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1. Introduction and Preliminaries

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are an advanced tool which can handle
over one linear models at a time. Bimatrices will be useful when time bound comparisons are needed in the analysis of
the model [3]. Unlike bimatrices can be of several types. A matrix ‘Ap’ that satisfies A3 = Ap is called an idempotent
bimatrix. A theory for K-real and K-hermitian matrices, as a generalization of secondary real and secondary hermitian
matrices, was developed by Hill and Waters [7]. Krishnamoorthy, Rajagopalan and vijayakumar [5] have studied the basic
concepts of k-idempotent matrices as generalization of idempotent matrices. The secondary symmetric, skew symmetric and
secondary orthogonal matrices have been analyzed by Ann Lee [1] in the year 1976. The secondary k-hermitian matrices
are introduced in 2009 by Meenakshi, Krishnamoorthy and Ramesh [6]. In this paper the basic concepts of s-k idempotent
matrices are introduced as a generalization of idempotent matrices. Throughout this paper let C" denotes the unitary space
of order n and C),x., be the space of all complex n x n bimatrices. For a matrix A € Cpxn, Ap, A% A% and Ag-1 denote
conjugate, transpose, conjugate transpose and inverse of the bimatrix Apg respectively. Let ‘K’ be a fixed product of disjoint
transpositions in S, the set of all permutation on {1,2,...,n}. Hence it is involuntary(that is k%=identity permutation).
Let ‘K’ be the associated permutation bimatrix of Kp and let Vp be the permutation bimatrix with unit in the secondary

diagonal. Clearly Kp and Vp satisfies the following properties:

Kp=KL=Kp=Kp Kz =1Igp

Definition 1.1. A Symmetric matriz A is said to be a idempotent, if A2 = A. For example of 2 x 2 idempotent matriz is

2 —2 —4

10
and 3 X 3 idempotent matriz is -1 3 4

01
1 -2 -3
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Definition 1.2. A bimatriz Ap is defined as the union of two rectangular or square array of numbers A1 and Az arranged

into rows and columns. It is written as follows Agp = A1 U Az, where A1 # Az with

1 1 1 2 2 2
ayp aipr o Qip ayp arr o Qip
1 1 1 2 2 2
az1 QG2 - Ay az1 G2 - Ay
A1 = and Az =
1 1 1 2 2 2
Am1 Gm2 * Qmn Am1 Gm2 * Qmn

U the notational convenience (symbol) only.
Definition 1.3. A Symmetric bimatriz Ap is said to be a idempotent, if A% = Ag, then (A1 U A2)2 = (A1 U Ay).

10 5 01 5 10 01 10 01
Example 1.4. A, = = A1 and Ay = = A5 => U =S u

10 01 10 01 10 01

n
Definition 1.5. A Matriz A = aij in Cnxn is said to be s-k idempotent if, > n_p(j)+1, " tin—k(i)41 = Gij, this is equivalent
t=1

to KVA2VK = KVAVK.

Definition 1.6. A Matriz Ap = a;; in Cnxn is said to be s-k idempotent if, > On—k()+1: 1 k()41 = @ij this is equivalent
=1

to KpVeALVeKp = KV AV K5.
Note 1.7. It is easy to see that

(1). KgVeARVeKp = KV ApVeKp.
(2). KgVeApVeKp = KgVgA%VeKp.
(3). Ve KpA%LKpVp = Ve KpApKpVs.
(4). Vs KpApKpVe = Vg KpAZ K5 V5.
Example 1.8.

(]). KBVBAQBVBKB = KBVBABVBKB
(K1 U K2) (Vi UTa)(AT U A3) (Vi U TR) (K1 U K2) = (K1 U K2)(Vi U ) (A1 U A2)(Vi U VR) (K1 U K2)(Kiv1 ATViK) U
(K2VaA3VaKs) = (K1v1 A1Vi K1) U (K2 Vo A2V K)

10 01 01 01
K = =Kz V1= ==KV = = KoVp; V1K = = VK>
01 10 10 10
1 1
A = =A% Ay = = A}
10 01

(2). KpVpApVeKp = KgVpA%3VeKp
(Kl @] Kg)(Vl U ‘/2)(141 U Az)(vl @] VQ)(Kl @] KQ) = (Kl @] Kz)(Vl @] ‘/2)(14% @] A%)(Vl @] VQ)(Kl @] KQ)
(K1vi AiViK ) U (KaVa A VoK) = (K1 ATVIKL) U (K2 Va ARV K>)

100 001
Ki=|010]|=K;s Vi=]010|=VWV

001 00O
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2 —2 —4 2 -1 1
Ar=| -1 3 4 |=A4% A= —2 3 —2 | =43
1 -2 -3 —4 4 -3

(3) VBKBAZBKBVB = VBKBABKBVB
(ViuVe) (K U K2)(A% U A%)(Iﬁ UK2)(ViUVa) = (ViU V) (K1 UK2) (A1 U Az) (K1 UK»2) (ViU Vz)
(ViK1 AIK1 Vi) U (Ve K2 A3 Ko Vo) = (ViK1 A1 K1 Vi) U (Va Ko Ag Ko Vz)

4 -1 , 00 s
A = =A7; Ay = = A3
12 -3 2 1

(4). Ve KpApKpVp = Ve KpALKpVp
(V1 U Vo) (K1 U K2) (A1 U A2)(K1 U KR)(ViUVe) = (Vi U VL) (K U K2 (A U A3) (K1 UK»)(Vi UVs)
(ViK1 AiK1 Vi) U (Ve K2 Ao Ko Va) = (ViK1 AT K Vi) U (Va K2 A3 K, Va)

/4 1 1/2 —1/2
Ay = / =A%, Ay = / / = A3
3/16 3/4 -1/2  1/2

2. Main Results

Theorem 2.1. If Ap is s-k idempotent then,

(a). Ag, AL, A, A%,Ags and Ag' (when AG') exists are also s-k idempotent bimatriz.
(b). A% is s-k idempotent for allm € N.

Proof. Now,

(a). Since Ap is s-k idempotent = KpVALVeKp = KpVpApVpK5.

(1). KBVBAZBVBKB - KBVBABVBKB
KpVeALVeKp = KpVeApVsKp

KBVB(AB)QVBKB = KpVpAgVsKp

(K1 @] KQ)(V1 @] VQ)(Al @] AQ)Q(‘/l @] V2)(K1 @] KQ) = (Kl @] KQ)(Vl @] VQ)(Al @] AQ)(‘/l @] V2)(K1 @] KQ)
(Klvlfﬁlel) U (KngleszKz) = (K1v1 A1ViK1) U (K2Ve A VoK)

(K1v1 AlViK) U (K2 Ve A2 Vo Ko) = (Kiv1 A1ViK) U (K2 Ve A2 Vo Ko)

Hence Agp is s-k idempotent.
(2). (KpVpALVeKp)" = (KgVsApVsKp)"
KpVpAY VpKp = KV ALV K5

KpVpALVeKp = KV ALVsKg

(K1 UK2)(Vi UVa)(AT UAZ) (Vi UVe) (K UKs) = (K1 UK) (Vi UVa)(A] UALD) (ViU VL) (K UK»)
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(K1 UK2)(Vi UVa)(AT? U AT?) (Vi U V) (K1 U K2) = (K1 U Ka)(Vi U Va) (AT U AD) (Vi U Va) (K1 U K>)
(K11)1A{2V1K1) U (K2‘/2A§2V2K2) = (K1U1AC1FV1K1) U (K2V2A§V2K2)

(Klle?V1K1) U (KQVQAgVQKg) = (Klle?‘/iK1) U (K2V2A5V2K2)

Hence AL is s-k idempotent.
(3). (KpVALVEKgp)* = (KpVeApVpKg)*
KpVeA5VsKp = KpVsAsVeKp

KpVeAyVsKp = KpVpAsVeKp

(K1 UK3)(ViUVa)(AT U A§)2(V1 UV2)(K1 UK2) = (K1 UK2) (Vi UV2)(AT U A3) (Vi U Ve) (K1 U Ka)
(K1 U K2) (Vi UVa) (A2 U A5 (Vi U Vo) (K1 U Ka2) = (K1 U Ko) (Vi U Va) (A U A3) (Vi U Va) (K1 U K»)
(K101 AT VA KL ) U (KaVa A5 VoK) = (K1v1 A ViKL) U (K2 Va A5 VoK)

(K11 ATVIKL) U (K2 V2 A5V K)) = (K1l ATVIKL) U (K2 Ve A3 V2 Ko)

Hence A% is s-k idempotent.
(4). (KpVA%LVeKp)® = (KpVsApVsKp)*
KpVeAEVeKp = KpVeA3VsKp

KpVeAZVpKp = KgVeALVeKE

(K1 U K2)(Vi U Va)(A; U A3 (ViU Va) (K1 UK2) = (K1 UK2) (ViU Va)(Af U AS) (Vi U Ve) (K1 U Ka)
(K1 U K2) (Vi UVa) (A2 UAS) (Vi UVa) (K1 U Ka) = (K1 U Ka2) (Vi UVa) (A UAS) (VAU Va) (K UK»)

(K1U1Ai‘/1K1) U (KQ‘/QASVQKQ) = (K1U1Ai‘/1K1) U (KQ‘/QASVQKQ)

Hence A% is s-k idempotent.
(5). (KpVsALVpKp)® = KpV AL VeKp
KpV(A%)'VeKp = KgVpAR*VsKp

KpVe(A3)VeKp = KpVe AR Vs Kp

(Kl @] KQ)(‘/] @] %)(Ais U A;)Z(‘/l U %)(Kl @] KQ) = (K1 U KQ)(‘/l U Vz)(A;S @] A;S)(Vl U %)(K1 U KQ)
(K11 AP VIK) U (K2 Ve A VoK) = (K11 AT ViK:) U (KaVa Ay *Va Ko)
(Kﬂ)lA_iVlKl) @] (KQVQA;VQKZ) = (K1U1A;SV1K1) U (KQ%A;S‘/QKQ)

(Kl’l)lAl_Slel) @] (KQVQAQ_SVQKQ) = (K1U1A1_S‘/1K1) U (KQ‘/QA;S‘/QKQ)

Hence Ag* is s-k idempotent.
(6). (KgVpALVKp) ' = (KpVsApVsKp)™ "
KpVpAL WK = KpVpAR'VsKp

KpVsAR"VeKp = KgVeAg'VeKp

(K1 UK)(ViUVa) (AT U A2 (Vi UVR) (K UKs) = (K1 UK2) (Vi UVa) (A7 U AN (Vi UVe) (K U KS)
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(K11 A7 PVIKL) U (K2Va Ay PVaKs) = (K Ay 'ViK:) U (K2Va Ay 'VaKo)

(K101 AT'VIKD) U (K2 Ve Ay ' VoK) = (K11 AT 'ViKL) U (KaVa Ay ' Vo Ko)

Hence Agl is s-k idempotent.

(b). (KpVeALVEeKp)" = (KpVeApVeKp)"
KBVBAQBVBKB.KBVBAQBVBKB ...n times

KpVAR'VeKp = KpVe AL VeKp
KV AR VeKp = KpVeALVeKp
(K1 U K2) (Vi UVa) (AT U A2 (Vi U Va) (K1 U Ka) = (K1 U Ko) (Vi U Va) (AT U A3) (Vi U Vi) (K, U Ks)
(K101 APPVIK)) U (KaVa ARV Ko) = (K11 ATVIK) U (Ko Va AS VoK)

(K1v1 ATVIKL) U (K2 Va A3 VoK) = (K1vi ATVIKL) U (K2 Vo A3 Va Ko)

Hence A% is s-k idempotent.
Theorem 2.2. If Ap is s-k idempotent then
(a). Ap is periodic with period 4, when AB is an idempotent.
(b). A% is idempotent Further, if Ag is non-singular, then AL = Ag'. A% = Ip.

Proof.

KpVALVeKp = KpVpA%L ALVeKe
= (KpVsApVsKg).(KpVsApVsKg)
KpVpApVeKpKpVeAVBKp = KpVABVBVBABVEKE
= KpVpAp.AgVsKg
= KpVpALVsKp
= KgVAgVeKp
= (K1 UK2)(VA UV2)(41 U A2) (V1 UV2)(K1 UK?)
= (K101 Ay ViK1 ) U (Ko Vo A VoK)
KpVeALVeKp = (Kiv1A1ViK1) U (K2Va AsVa Ko)
(KpVBALVEKE) = (KgVeAL. AgVeKp)?
= (KpVApVsKpAg)®
= KpVpAp|VeKpApKpVs]|ApVeKpAp
= KpVApVeKpALKpVeApVeKpAg
= KpVpApARVeKpKpVeAsVeKpAs
= KpVApALVeVeApVeKpAp
= KpVpApAL AV KpAp

= KpVsARARVeKpAp
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= KpVs(A%)’VsKpAp

= KpVsALVeKpAp

= KpVpALApVeKp

= (K1 U K2)(Vi U Vo) (AT U A3) (A1 U A2)(Vi U Vo) (K1 U K»)
= (K101 ATALVIK)) U (Ko Va A3 AsVa Ko)

(KpVBALVEKR) = (Kin1 AJViK)) U (KaVaA3VaKo)

O
Theorem 2.3. If Ag and Bg are s-k idempotent bimatrices then
(a). Ap + Bp is s-k idempotent if and only if AsBp = —BpAB.
(b). ApBg is s-k idempotent if and only if AsBp = BpAB.
Proof.
(a). KeVe(As + Bp)VeKp = KgVApVeKp + KgVpApVsKp
= KpVpA%LVeKp + KpVALVeKp
= KBVB(A2B + B]23)VBKB, if ApBp = —BpAB
= (K1 U K») (Vi UVR)(ATU A3 + BY U B3) (Vi U Vo) (K1 U K>)
KgpVg(Ap + Bp)VKp = (K1v1(A] + B})ViK1) U (KaVa (A3 + B2)VaKo)
(b). KpVe(ApBB)VeKp = KpVpApVeKp.KpVApVsKp
= KpVpALVsKp. KV ALVsKp
= KBVB(A%B%)VBKB
= KpVp(ApBp)’VsKp, if ApBp = —BpAp
= (K1 U K2)(Vi UV3)[(A1 U A2)(B1 U Bs)J* (Vi U Va) (K1 U K>)
= (K1 U K2) (Vi U Va)[AT B U A3B3](V1 U Va) (K1 U K2)
KpVs(ApBp)VeKp = (K101 (A]BY)VIK1) U (KaVa(A3B2)VaKy)
O
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