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In [7], the authors have suggested a modified iterative Laverentiv method for solving nonlinear ill-posed equations involving
monotone operators. In this paper, we propose the finite-dimensional approximation of the scheme considered in [7]. We
have shown the regularization parameter and the error estimates are optimal order. Finally, we also present some numerical
results to verify the theoretical estimates.
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1. Introduction

Our aim is to solve the nonlinear monotone operator equation in the real Hilbert space H of the form

where G :

G(u) = v, (1)

D(G) ¢ H — H. We are assuming that, instead of the exact data v, we have only the noisy data ¥, with

|| — v|| < 6,8 > 0. Therefore in (1), we only have

Glu)=1 (2)

with ||lv — 9| < 4.

Under the suitable assumptions on G, the operator equation (1) may have a unique solution but it may not be stable with

respect to perturbation of the data. In such cases, we have to apply regularization [1, 3, 14] methods to obtain a stable

approximate solution. We assume that there is a solution u' of (1) and the operator G is locally Fréchet differentiable. For

monotone operators, the Lavrentiev method is widely using for a stable approximate solution [6-8, 13, 15]. In this paper,

we are considering the finite dimensional approximation of the modified Lavrentiev scheme in [7] of the form

where ug =

Uni1.n = uo + (PoK Py + BI) " Py (6 — G(un.n) + K P (iinn — o)), (3)

o = Up,0, K = G'(uo) and B > 0 is the regularization parameter.

This paper is organized as follows. In Section 2, we discuss the convergence and convergence analysis of the scheme by using

a priori parameter choice rule, convergence analysis by using a posteriori choice parameter rule is given in Section 3. In

Section 4, we present some numerical examples of the scheme and conclusions are given in Section 5.
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2. Error Estimates

In our analysis, we have taken the following assumptions.
Assumption I: There exists a constant ko > 0 and h(u,uo,v) € H satisfying (G'(u) — G’ (uo))v = G’ (uo)h(u, uo,v) with

A (w, wo, v)|| < kollvl[[[u — uol| Vu, v in Bz (uo) and 597 (1 4+ 1) < 1, where v, = W{(I‘%Ph”.

Assumption IT: u' — uo = Ku for some u € H.
Lemma 2.1 ([8,9]). If G is Fréchet differentiable in Bz (uo), then by Assumption I, Yu,v € B: (uo), we have

I(K + 1) K(G(u) = G(v) = K(u— )| < %Ilu —vll. (4)

We use the following lemma, to prove all the iterations belong to the ball Bz (uo).

Lemma 2.2 ([2, 5]). Suppose there is a sequence c, of non-negative real numbers satisfying

2
Cn+1 S a1 + ascn + asc,,a1,a2,as Z 0.

—_ _ vV - 27 —
Let c= 1—a +\/(12a; )2—da,a and ¢ = =% <12a22) daras If as + 2y/a1as < 1 and co < ¢, then ¢, < max{co,c}.
—al —ail - 1a3

Lemma 2.3. Let u' € By, (uo) C By (uo) C D(G),where ro = (1 — 597 (1 + 1)) 5. Suppose % < (1= (1 +) 589 ul —uoll,

then tint1 € B (uo), Vn.

Proof.

Gny1,n — o = (PoKPy+ BI) ™" (Po(® — G(unn)) + KPh(ln,n — uo))

= (PoKPy+ BI) " (Pu(G(uo) — G(tin,n) — K Pn(uo — Ginpn) + 0 — Gluo)))

(PLK Py + BI) "' Py (G(uo) — Gliin.n) — KPu(uo — tinp)) + (PaK Py + BI) " Po(t — G(uo))
Let

A = (PoKPh+ P,) ' Pu(% — G(uo))

Al

ll@1,n — uol|-
Now consider,

G(uo) — G(tn,n) — KPr(ug — @n,pn) = /OI(G, (Tn,n + t(Pr(uo — Gn,pn)(Pn(to — Gn,n)) — K(Pr(uo — Gn,p)))dt
= Ko(z,u0, Pa(uo — tin,n)), 2 = Un,n + t(Pa(uo — tin,n);
P, (G(uo) — G(tn,n) — KPr(uo — tn,n)) = PoKh(z,uo, Pr(uo — Gn,n))
= P,K(I — Py + Pu)h(z,uo0, Pn(ug — @n.n))
= PoKPprh(z,uo, Pn(uo — tn,n)) + Pn K (I — Pr)h(z,uo, Pr(uo — Gn,pn)).

kor

[(PuK Py + BI) ™' G(u0) — Glitn,n) — K Pr(uo = @n,n)|| < >

(L + )l tin,n — uol| (5)

Therefore

. kor 5 -
tn+1 — uoll < %(1 + ) ldn — uoll + [[1,n — uol| (6)
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This is of the form

cnt1 < a1 + ascy + ascy (7)

with ¢, = ||tn — wol|, a1 = ||tU1,n — wol|, a2 = %(1 + n),a3 = 0. We have, a2 + 2 /a1as = % (1 4+ vn) < 1. Therefore, by

Lemma 2.2,

A

— (14
|1, — uol|
1— 2 (14 )

. ULp — U
ldnt1,n —uoll < maX{M,O}

IA

ll@nt1,n — ol
Now consider,

Gn —uo = (PoKPy+BI) ' Pu(d — G(uo))

= (PuKPy+ BI) " Pu(v — Guo) — KPu(u —uo) + KPy(u! —uo) + 7 —v)

kor 1)
< ! = woll+ 5 + 1’ — ol

A

Since & < (1 —(1+ V) E5)[[ut — uo |, we have,

v —uoll (24 n)llu’ — uol|
1-8C14y,) © 151 +)
< I
- 2
Unt1 € B%(uo). (8)
O
Theorem 2.4. Under Assumption I,
~ ~ k’o?" " ~
i1 =l < ("27(1+m) )l — woll, . (9)

Proof. From (3)

Unt1,n = o + (PnKPn + ﬁf)flph (0 — G(tn,n) + K Pr(tin,n — uo))
Gnp = uo+ (PhEPy+BI) " Py (0 — G(lin-1,) + KPy(ltn—1,n — uo))

Unt1h — Gnn = (PoK Py + B1) ™" Py (G(in-1,n) — G(inn) — KPh(tin—1,n — Tin,n))

Therefore by assumption (A-I),

- - kor - .
ldnt1,n = n,nll < %(1 + ) Tnn = Gn—1,1l
kor "o
< (Brasm) s - wl.

O

Theorem 2.5. If (3) satisfied Assumption-I and Assumption II then G, 1 — u' as 8 — 0. For the choice of B ~ (yn+06)*/2,

and the iteration number n, (kg—r(l + ’yh))n < (64 n)Y? we will get

[ins1,n — ull| = O + 1) 2. (10)
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Proof.

Gnsrn —u' = uo—u' + (PoK Py + B1) " P (8 — G(tin.n)) + K Py (tin.n — uo))

(PoK Poh+ BI) ™" ((PhKPh + B (uo — u*)) 4 (PaKPuh + BI) " Py (5 — G(in.1) + K Pa(tin.n — uo))

(P.K Py + BI)"' Py (f) — Giinn) — KPu(u! — @inp)) + B’ — uo))

(PaK Py + B0 (Pa(v = G(nn) = K(u' = ) +9 = v)

 (PuK Py + B (K (' — ) — KPy(u — dinn)) + (PoEK Py + BI) " (ﬁ(uT - uo)) .

Consider,
B = B(P.KPh+ A1) (ul — uo)
= B(PhKPh+BI) 'K (I — P, + Py) 0
= B(PnKPh+BI)"' (K(I — Py)+ (I — Py + Py)KPy)a
= B(P.KPh+ 1) 'PoKPyi+ B(Po KPh+ BI) " (K(I — Py) + (I — Pu)K)a
1Bl < Bllall + I(K(I = Pu))al + (I = Pa)K)a.
Let,
E = (PuKPy, +BI) (KW' —iinn) — KPu(u' — inn))
= (PP, + 1) (K = Po) (' — )
= (PuKPy+ D7 (K= P)(u' = )
121 < 1t - a1
< K (1)

Let ¢ = LU= “and yy, = [|(K(I = Pu))ul| + [|((T = Pu)K)ul|. Therefore,

9
G
+ Bllull + G + v

A

kor _
Nl < == 4 ) lfiimn — u']| +

2
)
3

koT " ~ 5
( u+%QHMﬁﬂw+E+mw+@+w

ldnt1,n — u + Bllull 4 Cn 4 Yn

kor .
(1- %(1 + ) [tins1,n — ul |

IN

|tn,hn — Ung1,nll +

IN

2
1K = Pyl
B

+ Bllull + .

IN

k no )
(“u+%0\mﬁﬂw+g+mw+ +

2
0 + rBn
B

IN

kor "
(57 +m) fans -l +

Let C' = max{1l,73}, then

_ kor "
fivsnn =l < (B0 49)) s ol +

C' (6 +m)

3 + Bllull +n

Therefore the choice of the 8, n, and the choice of ¥ ~ (6 + ’yh)1/2 we will get

! = Gng1n]l = O +yn) "2 (12)
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3. Error Estimates with an a Posteriori Parameter Choice
The stopping rule

In this section, we consider an a posteriori stopping rule to terminate the iteration which depends on the noisy level and the

discretization error. We terminate the iteration if there is an integer IV satisfies,

[Pn(G(an) = )| < C(6 +n) < [[(Pr (0 = G(ann))[l, 0<n<N-—1, (13)

where C > 1.

Parameter choice rule

We choose 8 by solving,

18*(PLE Py + B1) ™ (Pu(0 — G(uo))|| = C (8 + ). (14)
Next we show that by using above parameter choice rule, the parameter obtained this method is of the 0(51/ 2).

Proposition 3.1. Assume there is a constant M > 0 such that 5 < M, and suppose that the parameter B is computed by

(14), then
B~ (8+m)' % (15)
Proof.
B|(PuK P+ BI) ' Pu(5 — G(uo))l| = C(5+ )
B2llir,n —uoll = C(5+n)
C@+m) = Bllann — ol < [lu’ —uol| < 5”5
2C
7(5+’Yh) < B
Therefore,
, , o0\ /2
B> Ci(5+vm)"? 01 = <7) ‘ (16)

Again we have,

B2 llixn — ol = C(6+n)

,82 — C(5+’7h)
llt1,n — uoll

Now consider,

|(PoK P+ BI) ™' Pu( — G(uo))|
(| Pr (9 — G (uo))]
| Pn K Py, + BI||
1 HPhKPh+BI||
[@1,n —uoll = [[Pn(? — G(io))||
NP K Pu|| + 5
= [Pu(® — G(uo))||
|PnKPr| + M
= |[Pu(? — G(uo))]|

|1, — uol|
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g2 = CO+wm)  CO+w)IP KPR + M)
l[@1,n = wol| [Pn (0 — G(uo))|
Therefore,
/ C(|IPu K Pul| + M)\ '?
< Oy(8 + 1/2,0':( a ~ 17
B<Ca(6+m) 2 1Pn (@ — Glaao))]| (17)
From (16) and (17) we get,
B~ (8 +m) .
O
Lemma 3.2. Let po > 0 and po < p:), for some pé). Suppose that the sequence has ny, has the following property
Po — TN < Mnt1 < Po+ Te,n = 0,1,2..... (18)
If T <1 and no < ﬁpg, then for all n,
1
n < . 1
M = 1 _Tpo (19)

Proof. Proof is by induction. When k = 0, it is obvious. Assume the result is true for n = j, to prove the result is true

for n = j 4+ 1, we have

IA

Nj+1 Do + Tn;

Do + TNj

IN

!
Do+ T

IN

1
1— 70
Hence proved. O

Lemma 3.3. Let po = ||B(PaK Py + A1) (uf — wo) + (PaK Py + B1) 71 (0 — v) + K (u — i ) — K Pu(uf — i) + K (uf —
tin,n) — KPh(ul — tin,n)|| then Vn,

Po— ol = | < i — 'l + po + = nn = '] (20)
Proof.
nsrn —u' = (PaK Py + B~ (Ph(v — Gtnp)) — K(ul = inn) +5 - y))
+ (P Py + A1) (K(u = i) = KPu(u' = inn)) = (P P+ B1) 7 (P(Bluo — uh)))
= (PoKP, + BI) " (Pu(Gu") = G(inp) — K(u' —inn))+C+ D+ G.
Where,

C = —(PaKPy+BI)~ " (B(uo — uh))

)
I

(PLK Py + BI) " (0 —v)

(PhK Py + B MK ! = pn) — KPy(u' — @inn)).
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Therefore,

linss —ul = (C+ D+ G| = |(PuK Py + 8D (Pa(Glu") = Glann) = K(u' = @) |
iins1n = u'll = pol < N(PaE P+ BD ™ (Pa(Gu') = Glinn) = K(ul = @nn))) |
k -
< A fitn s —
k)()?" - t - t k()?" - T
po = o (Lt ) [ = 6| < [@nern = wh |+ po+ "o (14 n) s — u'l]

2 2

Theorem 3.4. Under Assumption A-I, Assumption II and the choice of reqularization parameter, we have
liins1,n —ul[ = O + yn) /2.

Proof.  From the Proposition 3.1, 01(5 +m)?) <B < C’;(J + v1)'/?). Therefore,

d+n 1/2

~ (0 +m)
Now compare equation (20) with (18), po = C' + D + G,7 = 5" (1 + ) < l,and 7 = [|in — u'||. Clearly

po = |(PaKPy+ B (5 —v) = (PuK Py + B (Buo — u')) + K (u — i) = KPu(u" = ann)l|
K = Pu)lr
B

A\

< + 1K = Pral + [((I = Pu)K)al.

%wuan +

Take po = & + B|a|| + Y=L 4 ||k (1 — Py)a|| + ||((I — Py)K)l|. Therefore by Lemma 3.2,
B B

s =l < 1— %11 ) (% + Bllall + w + wh)
g TEEn (80 4 g+ )
s 1z %tlﬂh) (C/w; ) 4 gjal +wh> ,C" = max{1, fr}
T - %Ttl +7n) (C,O(‘s + )2+ 806 +m)' 2 + wh)
S 1z %tl ﬂh)Cé (266 + )" + ¥n) , C5 = max{C’, |al|, 1}

(21)

(22)

(23)

(24)



Finite-Dimensional Approximation of Modified Laverentiv Method for Nonlinear Ill-posed Operators

4. Numerical Illustrations

For the numerical implementation, we use the Haar basis and the projection considered in [10].

Example 4.1. Take H = L?[0,1],G : H — H defined by [7, 8, 12]
1
G(u) := (tan" " u)? +/ e 1" (y)dy. (25)
0

For the data

1
0 3Su<

[SIIN]

v(z) =
24 (tan~'1)® — et — e otherwise
the solution is

0 s <u<

=
[SMIN]

u(z) =
1 otherwise.

For our analysis, we use 0.1%, 1%, and 10% data errors, regularization parameter B is computed using equation (14). The
computational results are given in Table 1. The exact and computed solutions corresponding to 0.1%, 1%, and 10% with

different sizes of matrices are given in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, and Figure 6 respectively.

12 12
14%%*%% ; : 14 ottt
| | #  Exact |‘ ‘l
| Computed| | L
0. e 0:8 | [ [+ Eact
| ‘ | | Computed
06 ‘ | 3 06 ‘l |‘ b
| |
0.4 ‘ | ] 0.4 ‘| |‘ 1
| | | |
0.2 4 0zt | ‘ 4
‘ | || |
or R 4 oF e = 1
02 . " . " n n 0.2 n . n " . "
o 01 02 0.3 0.4 0.5 0.6 0.7 08 0.9 1 o 01 02 0.3 04 0.5 0.6 0.7 0.8 09 1

Figure 1. Soln. when § = 0.1%, Size of matrix is 64 Figure 2. Soln. when ¢ = 0.1%, Size of matrix is 32

12 T T T T T T T T T 12 T T T T T T T T T
1**%%%% TWWHWW 14r+++++++++~4|~ B e e e
| | | { +  Exact
0.8 4 08t Computed | 4
+  Exact || || S
| ‘ Computed ‘
06 ‘ | & 06 | 1
| |
0.4 f | | . 0.4 F | ‘ 1
| |
‘ ‘ I |
02} . 02} \ \ :
‘ | | |
|
0 R 1 or FFFEFHFFFF 1
o . . . . . . o032 . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1 0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 3. Soln. when § = 1%, Size of matrix is 64 Figure 4. Soln. when § = 1%, Size of matrix is 32
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12 T T T T T T T T T 1.2 T T T T T T T T T
s w 1 b T e Eis 2
| *  Exact || || *  Exact
ae b ‘ Computed o8k | ‘ Computed
| | | |
| |
06 ‘ | 0.6 [ |
| |
0.4 | | 8 0.4 ‘I || 1
| | | |
02t g 02t [ \ )
| | | |
| e
or R RRAIaeEEEEEEES 1 of P T
0.2 0.2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 o 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5. Soln. when § = 10, % Size of matrix is 64 Figure 6. Soln. when § = 10%, Size of matrix is 32

Table 1. Computational Results of Example 1

5§ |m=2"n B8 Error = % Error/(8 4 ~vp,)'/?
0.001 64 1410.0000044 0.000174 0.00055
32 13{0.0000089 0.000369 0.00117
16 12/0.0000179 0.0004 0.00126
0.01 16 6 | 0.0159 0.0416 0.1543
32 7|1 0.0091 0.0218 0.1072
64 9| 0.0049 0.0151 0.0942
0.1 16 5| 0.0835 0.0427 0.1060
32 5| 0.0631 0.0327 0.0903
64 7| 0.0403 0.0270 0.0794

Example 4.2. Let H = H'[0,1] and G : H — H defined by [7, 8, 12],

G(u) ::/0 e 1" u(y)dy + u®. (26)

Take u(z) = 2+ 2 — %, then v(x) = 12" —7e™" + 4 — 10z — 22° + (2 + = — 2*)3. We consider 1% and 10% data error
for computation. The computational results are giver in Table 2. The solutions corresponding to 1%, and 10% with different

sizes of matrices are given in Figure 7, Figure 8, Figure 9, Figure 10, Figure 11 and Figure 12 respectively.

Table 2. Computational Results of Example 2

§ |m=2"n| B |Error= % Error/(6 + ~p,)/2
0.001 16 610.0047 0.0416 0.1649
32 710.0025 0.0216 0.1201
64 910.0012 0.0148 0.1147
0.01 16 610.0159 0.0416 0.1543
32 710.0091 0.0218 0.1072
64 910.0049 0.0151 0.0942
0.1 16 510.0835 0.0427 0.1060
32 510.0631 0.0327 0.0903
64 710.0403 0.0270 0.0794
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24 T T

235

28

22

215

24

Figure

24 T

0.6 0.7

Soln. when § = 1%, Size of matrix

23
225

22¢ /

2057/*

24 T T

Soln. when § = 10%, Size of matrix

23

22

21F

205

Figure 11.

Soln. when § = 1%, Size of matrix is 128 Figure 12.

is 32

is 32

24

235

231

22

2151

205F /4

Figure 8.

Soln. when § = 1%, Size of matrix is 64

Figure 10.

24

Soln. when § = 10%, Size of matrix is 64

23

22F

211

Soln. when § = 10%, Size of matrix is 128
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5. Conclusion

In this, we suggested the finite-dimensional approximation of an iterative scheme considered in [7] and a parameter choice rule
for the regularization parameter 5. We have proved that the suggested method achieves O(d + 'Yh)l/ 2. We have implemented
this scheme for nonlinear integral equations with various solutions and is shown that all numerical results are consistent

with the theoretical estimates.
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