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Abstract: Einstein-Finsler metrics are very useful to study geometric structure of spacetime and to build applications in theory of
relativity. In this paper, we consider the special (o, 8)-metric L = ,LLan + y% and obtained the Riemann curvature.
Then we obtained the necessary and sufficient condition for that («, 8)-metric to be Einstein metric, when 3 is a constant
killing form. Finally, we proved that the above metric is Einstein if and only if it is Ricci flat.
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1. Introduction

A Finsler space is a manifold M together with positively homogeneous metric function L(z,y). («, 8)-metrics are the special
class of Finsler metrics which having a major role in formulating applications in Einstein theory of relativity, Mechanics,
Biology, control theory, etc., [1, 2, 10]. C. Robles invented Randers Einstein metrics in 2003, and derived the necessary
and sufficient conditions for Randers metrics to be Einstein. In [11], authors proved the Einstein Schur type lemma for
(a, B)-metrics. In Finsler geometry Einstein metrics are solutions of Einstein Field equations in general relativity. In order

to characterize Einstein-Finsler (o, 8)-metrics, it is necessary to compute the Riemann curvature and the Ricci curvature

k _tial
tialz? "’

for (a, B)-metrics. For a Finsler space, Riemannian curvature Ry, : ToM — T, M is given by R,(u) = Ri(y)u
By this curvature, Ricci scalar defined by Ric(x,y) = Rj. A Finsler metric is Einstein if the Ricci scalar is of the form
Ric = c¢(2)F?(x,y) for some function ¢ on manifold M, i.e., the Ricci scalar is a function of z alone [3, 4]. A manifold is
called Ricci flat if Ricci tensor vanishes, which represents vacuum solution to Einstein field equations in relativity [3]. In
[12], Razaei, Razavi and Sadeghazadeh, consider the (a, 3)-metrics such as generalized Kropina metric, Matsumoto metric
with 8 a constant killing form and obtained the necessary and sufficient conditions to be Einstein metrics. In 2012 [10],
Rafie and Rezaei proved that the second Schur type lemmafor Finsler-Matsumoto metric. Then, Cheng, Shen and Tian,
proved (a, B)-metric is Ricci flat [7]. In [14], authors classified the projectively related Einstein Finsler metrics over compact
manifold. In this paper We consider the special (a, 8)-metric L = ,u%z + 1/%2, where « is the Riemannian metric, 5 is
a constant killing form and p, v are some constants. Then we find the Riemannian curvature for these metrics and we

obtained the necessary and sufficient condition for them to be Einstein metrics, when S as a constant killing form. Finally,
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we proved the lemma states that the above mentioned metrics are Einstein if and only if it is Ricci flat. In the entire paper

we use the Einstein convention.

2. Preliminaries

Let (M, F) be an n-dimensional Finsler space. We denote the tangent space at z € M by T, M and the tangent bundle of
M by TM. Each element of TM has the form (z,y), where € M and y € T, M. The formal definition of Finsler space as

follows;

Definition 2.1 ([3]). A Finsler space is a triple F* = (M, D, L), where M is an n-dimensional manifold, D is an open

subset of a tangent bundle TM and L is a Finsler metric defined as a function L : TM — [0, 00) with the following properties:
(i). Regular: L is C* on the entire tangent bundle TM\{0}.

(i1). Positive homogeneous: L(x,Ay) = AL(z,vy).

(@i). Strong convezity: The n x n Hessian matriz g;; = %[L2]yiyj

is positive definite at every point on TM\{0}, where TM\{0} denotes the tangent vector y is non zero in the tangent bundle
TM.

M. Matsumoto introduced the class of («, 3)-metrics [9]. An (a, §)-metric is a scalar function L on T'M defined by L = ag(s),

where s = £. Here ¢ = ¢(s) is a C™ on (—bo, by) with certain regularity, o is a Riemannian metric and § ia a one form on

o

M. Denote the Levi-Civita connection of « by V. Recall some geometric quantities of («, §)-metric:

Tij = iji+vibj, Sij :ijifvibj,

i ik, G iy

T; = G Tkj, Too =Ty Yy, r=rijbd’, (1)
s; = a skj, sj =b'sij, so =38y, B="0b'bj.

i_tial

In Finsler geometry geodesic spray is defined by G = y* 75 — 2G (z,y) tf;‘ll;“ where G are the spray coefficients given by,
G (a,y) = o (2, y) {20009 ) DIy @)
’ 4 ’ tialxk >’ tialx! ’

where (g*)is the inverse matrix of (gi;). For the Berwald connection the coefficients G, G%, of spray G* defined as,

G- tz‘alGi7 i = tial G’

T tialy? T tialy*

In Finsler space, Riemannian curvature tensor R, is the function R, = R} (y)dz" ® mt;?;i 7|zt ToM — Ty M is defined as,

Ri(y) = ztialGi _ tial’G" ey tial G* _ tialG* tial GV
YT il tialwitialyky tialyitialy®  tialy’ tialy® "

®3)

If L = \/a;jy'y’ is a Riemannian metric, then R} = Rjkl(a:)yjyl, where R;kl(x) denote the coefficients of Riemannian
curvature tensor. Thus, R, is called Riemannian curvature in Finsler geometry. With respect to the Riemannian curvature,
Ricci scalar function for the Finsler metric defined by p = ﬁRf, which is positive homogeneous function of degree 0 in y

[3]. It shows that p(z,y) depends on the direction of the flag pole y, but not its length. Then the Ricci tensor given by,

. 1_;
chij = {§Rj}y1,yj (4)
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If the Ricci tensor on a manifold becomes zero, then such manifold called as Ricci-flat [3]. The Ricci tensor plays major role
Finsler geometry to study the Einstein criterion for Finsler spaces. A Finsler metric becomes Einstein metric if the Ricci

scalar function is a function of z-alone [3]. i.e.,

Ricij = p(l‘)gij. (5)

Let (M, L) be an n-dimensional Finsler space equipped with an (o, 8)-metric L, where a(y) = v/ai;yiy?, B(y) = bi(2)y’. In

[8], M. Matsumoto, proved that G* of (c, 3)-metric space are given by,

2G" = yi0 + 2B, (6)

where,

B' = (E/a)y' = (aLs/La)s; — (aLaa/La)C{(y'/a) = (a/B)b'}, (M

E = (BLs/L)C, C = aB(rooLa —2as0Ls)/2(8*La + oy’ Laa),

bi — (l”‘br, b2 — bTbr, 72 — b2a2 _ /327

1 1

rig = 5 (bis + 500 sis = 5 (bits = by,

s; = aihSh]’, S; = bis;.
where “|” in the above formula stands for the h-covariant derivation with respect to the Riemannian connection in the space

(M, ), and the matrix (a”) denotes the inverse of matrix (a;;). The functions v}, stand for the Christoffel symbols in the

space (M, a). Now (3) is re-written as

B' = (proo + QNOSO)yi + 7sh + (Sor00 + fSo)bi, (8)
where
P =B(BLaLg — aLLaa)/2L(8°La + a7 Laa), 9)
§=—aBLg(BLals — aLlaa)/LLa(B’La + @y’ Laa), (10)
F=aLp/La (11)
50 = &®Laa/2(8*La + a¥*Laa), (12)
{=—0"Laalp/La(B?La + 07’ Laa). (13)

Substituting (4) in (2) and (1), we obtain Berwalds formula for Riemannian curvature tensor as follows:

The 1-form f is said to be Killing (closed) 1-form if 7;; = 0 (s;; = 0 respectively). f is said to be a constant Killing form if

it is Killing and has constant length with respect to «, equivalently r;; =0, s; = 0.



Einstein Criterion for Finsler Space With Special («, 8)-Metrics

3. Riemannian Curvature of Finsler Space with Special (o, )-metrics

2
In this section, we consider Finsler space with special («, 8)-metric L = u% -‘rV%. For this metric we derive the Riemannian

curvature. The partial derivatives with respect to both o and § respectively given by,

B a 162 B Oé2 ﬁ
Lo = Q;J,B —voa Lg = —,ug +21/a.

Now by equation (11) we have,
o (—pa® + 25°)
B(2ua® —vps) -

Suppose that 8 is a constant Killing form, then by substituting (16) in (8), we get

=

i (—pad® + 21/042,83)51-
2ua3f —vpt "

Now, by Covariant and contravariant differentiation of (17), we obtained that,

B Cry; i Cab; i (—pa® +2wa?B%)
g = S0 + S0
(2uadf —vpt)? (2palp —vp*)? (2ua3p —vp4)
i Csboy; i (=pa® +20a”B°)
Bj; = f 50 5015
@rotp — B2 (2patB - vpY)

where

B = B!

yJ

5
C, = 3u2a5ﬁ — 5u2o¢3ﬂ + 4,ul/o¢3ﬁ4 - 6uua254 + i,uuﬂ‘l — 224",

S
I

8pa5ﬂ2 . 4/17/04552 — 6va28% + 1228 + 2,u2ﬁ8,

12uya562 - 8pua5ﬂ3 —602a?B® + 42a”B% + 2,u2a8

Q
Il

From (18), we have,

B'B;, = 0,
- Cia? ;
BB, = — 12 _glg,
g (2ua3ﬁ_7/ﬂ4)4808m+

(—pa® 4 2va?5°)? ij
(@uaiB —vpiz ~ "

And differentiate (19) with respect to y* and transvecting by y’, we get

Finally by substituting (18) to (22) in (14), we obtain,

R 2(—pa® +2va?p?) B Csa?
Bo= Bt a5 — gt O Gpah — v
(—po® + 2va”B%)?
(2no®B — Vi)

7
S050i

ij
S S8ij,

where

Cs = 9u*a’B% = 30p 8% + 2412 va®B° — 30 va™ B° + (251 B2 + 16°128%)a®
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30 3

+ (Z,u vB® +60p°vB° — 601717 B%)a’ sV s + 36p 2 B2 at
4 (40P 88 — 54£M3V55 1628 )0 + (24 B — 301207 8%)a?
25 9 o

+ (Z,u VB8 — 108t + '),

In the above equation ﬁz is the Riemannian curvature of the Finsler space, thus we state the following,

Theorem 3.1. The Riemannian curvature of the Finsler space with special (o, B)-metric L = u% -I—V%Q, with B as constant

Killing form is of the form (23).

4. Einstein Criterion for Finsler Space with Special (o, 5)-metrics

A Finsler metric L = L(z,y) on an n-dimensional manifold M is called an Einstein metric if the Ricci scalar satisfies the
following condtion,

Ric = (n — 1)AL?, (24)

where A = A(z) is a scalar function on M. L is Ricci constant if A is constant [3]. In this section we consider the Finsler
2

space with special (a, 8)-metric L = ,uan + V% and characterize the Einstein criterion. Now, we suppose the Ricci scalar

of the mentioned (o, 8)-metric is the function of z alone, i.e., L is Einstein, then we have L?Ric(z) = R, so we can derive

the necessary and sufficient conditions for this to be Einstein. From(23), we have,

5= 2(—pa® +2va?B?) Cz0? i
0 = Ricoo + 2103 — vBY) Sols (2padB — vph)s 5050i
5 2 n3\2 2 2\ 2
—po” + 2va”f ij o B ,
_ T Vﬁ4)2) 5985 — (/LF + v— Ric(z). (25)

Multiplying (27) by o?82(2ua®s — v*)* removes y from the denominators and after simplification we obtained as follows:
Rat + alrrat =0, (26)
where

Rat = (16p"a™ 8% + 24p*02a®B" + v o B'?) Ricoo (27)

(4812020 8° + dv o 7 + 1640t 5% + 12422020 ) sy
— 4[9pt Bt — 30p Bt + 24pPva BT + (250 B + 1672 310)a?

+ 361" 4 (24?8 — 301712 80)a’ + (%;ﬁzﬂﬁm —10p° B"% + 40 %) |5} s04
— (4pta'Bt + 33177 B0 + atal 8105V s — (aptat? B — 671785 + v B Ric(x)

Irrat = (=32u°va'®B — 2u’a’ B'°) Ricoo + (32u°va’® 8% + 24p°va'? 6% + 22,uu3a6514)56‘i (28)
9 .
B (_3()#3]/0(1057 n (¥M3V57 — 60122 B10)a® + (4027 B — 168" — %/ﬁl/B?)Oﬁ) 5h 501

+ 20p°va BT + 20prPa®8'?)sY sy — (4pva®B® — 2uPa” 81 Ric(x).
Here Rat and Irrat are polynomials of degree 12 and 10 in y respectively. According to the above we state the Einstein
criterion as follows,

Lemma 4.1. A Finsler space with special (o, B)-metric L = a+ 3 — %2 with constant Killing form B is Finstein if and only

if both Rat = 0 and Irrat = 0 hold.
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Proof. Let Rat = P(y) and Irrat = Q(y). We know that o can never be polynomial in y. Otherwise, the quadratic
a? = a;;(x)y‘y’ would have been factored into linear term. It’s zero set would then consist of a hyperplane, contradicting
the positive definiteness of a;;. Now, suppose the polynomial Rat is not zero. Then the above equation would imply that it
is the product of polynomial Irrat with a non-polynomial factor «, this is not possible. So Rat must vanish and, since « is

positive at all y # 0, we see that Irrat also must be zero. Hence the proof. Now if Rat = 0, then we have
0=0a’Ci+Cs (29)
Where C; and C2 are as follows:

C, = (16M4C¥1256 + 24u2y2a6 12 + y4512 + 16”2]}2@8 12)%00
. (48uzv2a8[5’9 + 44028V + 16,u4a14[35 + 12#2]}2&8511)80”
— 49t e Bt = 30ut a0 Bt + 244 v 0BT + (25" B + 16477 B1)a®
+ 36p°%a’ B + (24’ B — 30177 B0)at + (%szzﬂlo —10p° 8" + 40 6')a?]sh 504
. (4M4a854 + 33u2u2a10 10 4 g 404 16)511'5”_ . (4M40410 2 6u2u2a4 S)Ric(x)

Cy = —v'B"Ric(z).

Thus, by (29) we conclude that o divides Cz and so 8 = 0. Then the Finsler metric is Riemannian. O
Thus we state that

Theorem 4.2. An Finstein Finsler metric L = ,uo‘T; —+ 1/%2 with constant killing form B. Then L is Finstein if and only if

L is Riemannian Finstein metric, i.e., Ricci flat.

5. Conclusion

The Einstein metrics comprise a major focus in differential geometry and mainly connect with gravitation in general relativity.
In particular, Einstein metric are solutions to Einstein field equations in general relativity containing the Ricci-flat metric.
Einstein Finsler metric which represent a non Riemannian stage for the extensions of metric gravity provide an interesting
source of geometric issues and the («, 8)-metric is an important class of Finsler metric appearing frequently in the study of
applications in Physics. In this paper we consider a special («, 8)-metric such as L = ,u"‘T; + y%. For this (o, 8)-metric, we
obtain Riemannian curvature. Further we find the necessary and sufficient conditions for this («, 8)-metric to be Einstein
metric, when 3 is a constant Killing form. Finally we prove that the above mentioned Einstein metric must be Riemannian

or Ricci flat.
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