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Abstract: Inventory in wider sense is defined as any idle resource of an enterprise. It is physical stock of goods, kept for the
purpose of future affairs. Invention scheduling is a difficult task in industry with different operational constraints as well
as strategic plan of the business revenue purpose and limit on finishing. To reduce the difficulties we introduce crisp and
fuzzy model. Here fuzzy model consist of three methods gradient mean representation method, signed distance method,
centroid method to deffuzify the total cost function with the help of triangular fuzzy number. The results obtained by
these methods are compared with the help of a numerical example. Sensitivity analysis is also carried out to explore
the effect of changes in the values of some of the system parameters. The aim of the study is to minimize the total cost
function.
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1. Introduction and Preliminaries

Inventory is a stock of items kept on hand used to meet customer demand. A level of inventory is maintained that will
meet anticipate demand. If demand is not known with certainty, safety stocks are kept on hand. An inventory model for
deteriorating items with shortage is considered where demand, holding cost, unit cost, shortage cost and deteriorating rate
are assumed as a triangular fuzzy number [4]. In real life situation inventory system deterioration is critical point. It cannot
be ignored Generally deterioration s defined as decay, damage, evaporation, spoilage, loss of utility, loss of marginal values
of commodity and item cannot be used for its original purpose. This decreases usefulness of the product. This leads to
decreases in usefulness of the product. In our daily life most of the physical goods like liquid, medicine, food grains, alcohols,
fresh product, flowers, fruits, vegetables, sea foods under go decay over time. There are various uncertainties mixed up in
any inventory system These uncertainties cannot be treated by usual probabilistic model. so here I use fuzzy set theory. The
fuzzy set theory which was demonstrated by Zadeh [1]. First they fuzzify the random lead time demand to be fuzzy random
variable and then fuzzify the total demand to be triangular fuzzy number and derive the fuzzy total cost. for Defuzzification
of total cost function gradient mean representation, signed distance method, centroid method are used. By comparing the

results obtained by these method we get better one as an estimate of the total cost in the fuzzy sense in [2].

Definition 1.1. A Fuzzy set A in a universe of discourse X is defined as the following set of pairs A = {(z,pa(x));z € X}

where pz : X — [0,1] is a mapping called the membership function of the fuzzy set A and p () is called membership value
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or degree of membership of © € X in the fuzzy set A. The larger 1 () indicates the stronger grade of membership form in
A.
Definition 1.2. A fuzzy number is a fuzzy set in the universe of discourse X that is both convexr and normal. Fuzzy numbers

po{x)

i
Ale) AR(e,) AR(a)

0 Alfa

Figure 1. Fuzzy number A with a-cut

are represented by two type of membership functions. They are
e Linear Membership function. For example: Triangular fuzzy number.
e Non Linear Membership function. For example: Parabolic fuzzy number.

Definition 1.3 (Triangular Fuzzy Number). Triangular fuzzy number A , 18 a fuzzy number with the membership function

pi(x). Here pg: R — [0,1] is a continuous mapping

0 for —co <z <aandc<x < o0
Bi= 1—2:2 fora<xz<b
1—2:2’ forb <z <c

(x4

Figure 2. Triangular Fuzzy Number

Definition 1.4 (Gradient Mean Integration). IfA = (a,b, c) is a triangular fuzzy number then the gradient mean integration

representation of A is defined as

Wa -1 -1
L=Y(h)+R™(n
()
P(A) = i with0 < h<Wa and 0 < Wy <1
fhdh
0
1
hla + h(b—a) +c— h(c—a)]dh
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Definition 1.5 (Signed Distance Method). If A= (a,b,¢) is a triangular fuzzy number then the signed distance of A s

defined as

(a+2b+¢)

e

P(A,0) = / A([Ap(0)a, Ar(a)a],0) =

Definition 1.6 (Centroid Method). IfA= (a,b,¢) is a triangular fuzzy number then the centroid method of A is defined

1 _ atbtc
as CA = #43%<,

2. Assumption and Notations

2.1. Assumptions

(1). Demand D(t) = b(1 4 at) is assumed to be an increasing function of time i.e. where a and b are positive constants and

a>0,0<b<1.
(2). Replenishment is instantaneous and lead -time is zero.

(3). Shortages are allowed and fully backlogged.

2.2. Notations

(1). D(t) is the demand rate at any time t per unit time.
(2). A is the ordering cost per order.
(3). 6 is the deterioration rate.
(4). T is the length of the Cycle.
(5). Q is the ordering Quantity per unit.
(6). h is the holding cost per unit per unit time.
(7). S is the shortage Cost per unit time.
(8). C is the unit Cost per unit time.
(9). K(t1,T) is the total inventory cost per unit time.
(10). D is the fuzzy demand.
(11). @ is the fuzzy deterio ration rate.
(12). h is the fuzzy holding cost per unit per unit time.
(13). S is the fuzzy shortage cost per unit time.
(14). C is the fuzzy unit cost per unit time.
(15). A(t1,T) is the total fuzzy inventory cost per unit time.
(16). Kyq(t1,T) is the defuzzify value of K (t1,T) by applying gradient mean integration method.
(17). Kas(t1,T) is the defuzzify value of f((tl, T) by applying Signed distance method.

(18). Kac(t1,T) is the defuzzify value of K (t1,T) by applying Centroid method.
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3. Formulation of Inventory Model

Let p(t) be the on-hand inventory at time t with initial inventory Q. During the period [0, ¢1], the on-hand inventory depletes
due to demand and deterioration and exhausted at time t1. The period [t1,7] is the period of shortages, which are fully

backlogged. At any instant of time, the inventory level p(t) is governed by the differential equations.

3.1. Crisp Model

d’(’i&t) 4 0p(t) = —D(t) 0<t<t withp(0) =0 and p(t1) = 0 1)
d’;(:) =—-D(t) t1 <t < T with p(t1) =0 (2)
p(t) = Qe 0 1 (5 - BYemor 1 (2021t 3)
plt) = b(ts — 1) + 56— ) ()

By using I(t1) = 0, we have
Q= {50 +at) — 21 (3 - 22 )

Now (5) becomes

p(t) = {b {(t1 —t)+ g(t1 - t)2} +ab {tl(tl —t)— w + gtl(tl —1)® - %(tl - t)3H (6)

Total average number of holding units (Ix) during period [0,77] is given by

I /tlp(t)dt b{ﬁ +0t3}+ab{t§ +0t4} (7)
v = —piay? i, v
o 2 6" 3 8"t

Total number of deteriorated units (Is) during period [0, 7] is given by Ip = Q — Total Demand
" Loz Ligs
In=0Q- / (1 + at)dt = L0013 + Sbor! (8)
0

Total average number of shortage units (Is) during period [0, 7] is given by

T 3
_ b tbap T2
Is == [ plar = 50 = 1) = QT - T = 34 )

Total cost of the systems per units is given by K(¢1,7) = %[A + hig + CIp + SIs]

K(t,T) = X [A+ hb (ﬁ n gﬁ) + hab (§ + gt‘f) +C (L0012 + 1b083) + S{g(tl —T)? - e (t%T i gﬁ) H (10)
3.2. Fuzzy model

Due to uncertainly in the environment it is not easy to define all the parameters precisely, accordingly we assume some of
these parameters namely &, b, C, S, 8, h may change within some limits. Let @ = (a1,a2,a3) , b= (b1,b2,b3), C = (Cy,Co, Cs),
S = (81,52, 53), 6= (61,62, 053), h= (h1, ha, hs) are as triangular fuzzy numbers. Total cost of the system per unit time in

fuzzy sense is given by

Bt T) = & [A+Rb (5 + 268) + hab (4 + 8ef) + C (1008 +abde) + S {31 —)*} - 2 (BT -2 - 28)] (1)
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We defuzzify the fuzzy total cost l~c(t1,T) by Graded Mean Representation, Signed Distance and Centroid Methods.

(i). By Graded Mean Representation Method: Total Cost is given by

1
Kac(t1,T) = E[chl(t17T)7KdG2(t1,T)7KdG3 (t1, 7))

Where
Kag, (t1,T) = % [A + h1by (g ?l ) + hiaiby (73 + o t4) b191t2 + - b191t1) + 51 {bz' (tr — T)2 + a'b‘ (Td + £ t )} — % (th)]
Kag, (t1,T) = [A + hab2 (% + %t:f) + h2azbs (gf + &2t ) + 2 (320217 + §a265t3) + 55 {71 —T)? - ah (TTs - %ﬁ) }]
Kac, (t1,T) = % [A + hsbs (% + %t?) + hzasbs ( Gt + % t4> (3bs0st? + 2b3bst?) + s {%3 (tr—T)* + asbs (%3 + %tf)} - slalbl (G T)]
1
Kac(tr,T) = ¢[Kac, (t1,T) + 4Kag, (11, T) + Kag, (t1,T))] (12)

To minimize total cost function per unit time Kgg(t1,T), the optimal value of ¢1 and T can be obtained by solving the

following equations:

0Kac(t1,T)
ot =0 and T

OKac(b,T) _ 13)

Equation (14) is equivalent to GLT[hlbl (tl =+ %t%) =+ hlalbl(t% + %t?) + 01(1)191151 + a1b191t%) + Sl{bl (tl — T) + a1blt%} —
Ssaszbst1T + 4{h2b2(t1 —+ %t%) + hzazbg(t% =+ %t?) —+ Cz(b292t1 + agbzaztf) =+ Sz{bz(tl — T) — agbz(tlT — t%)}} =+ h3b3(t1 =+
%t%) + h3a3b3(tf + %’t%) + C3(b393t1 + a3b303t%) + Sg{bg(tl — T) + agbgtf} — Sla1b1t1T] =0 and

1 1 1 1
|:6T {Sl {—b1(t1 — T) + §a1b1T2} — 553(13[)3!‘3 + 4855 {—bz(tl — T) — <§a2b2(tf — TQ))}

2
+ S3 {—b3(t1 — T) + lagbgTz} _ %Slalbltf} + % {GA + h1by (% + %t?)

6T
t 0 1 1 by by (T? | 2
+ hi1ai1by (51 83 ) +Cy <*5191t% + §b191t§) + 51 { (t1 — T)2 + a12 ! (? + gt:f)}
Szazbs 12 92 B 0y 4 1 1 (14)
2 i 1 2 3
2 (tiT) + 4 {h2b2 ( 5 6 t1) + haazbs ( 3 + 3 tl) + Cs <2b292t1 + 3b292t1>
b2 a2b2) 2 T3 2 t% 93
+S{2(t -T)* - 5 (tlT ?—gt + h3bs 5+6t
R 1 1 b asbs (T° 2 Si1a1b
+hsaszbs (gl §3t1> + C3 <§b393t§ + §b393t?> + S3 {Eg(h — T)2 + 323 <? + gt?) ! 21 ! (tlT)}:| =0
further for total cost function K4c(t1,T) to be convex the following conditions must be as satisfied.
O Kag(t1,T) *Kag(t1,T)
g BdG\L, £ ) ) 1
o6 >0 and (@71T) >0 (15)
O Kac(t1,T) *Kac(t1,T)  0*°Kac(t1,T)
d ) ) _ 9 1
an o2 92T onor (16)

(ii). By Signed Distance Method: Total cost is given by
1
Kas(t1,T) = Z[del (t1,T), Kaqs, (t1,T), Kas, (t1,T))
where

2 3 . 3 .
del(tl,T) = %[A+h1b1(% 61t1)+h1a1b1(§1 t%)+c1(%b161tf+%b101t?)+51{%1(t1 7T)2+ %(TT‘ +%t‘13)}7 %t12T)]

2 . 3
de2 (tl,T) = %[A + hgbz(% —+ %t?) —+ hguzbz(% 92t ) —+ 02( b202t% —+ %bgezti’) + SQ{%(tl — T)2 — m(?.s — %t?)}}
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2 3 - b
Kas, (t1,T) = L[A + habs(5 + 243) + hsasbs( + %t1) + c3(Lbs05tT + L1bs0st]) + Ss{%(t1 — T)? + asbs( + 2t})} — Srab 37)]

1
Kas(t1,T) = Z[del (t1,T) + 2Kas, (t1,T) + Kas, (t1,T)] (7)

The total cost function Kg4s(t1,7") can be minimized. To minimize total cost function per unit time Kqc(t1,7), the optimal

value of ¢t; and T can be obtained by solving the following equations

ade(th

OKas(t1,T) n_y (18)

) _
ot = 0and =55

Equation (19) is equivalent to T [h1b1 (tl + L2} t2) + hlalbl(t 91 t?) + 01(6191t1 + albléltf) + Sl{b1 (tl — T) + alblt%} e
SzazbstiT + 2{haba(t1 + %t%) + h2a252(t1 + %ﬁ) + Ca(babatr + a2b202t%) + So{ba(t1 — T) — a2bo(t: T — t%)}} + hsbs(t1 +
97375%) + h3a3b3(t% + 07375?) =+ 03(b303t1 + a3b393t%) + 53{b3(t1 — T) + a3b3t%} — S1a1b1t1T] =0 and

1 1 1 1
|:4T {Sl {—bl(tl — T) + §a1b1T2} — 553&31)375% + 455 {—bz(tl — T) — (5(121)2(25% — T2)>}

1 2 1 2 1 i 0,3
+ S3 {—bg(t1 — T) + §a3b3T } — §S1a1b1t1} + ﬁ {GA + hi1by (5 + *tl

ti) 93 1 2 1 3 b a1b1 3 2
a,. B - - _T 4z
+ hiaib <3 + 3 t1> +Ch <25191t1 + 3b101t1 + 51 (t )%+ 5 3 + 3

(19)
Sgagbg 2 t% 92 t3 92 1 2 1 3
— t1T) +41< habo | = hoazbs | = Co | =b2b2t] + =b2bat
B (t1T) + 2b2 2+6 + heazb2 3+8 +22221+3221
az 2 azbz t% 03
+52{2(t1 (tT t)}}+h3b3(2+6t
t? 03 1 2 3 b3 a3b3 T3 2 3 S1a1b1
hsasbs | — + —t 3 | =bsfst] + —bsbst 39— (t1 — T =+ =t 1T =
+5a35(3+81)+a&(2551+3331 + S3 2( )+2 3+31 B (1) 0
If the total cost function Kg4s(t1,7") be convex, the following conditions are satisfied,
P Kas(t1,T) P Kas(tr,T)
A5V ) S g gnd L245\VL ) g 20
o0 >0 an 52T > (20)
0’ Kas(t1,T) 0*Kas(t1,T)  0°Kas(t1,T)
d ) ) _ b 21
an ot 92T otor 0 (21)
(iii). Centroid Method: Total cost is given by
1
Kac(t1,T) = E[chl (t1,T), Kac, (t1,T), Kgcy) (1, T)]
Where
Kac, (t1,T) = 7[A+ hlbl(é + &)+ hmﬂn(% + 84 + 1 (3610183 + 30160163) + S1{%(tn — T)* + %(1—; + 249)} — Sagaba (37
Kac,(t1,T) = £[A+ h2b2(§ + %’t?) + hzazbz(g + %275411) + c2(3b20a17 + 2ba202t}) + So{%(t1 —T)* - %(TjS = ZH}]
Kacy (01, T) = 7[A+ h:sbs(g + %43 + hsasbs(g + Zt1) + ca(2b305t3 + Lbs03tT) + Ss{ % (tr — T)* + %(%3 + 3t7)} — S (47T
1
Kac(t1,T) = §[chl (t1,T) + Kac, (11, T) + Kacy (t1, T)] (22)

Proceeding as before the total cost function Kgc(t1,7) can be minimized. To minimize total cost function per unit time
Kac(t1,T), the optimal value of t1 and T can be obtained by solving the following equations

0Kac(t1,T) —0 and 0Kac(t1,T)

dt or (23)
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Equation (23) is equivalent to 3%[]111)1 (tl =+ %t%) =+ h1a1b1(t% + %t?) + C1(b191t1 + alblﬁltf) + Sl{bl (tl — T) =+ aﬂ)ﬂf%} —
Ssaszbst1T + 2{h2b2(t1 —+ %t%) + hzazbg(t% =+ %t?) + Cz(bg@zh + azbzazt%) =+ Sz{bQ(tl — T) — agbz(tlT — t%)}} =+ hgbg(tl =+
97315%) + h3a3b3(tf + %t?) + C3(b393t1 + a3b303t%) + Sg{bg(tl — T) + agbgtf} — Sla1b1t1T] =0 and

1 1 1 1
|:3T {51 {—bl(t1 — T) + §a1b1T2} — 553a3b3t¥ + 455 {—bz(t1 — T) — <§a2b2(tf — TQ))}

1 2
+ S3 {—bg(t1 — T) =+ 10,31)3T2} — islalbltf} +4 37;12 {3.4 + h1by (h + Qt?)

2 6
0 1 1 by by (T? 2
+ hiaiby (51 + 83 ) +C1 (—bleltf + gblalt?) + 51 { (t —T)* + ‘”2 ! (? + gt?)}
Szazbs 2 6y 4 3 0y 4 1 1 (24)
— 5 - (th) +4 {h2b2 (51 + €t1> + haa2bs (gl + gtl) + Cs (§b292t% + §b292t?>
b2 2 azba T° 2.3 t% 03 3
+S{2(t1 T) 5 (tT 3 3t1 + h3bs 2+6t1
ti’ 93 1 2 1 3 b3 2 a3b3 T3 2 3 S1a1b1
a7 - - B T 4z -
+hsasbs (3 + 3 t1) +C3 (25393t1 + 3b393t1 + 53 5 (t1 )+ 5 3 + 3151 (tl ) 0
If the total cost function K4c(t1,T) be convex, the following conditions are satisfied,
62ch(t1,T) 82ch(t1,T)
2 2 2
and 0°Kac(t1,T) 0°Kac(t1,T)  0°Kac(t1,T) >0 (26)

ot2 92T - 9uoT

4. Numerical Examples

4.1. Crisp Model

Consider an inventory system with following parametric values. A = Rs160/order, C' = Rs.20/unit, h = Rs.10/unit/year,

T = 0.9636, a = 200units/year, b = 0.5units/year, 6 = 0.01/year, S = Rs.15/unit/year, t; = 0.7149.

0 30 1 1 b T 2
K (t1,T) = {A + hb ( 6t§> + hab (51 + gt;*) +C <§b0t% + §b9t§> + s{ (t —T)* - % (t%:r’ -5 §t§> H

= Rs.419

4.2. Fuzzy Model

a = (60,100,140), b = (.06,.10,.14), C = (16,20,24), S = (12,15,18), § = (.006,.010,.014), h = (3,5,7). The solution of
fuzzy model can be determined by following three methods.

(i). By Graded Mean Representation

When a, 5, CNY 5' é h are triangular fuzzy numbers Kqg(t1,T) = Rs.414.5731, t1 = 0.6908 year, T' = 0.9383 year.

=
@
=]
u@l
o
(O}
Rl
™

are triangular fuzzy numbers ch(tl,T) = Rs.4069852, t1 = 0.7135 year, T' = 0.9560 year.

When @, b, C, é are triangular fuzzy numbers Kyq(t1,T) = Rs.405.5274, t; = 0.7115 year, T = 0.9596 year.

=
o)
=
Ql
sl
=Y

are triangular fuzzy numbers Kqq(t1,7T) = Rs.405.2250, t; = 0.7120 year, T' = 0.9603 year.

When a, b are triangular fuzzy numbers Kqg(t1,T) = Rs.404.8978, t; = 0.7131 year, T' = 0.9611 year.

(ii). By Signed Distance Method

a = (60,100,140), b = (.06,.10,.14), C = (16,20,24), S = (12,15, 18), 6 = (.006,.010,.014), h = (3,5,7).

When a, 5, C' 5' é h all are triangular fuzzy numbers Kgs(t1,7) = Rs.419.6059, t1 = 0.6797 year, T' = 0.9266 year.

When a, b,C, S‘ 0 are triangular fuzzy numbers Kgg(t1,7) = Rs.408.2810, t; = 0.7128 year, T' = 0.9523 year.

=
0]
=
Pl
o
Q
™

are triangular fuzzy numbers Kgs(t1,T) = Rs.406.1163, t1 = 0.7093 year, T' = 0.9576 year.

~
w
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When a, b,0 are triangular fuzzy numbers Kqg(t1,7) = Rs.405.6640, t; = 0.7106 year, T' = 0.9587 year.
When @, b are triangular fuzzy numbers Kgs(t1,T) = Rs.405.1742, t, = 0.7122 year, T' = 0.9599 year.
(iii). Centroid Method

a = (60,100,140), b = (.06,.10,.14), C = (16,20,24), S = (12,15, 18), 6 = (.006,.010,.014), h = (3,5,7).

t

When @, b,C, S, é, all are triangular fuzzy numbers Kus(t1,T) = Rs.424.5173, t; = 0.6691 year, T' = 0.9153 year.

X

When @, b, C, S, 6 are triangular fuzzy numbers Kqc(t1,T) = Rs.409.5606, t; = 0.7121 year, T = 0.9487 year.

t

When a@,b, C, 0 are triangular fuzzy numbers Kgg (t1,T) = Rs.406.7030, t1 = 0.7074 year, T = 0.9557 year.
When a, b,C are triangular fuzzy numbers Kgg(t1,7T) = Rs.406.1016, t; = 0.7092 year, T' = 0.9571 year.

When @, b are triangular fuzzy numbers Kgs(t1,T) = Rs.405.4499, t, = 0.7113 year, T' = 0.9587 year.

4.3. Sensitivity Analysis

A sensitivity analysis is performed to study the effects of changes in fuzzy parameters @, b and  on the optimal solution by

taking the defuzzify values of these parameters. The results are given below in tabular form:

a (units /year) |ti(year)|T (year)|Kqq(¢t1,T)(Rs)
60 0.8614 | 1.1755 328.6584
80 0.7619 | 1.0367 374.1864
100 0.6908 | 0.9383 414.6096
120 0.6368 | 0.8638 451.3349
140 0.5938 | 0.8049 485.2219

Table 1. Sensitivity Analysis on parameter a

The above table indicates that as the value of a increases, fuzzy cost Kqc(t1,T') increases significantly but ¢ and T decreases

drastically.
b (units /year)|t1 (year) | T (year)|Kaq(t1,T)(Rs)
0.06 0.7041 | 0.9564 410.3971
0.08 0.6973 | 0.9472 412.5235
0.10 0.6908 | 0.9383 414.6096
0.12 0.6846 | 0.9299 416.6576
0.14 0.6787 | 0.9218 418.6696

Table 2. Sensitivity Analysis on parameter b

The above table indicates that as the value of b increases, fuzzy cost Kqc(t1, 1) increases significantly but ¢; and T decreases

drastically.
0 (units /year) |t1(year)|T (year)|Kqc(¢1,T)(Rs)
0.006 0.6978 | 0.9437 412.2687
0.008 0.69430 | 0.9410 413.4436
0.010 0.6908 | 0.9383 414.6096
0.012 0.6874 | 0.9357 415.7667
0.014 0.6840 | 0.9331 416.9151

Table 3. Sensitivity Analysis on parameter 6

The above table indicates that as the value of 0 increases, fuzzy cost Kqc(t1,T') increases significantly but ¢1 and T decreases

drastically.
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5. Conclusion

The deterioration cost, ordering cost, holding cost, and shortage cost are represented by triangular fuzzy numbers, for de-
fuzzification, we used graded mean, signed distance, and centroid method to evaluate the optimal time period of optimistic
stock t1 and total cycle length T which minimizes the total cost. The numerical example shows that graded mean repre-
sentation method offer minimum cost as compared to signed distance method and centroid method. A sensitivity analysis
is also conducted on the parameters a, b, and 6 to investigate the effects of fuzziness. Finding suggest that the change in
parameters a, b, and 6 will result the change in fuzzy cost with some changes in ¢t; and T. The increase in values of the
parameters will result in increase in fuzzy cost,but decreases ¢; and T. Similarly the decrease in values of these parameters

will result in decrease in fuzzy cost, but increases ¢; and T.
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