1

We observe that label numbers are vy (0,1) = (2%t 32=1) and e;(0,1) = (2n+ 1,2n+ 1). When n+ 1 = 2(mod 4) there is

no E-cordial labeling.
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Figure 3. Labeled copy of W5JrJr

4. Conclusion

We have shown three types of cycle related graphs to be E-cordial. They are namely C;i+, S, Wn*jl This work makes
us to construct Gt T (for t times) and we think that these new graphs for G = Cy,, S, Wy+1 are E-cordial under certain

constraints as above. It is necessary to investigate E-cordiality for more graphs.
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