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Abstract

In this study, we introduce the multiplicative domination Nirmala index, multiplicative modified
domination Nirmala index of a graph. Furthermore, we compute these multiplicative domination
Nirmala indices for some standard graphs, French windmill graphs, friendship graphs and book

graphs.
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1. Introduction

In this paper, G denotes a finite, simple, connected graph, V(G) and E(G) denote the vertex set
and edge set of G. The degree dg(u) of a vertex u is the number of vertices adjacent to u. For
undefined terms and notations, we refer the books [1, 2]. Graph indices have their applications in
various disciplines of Science and Technology. For more information about graph indices, see [3].
The domination degree d; (u) [4] of a vertex u in a graph G is defined as the number of minimal
dominating sets of G which contains u. Recently, some domination indices were studied in [5, 6, 7, 8].

In [9], Kulli introduced the domination Nirmala index of a graph G and it is defined as

where d; (1) is the domination degree of a vertex u in G.

The modified domination Nirmala index [9] of a graph G is defined as

m _ 1
PN@= b Jamae)
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We define the multiplicative domination Nirmala index of a graph G as

DNII(G)= [ +/da(u)+da(0).

uveE(G)
We also define the multiplicative modified domination Nirmala index of a graph G as

1
"DNII(G) = T[] .
wek(c) Vda (u) +dy (v)

Recently, some Nirmala indices were studied in [10-33].
In this paper, the multiplicative domination Nirmala index, multiplicative modified domination

Nirmala index of some standard graphs, French windmill graphs, book graphs are computed.

2. Multiplicative Domination Nirmala Index

2.1 Results for Some Standard Graphs
Proposition 2.1. If K,, is a complete graph with n vertices, then

n(n—1)
2

DNII (K,) = (\fz)

Proof. If K, is a complete graph, then d; (1) = 1. From definition, we have

DNII(K,) = [T \/da(u)+dy(0)

uveE(Ky)
- (\/1 T 1) i
n(n-1)
= (v2)

Proposition 2.2. If S, 11 is a star graph with d;(u) = 1, then
DNII (S,:1) = (v2)".
Proposition 2.3. If 5,141, is a double star graph with dy(u) = 2, then
DNII (Spiaq01) = (2)P77.
Proposition 2.4. Let K, ,, be a complete bipartite graph with 2 < m < n. Then

DNII (Ky,) = (Vi +n+2) "
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Proof. Let G = Ky n, m,n > 2 with

From definition, we have

DNII (Kyu) = [1  \/da(u) +dq (0)

uv€E (Kyn)

= <\/(m+1)+(n—|—1)>

= (m)m.

mn

2.2 Results for French Windmill Graphs

The French windmill graph F)' is the graph obtained by taking m > 3 copies of K, n > 3 with a
vertex in common. The graph F" is presented in Figure 1. The French windmill graph F}" is called a

friendship graph.

Figure 1: French windmill graph F}’

Let F be a French windmill graph F;'. Then

1, if u is the center vertex;
dg (u) =

(n— 1)"171 , otherwise.

Theorem 2.5. Let F be a French windmill graph F)!'. Then

m(n—1) [(mn(n—1)/2)—m(n—1)]
DNII (F) = <\/1+(n—1)<’“)> X ( 2(n—1)<’”1)> .

Proof. In F, there are two sets of edges. Let E; be the set of all edges which are incident with the center
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vertex and E; be the set of all edges of the complete graph. Then

DNII(F) = H dg(u)+dy ()

uveE(F)
= JI Vda@)+da(w)x TT +/da(u)+da(o)
uveE; (F) uveEy(F)

Corollary 2.6. Let F'be a friendship graph. Then

m

DNII (E") = ( 1+2<m—1>>2m x (\/271)

2.3 Results for GoKp

Theorem 2.7. Let H = GoKp, where G is a connected graph with n vertices and m edges; and Kypisa complete

graph. Then
L 2m+np?+np)
DNII (H) = < 2(p—|—1)"_1>

Proof. If H = GoK,, then d (u) = (p +1)""". In K,,, there are p(pz_l) edges. Thus H has 1(2m + np* +

np) edges. Thus

DNII (H) = H \/dg(u)+dy(v)
uveE(H)

- (% (1) 4 (p+ 1)

%(2m+np2+np)
= ( 2(p+ 1)"1>

> %(2m+np2+np)

2.4 Results for B,
The book graph B, n > 3, is a cartesian product of star S, 1 and path P,. For B,, n > 3, we have

dg (u) =

3, if u is the center vertex;
2"-1 41, otherwise.
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Theorem 2.8. If B, n > 3, is a book graph, then

n

DNII (By) = <\/6)1 X <\/4+2n—1)2” x < 2 (211 +1)) .

Proof. In B, there are three types of edges as follow:

E1 = {uv € E(By)|d;(u)

(v
Ey = {uv € E(B,)|da(u) dg(v) =2""1 41},  |E|=2r

3,
Es = {uv € E(B,)|ds(u) = dg(v) = 2" 1 1}, |Es| =71

By definition, we have

DNII(By) = [ +/da(u)+dq(0)
uveE(By)

= (\/m)l x < 3+(2n1+1)> X <\/(2n1+1)+(2n1+1)>n
= (ve) ' x (Varzr) " ( 2<zn1+1>)”

2n

3. Multiplicative Modified Domination Nirmala Index

3.1 Results for Some Standard Graphs
Proposition 3.1. If K, is a complete graph with n vertices, then

n(n—1)
1 2
"DNII (K,) = (
V2 )

Proof. If K, is a complete graph, then d; (1) = 1. From definition, we have

1
LIUGIE—([Kn) dg (Ll) +dg (U)

n(n—1)
2

"DNII (K,) =

- ()

-(3)
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Proposition 3.2. If 5,11 is a star graph with d;(u) = 1, then

MDNII (Spi1) = <\2>

Proposition 3.3. If S, 11,41 is a double star graph with ds(u) = 2, then

1

p+gq+1
mDNII (SP+1,11+1) = <2) .

Proposition 3.4. Let K, ,, be a complete bipartite graph with 2 < m < n. Then

1 mn
"DNII (Knn) = <m> -

3.2 Results for French Windmill Graphs

Theorem 3.5. Let F be a French windmill graph F)}'. Then

. m(n—1) . [(mn(n—-1)/2)—m(n—1)]
"DNII (F) = X .
\/1 +(n—1)mY 2(n—1)"Y

Proof. In F, there are two sets of edges. Let E; be the set of all edges which are incident with the center

vertex and E; be the set of all edges of the complete graph. Then

1
"DNII (F) =
uvg[(F) dg (u) +dg (U)

1 1
= 11 < 11
uveEy (F) dg (u) +dg (U) uveEy (F) dg (M) +dg (Z))
m(n—1) [(mn(n—1)/2)—m(n—1)]
1 1
= X
V14 —1)0 Y V=1 (- 1)“””)
m(n—1) [(mn(n—1)/2)—m(n—1)]
1 1
= X
\/1+(n—1)(’”*1) \/(nl)(ml)+(n1)(ml))
m(n—1) [(mn(n—1)/2)—m(n—1)]
1 1
= X
\/1+(n—1)<’”‘1> 2(n1)(m1>)

Corollary 3.6. Let F" be a friendship graph. Then

1 2m 1 m
"DSNII (F') = ——— X <m> .
14 20m-1) 2
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3.3 Results for GoKp

Theorem 3.7. Let H = GoKp, where G is a connected graph with n vertices and m edges; and K, is a complete

graph. Then

(2m+n§2+np)

1

"DNII (H) = (2(1)"1
p+

Proof. If H = GoKy, thend, (u) = (p+ 1)" 1 In K,, there are @ edges. Thus H has §(2m + np* +
np) edges. Hence

1

DNII (F) = wg[m AOETAG)

(2m+np2+np)
2

1
(% (p+1)""+ (p+1)"

(2m+np2+np)
1 2
( 2(p+1)"

3.4 Results for B,

The book graph B,, n > 3, is a cartesian product of star S, 1 and path P,. For B,, n > 3, we have

3, if u is center vertex,
dg (u) =

2"-1 41, otherwise.

Theorem 3.8. If B, n > 3, is a book graph, then

. 1 1\ 1 !
ontt &) = 7 5 5) (M>

Proof. In B, there are three types of edges as follow:

Ey = {uv € E(By)|da(u) = da(v) = 3}, Eq| =1
Ey = {uv € E(B,)|ds(u) = 3,d4(v) =2""1 +1},  |Ep| =2r

E3 = {uv € E(B,)|dy(u) = dg(v) = 2" +1}, |Es| =71

By definition, we have

1

"DNII (By) =
uveE(By) dg (u) +dg (U)
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_( 1 >1>< 1 z"x 1
- \V3+3 3+ (2-1+1) VETE) + 20T+ 1)

1 1 2n 1 !
6 \Vator1 ( 221+ 1))

n

4. Conclusion

In this study, the multiplicative domination Nirmala index, multiplicative modified domination

Nirmala index for some standard graphs, French windmill graphs, book graphs are determined.
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