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1. Introduction

Network optimization is a very popular field among the well studied areas of operations research. The main aim of government
agencies and Industrial organizations is to plan their project in order to maximize resource utility and minimize over all
cost. This type of management problem can be very well tackled using the network techniques called critical path method.
Since the activities in the network can be carried out is parallel, the minimum time to complete the project is the length
of the longest path from the start of project to its finish. The longest path is the critical path of the network. The CPM
is to identify critical activities on the Critical path. This paper analyze the critical path in a general project network with
fuzzy activity time. We propose a ranking method for fuzzy numbers to a critical path method for fuzzy project network,
where the duration time of each activity in a fuzzy project network is represented by a trapezoidal type-2 fuzzy number.
We compare the possibility of meeting a fuzzy project in a specified time for different activities using proposed method,
and fuzzy critical method based on ranking of fuzzy numbers.The fuzzy measures were introduced by sugeno [10]. As an
important tool for determining the similarity between two objects, Zadeh [12] initiated fuzzy similarity measure, and later
on, various similarity measure for fuzzy set have been sequentially proposed. The organization of the paper is as follows:
In section 2, we have some basic concepts, section 3, gives some properties of total slack fuzzy time, Section 4, gives the
network terminology. Section 5, gives an algorithm to find the critical path combined with trapezoidal type-2 fuzzy number
using ranking method and distance based similarity measure. To illustrate the proposed algorithm the numerical example

is solved in section 6.

2. Basic Concepts

Definition 2.1 (Type-2 Fuzzy number). Let A be a type-2 fuzzy set defined in the universe of discourse R, if the following

conditions are satisfied, then A is called a type-2 fuzzy number.
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(1). A is normal.
(2). A is a convez set.
(3). The support of A is closed and bounded.

Definition 2.2 (Normal type-2 fuzzy number). A type-2 fuzzy number(T2fs), A is said to be normal if its Foot of Uncertainty

(FOU) is normal interval type-2 fuzzy numbers(IT2FS) and it has a primary membership function.

Definition 2.3 (Addition on type-2 fuzzy numbers). Let
A= | aFoOU(As) = (A", AM AN, A7)
foralla
= ((at', a7, a3, a), (a1, 43", 03", 4y ) (a1, @', a3, af ) (at, a3, aF, a) and

B= |J arou(Bs) = (B",BY, B"Y,BY)

foralla

= (b7, b3, b5, br), (b1, b2", 3", by ) (b1, 02, by, b2 ) (b1, b3, b5, b))
be two mormal type-2 fuzzy numbers. By using extension principle, we have

A+B=| |J arou(4s)| + | |J aFou(Bs)| = (A" + B*, AM + BM, AN + BV, AV + BY)

foralla foralla

((af +bf', a3 + b2, a5 + b5, a1 +bf), (a2’ + b1, 03" +b2", 3" + b3, 02" + b2")

(al +b1', a3 + 02", a3" + b3, af +bi')(al + b7, af + b5, af + b5, af +b5))
N u U U

Definition 2.4. Let A = (o, af, o, al), (@}, ad", ad", a}")(al ,ad ,ad ,a} ) (a¥,d¥ ,aY, aY) be a type-2 normal trapezoidal

fuzzy number, then the ranking function is defined as,

R(A) = (af 4 20 + af + af + 2a}" + 4ad" + 4a}" + 20} + 20T + 40l + 4a} + 2aY + oV + 205 + af +4d¥)
36

Definition 2.5 (Fuzzy critical path). In a project network a path p. such that FCPM (p.) = min{ FCPM (px)/px € P,k =

1 tom} is defined as a fuzzy critical path.

Definition 2.6 (Fuzzy critical path length). The sum of the Fuzzy activity time of the corresponding path P is said to be

the fuzzy critical path length.

Definition 2.7. Let A and B be two trapezoidal type-2 fuzzy numbers then the distance based similarity measure is defined

as follows S(f/j7i/min) = m, forj =1,2,...,m, where d(i/j, f/mm) = ; i](ml) — f/min(:vi) forj=1,2,...,m.

2.1. Notations

Aij The activity between node i and j.

FES; The earliest starting fuzzy time of node j.
FLF; The latest finishing fuzzy time of node i.
FT’Sij The total slack fuzzy time of A;;.

Dk The k" fuzzy path.

P The set of all fuzzy paths in a project network.

FCPM (pr) The total slack fuzzy time of path py in a project network.
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3. Properties of Total Slack Fuzzy Time

Property 3.1 (Forward pass calculation). To calculate the earliest starting fuzzy time in the project network, set the initial

node to zero for starting (ie) FES, = (0.0,0.0,0.0,0.0). FESj = max{FESi + FE'Tij}, j # i, 5 € N, i = number of
7

preceding nodes. (FESJ- = The earliest starting fuzzy time of node j). Ranking value is utilized to identify the mazimum

value. Earliest finishing fuzzy time = Earliest starting fuzzy time (+) Fuzzy activity time.

Property 3.2 (Backward pass calculation). To calculate the latest finishing time in the project network set FLF, =
FESn.FLF; = min{FLF;j(—)FET;;}, i #n, i € N, j = number of succeeding nodes. Ranking value is utilized to identify
J

the minimum value. Latest starting fuzzy time= Latest finishing fuzzy time(-) Fuzzy activity time.

Property 3.3. For the activity Aij, i@ < j. Total fuzzy slack:
FTSi; = FLF;(=)(FESi(+)FET;;) (or) (FLF;(=)FET;;)(—)FES;, 1<i<j<mn; i,j € N.

Property 3.4. FCPM(px) = Y. FTSU, pr € P, pxr is the possible paths in a network from source node to the
1<i<j<n
Ti€rn

destination node, k =1 to m.

4. Network Terminology

Consider a directed acyclic project network G(V, E) consisting of a finite set of nodes V={1,2,...,n} and a set of m directed
edges E C V x V. Each edge is denoted by an ordered pair (i,7) where ¢,7 € V and ¢ # j. In this network, we specify
two nodes, denoted by s and t, which are the source node and the destination node, respectively. We define a path p;; as
a sequence p;; = [i = i1, (i1,12), 42,...,%—1, i = j] of alternating nodes and edges. The existence of at least one path pg;
in G(V, E) is assumed for every node i € V — {S}.d;; denotes a trapezoidal type-2 fuzzy number associated with the edge
(3, 7), corresponding to the length necessary to transverse (i, ) from i to j. The fuzzy length along the path P is denoted by
d(P) and is defined as d(P) = 3 dj;.

(t,5€P)
4.1. Algorithm: 1 (for finding critical path)
Step 1: Estimate the fuzzy activity time with respect to each activity.
Step 2: Let FES; = (0.0,0.0,0.0,0.0) and calculate FESj, j=2,3,...,n by using Property 3.1.
Step 3: Let FLF, = FESn and calculate FLF;, i =n—1,n—2,...,2,1. By using Property 3.2.
Step 4: Calculate FTSU with respect to each activity in a project network by using Property 3.3.

Step 5: Find all the possible paths and calculate FCPM (py) by using Property 3.4.

Step 6: Identify the critical path by using Definition 2.5.
4.2. Algorithm : 2 (for finding critical path using similarity measure)
Step 1: Form the possible paths Lengths, L;; i = 1,2,...,n where

Li = (b1, b3, b5, b5), (017,057, b3, b1 ) (b1, 05, b3, b7 (b1, b5, b5, b)),
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Step 2: Initialize

-Z/min = ((afaa£7a§/3a£)7 (a{W7aéwuaé\/laai\/[)(a{vaaévvaév7aflv)(a[{7a2U7a3U7a4U)'

I
~

1

Lo = (b7, b5, 6%, b%), (017, 63", 03" 0 ) (b1, b3, b3, b3 ) (b7, b5, b5, bY).

Step 3: i = 2.

Step 4: Compute

(afaa§7a§7a£) mln{((afvagaa§7a4) (bf7b2ab33b4)}

(al , A2 >aé\47a4 )Zf(al >aév[,aé\/17a4 ) (b b§7b§/7b£)

((a a2 ,GQJ,% )><<bM b bs biw)) ((al ,a2 ;a3 7‘14)><<bL bz b3 b4 )
((al ,a,2 ,aéw ay )+(bM bM bM bM)) ((a a2 a%’ ay )+(bL bL bL bL))

(a1 a3" 03" as") =

if . (a‘{wyaéwyaéw7a4 ) (b b£7b§7b£)

N N N N N M M M
( N N N N) (a1, a2 ,a3 ,ay )Zf(al A2, a3 704) (b1 ,b3", 03", by )
a a a Q
1Tz Te T (aff ol aff o) x (b b8 63 03)) — (a0l adl o) x (61 621 03 041))

(@ el ,ad ,al )+ b1 b b ) —((af!,adl,adl ,ad)+ (M b2 b2 bAT))

f(allv,aé\f7aé\/’a4 ) (b bé\/[7b§47biw)

(alUva/QUvaf)[‘Jaaé[l]) mln{(al 704570/:[5]7&4) (bl 7b2 3b3 7b4 )}

L

Step 5: i’min - ((a%7a§>a§l7a4), (a{\l7aé\/f7aé\/f’ai\f)( N

al,ad,ad,al¥)(aV,d¥,af,aY)) as calculated in Step 4
Step 6: i =i+ 1.
Step 7: If i <n =1, go to Step 4.

Step 8: Find out all possible paths from starting node to destination node and compute the corresponding path lengths,

Li;i=1,2,...,n.
Step 9: Compute Linin by using type-2 fuzzy critical path length procedure.

L. i(xi) — Lmin(z;)|. For j =1,2,...,m using Definition 2.7.

Mz

Step 10: Find d(L;, Lmin) =

Il
—

7

Step 11: Compute similarity measure for j = 1,2,...,m.

Step 12: The path which has the minimum similarity degree is the fuzzy critical path.

5. Numerical Example

The problem is to find the critical path between source node to destination node in the acyclic fuzzy project network having

6 vertices and 7 edges with trapezoidal type-2 fuzzy number.
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Figure 1.

Solution: The edge lengths are

P =((1.9,2.1,2.3,2.5;0.3), (1.7,1.9,2.1,2.3), (1.5, 1.8,2.1,2.6), (1.1, 1.3, 1.6, 2.0))

Q = ((1.8,2.0,2.2,2.6;0.4), (1.6,1.8,2.2,2.4), (1.6,1.9,2.3,2.7), (1.3,1.5,1.7,2.1))
R=((1.6,1.8,2.0,2.2;0.5), (1.4,1.6,2.2,2.4), (1.3,1.5,1.7,2.1), (1.1, 1.3, 1.5, 1.9))
§=((1.7,1.9,2.1,2.3;0.6), (1.5,1.7,1.9,2.1,), (1.4,1.6, 1.8, 2.0), (1.2, 1.4, 1.6, 1.9))
T =((1.5,1.7,1.9,2.3;0.7), (1.4,1.6,1.9,2.1), (1.2,1.4,1.6,1.8), (1.0, 1.3, 1.5, 1.7))
U=((14,1.7,1.9,2.1;0.8),(1.3,1.5,1.7,1.9), (1.1,1.3,1.5,1.7), (1.0,1.2, 1.5, 1.7))
V =((1.7,18,,2.0,2.2;0.9), (1.5,1.8,2.1,2.3), (1.3,1.5,1.7,1.9), (1.1,1.4, 1.5, 1.9))
W =((1.9,2.1,2.3,2.5;0.6), (1.8,2.2,2.4,2.6), (1.6,1.9,2.1,2.4), (1.5, 1.8,2.2, 2.5))

From the edge length, using properties we calculate the fuzzy durations and total slack fuzzy time for each activity as shown

in Table 1.
Activity (i — 5)i < j D;g;:j” FES; FLF; FTS;;

((1.9,2.1,2.3,2.5;0.3), ((—0.5,1.5,2.9,4.4), | ((—3.0,-0.8,0.8,2.5),

_ (1.7,1.9,2.1,2.3), 00,00,00,00) | (COT093LAT), | (-3.0,-1.2,1.2,3.0),
(1.5,1.8,2.1,2.6), (—0.7,1.2,2.7,4.8), | (~3.3,-0.9,0.9,3.3),
(1.1,1.3,1.6,2.0)) (~1.4,0.4,2.5,4.5)) | (~0.6,~1.2,1.3,3.4))
((1.8,2.0,2.2,2.4;0.4), ((1.7,3.5,4.7,6.0), | ((—0.7,1.3,2.7,4.2),

- (1.6,1.8,2.2,2.4), (0.0,0.0,0.0,0.0) (1.7,3.1,4.7,6.1), | (—0.7,0.9,2.9,4.2),

(1.6,1.9,2.3,2.7), (1.4,2.9,42,6.1), | (~1.3,0.6,2.3,4.5),
(1.3,1.5,1.7,2.1)) (0.5,1.9,3.8,5.6)) | (~1.6,0.2,2.3,4.3))
((1.6,1.8,2.0,2.2;0.5), | ((1.9,2.1,2.3,2.5;0.0), | ((1.7,3.5,4.7,6.0), | ((~3.0,~0.8,0.8,2.5),

0 3 (1.4,1.6,2.2,2.4), (1.7,1.9,2.1,2.3), (1.7,3.1,4.7,6.1), | (- 3.0, 1.2,1.2,3.0),
(1.3,1.5,1.7,2.1), (1.5,1.8,2.1,2.6), (1.4,2.9,42,6.1), | (—3.3,-0.9,0.9,3.3),
(1.1,1.3,1.5,1.9)) (1.1,1.3,1.6,2.0)) (0.5,1.9,3.8,5.6)) | (—3.4,-1.2,1.2,3.4))
((1.7,1.9,2.1,2.3;0.6), | ((1.9,2.1,2.3,2.5;0.0), | ((4.6,5.7,6.7,7.6), | ((—0.2,1.3,2.7,4.0),

- (1.5,1.7,1.9,2.1), (1.7,1.9,2.1,2.3), (3.9,5.1,6.6,7.7), | (—0.5,1.1,3.0,4.5),
(1.4,1.6,1.8,2.0), (1.5,1.8,2.1,2.6), (3.6,4.8,5.9,7.5), | (—1.0,0.9,2.5,4.6),
(1.2,1.4,1.6,1.9)) (1.1,1.3,1.6,2.0)) (2.8,4.1,5.4,7.0) | (~1.1,0.9,2.7,4.7))
((15,1.7,1.9,2.3;0.7), | ((3.5,3.9,4.3,4.7;0.0), | ((4.6,5.7,6.7,7.6), | ((~2.4,-0.5,1.1,2.6),

54 (1.4,1.6,1.9,2.1), (3.1,3.5,4.3,4.7), (3.9,5.1,6.6,7.7), | (—2.9,~1.1,1.5,3.2),
(1.2,1.4,1.6,1.8), (2.8,3.3,3.8,4.7), (3.6,4.8,5.9,7.5), | (—2.9,-0.6,1.2,3.5),
(1.0,1.3,1.5,1.7)) (2.2,2.6,3.1,3.9)) (2.8,4.1,5.4,7.0)) | (~2.8,-0.5,1.5,3.8)
((1.4,1.7,1.9,2.1;0.8), | ((3.5,3.9,4.3,4.7;0.0), | ((3.8,5.4,6.4,7.4), | ((—3. 0.-04,08.2. 5),
5 s (1.3,1.5,1.7,1.9), (3.1,3.5,4.3,4.7), (3.6,4.8,6.2,7.4), | (—3.0,-1.2,1.2,3.0),
(1.1,1.3,1.5,1.7), (2.8,3.3,3.8,4.7), (3.1,44,555,7.2), | (—3.3,-0.9,0.9,3.3),
(1.0,1.2,1.5,1.7)) (2.2,2.6,3.1,3.9)) (2.2,3.4,5.0,6.6)) | (—3.4,-1.2,1.2,3.4))
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Activity (i — §)i < j D;gl;jo” FES, FLF; FTs;;

((1.7,1.8,2.0,2.2;,0.9), | ((5.0,5.6,6.2,7.0:0.0), | ((6.8,7.7,8.5,9.3), | ((—2.4,—0.5,1.1,2.6),

‘e (1.5,1.8,2.1,2.3), (4.5,5.1,6.2,6.8), (6.2,7.2,8.4,9.2), | (-2.9,-1.1,1.5,3.2),
(1.3,1.5,1.7,1.9), (4.0,4.7,5.4,6.5), | (5.5,6.5,7.4,88), | (—2.9,-0.6,1.2,3.5),

(1.1,1.4,1.5,1.9)) (3.2,3.9,4.6,5.6)) | (4.7,5.6,6.8,8.1)) | (—2.8,—0.5,1.5,3.8))

((1.9,2.1,2.3,2.5;0.6), | ((4.9,5.6,6.2,6.8,0.0), | ((6.8,7.7,8.5,9.3), | ((—2.5,—0.8,0.8,2.5),

s e (1.8,2.2,2.4,2.6), (4.4,5.0,6.0,6.6), (6.2,7.2,8.4,9.2), | (=3.0,—1.2,1.2,3.0),
(1.6,1.9,2.1,2.4), (3.9,4.6,5.3,6.4), | (5.5,6.5,7.4,8.8), | (=3.3,—0.9,0.—,3.3),

(1.5,1.8,2.2,2.5)) (3.2,3.8,4.6,5.6)) | (4.7,5.6,6.8,8.1)) | (—3.4,-1.2,1.2,3.4))

Table 1. Activities, fuzzy durations and total slack fuzzy time for each activity

Find all the possible paths and calculate FCPM(px) by using Property 3.4. The possible paths are (1 — 2 — 4 — 6),
1-2-3-5-6),(1-3-4-6),(1—-3-5-6), (1—2—3—4—06). Which are denoted by p1, p2, ps, pa, ps. Using

Algorithm 1 and 2 we have the following table.

Path Ranking value (using Algorithm 1)|Similarity measure (using Algorithm 2)
(1—2—4-6) 2.308 1
(1-2—-3-5-06) 0.06388 0.0127
(1-3-4-06) 2.2167 0.0323
(1-3-5-06) 1.6583 0.0294
1-2-3-4-06) 0.6222 0.0132

Table 2.

e Table 2 gives the ranking value and distance based similarity measure for the possible paths in a given fuzzy acyclic

project network.
e In both the cases, the path (1 —2 —3 —5 — 6) has a minimum degree.

e Hence the path (1 —2 —3 — 5 — 6) is identified as a fuzzy critical path in a given fuzzy acyclic project network.

6. Conclusion

In this work, ranking method and distance based similarity measure are used to find the fuzzy critical path in a acyclic fuzzy
project network. We found that the critical path which is obtained by using ranking method and distance based similarity

measure are the same.
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