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1. Introduction and Preliminaries

Digital geometry is considered in Z™ whereas continuous geometry can be used in R". To represent continuous geometrical
objects in the computer we are limited to some sort of approximations. There are points in the Euclidean plane that can be
described exactly on a computer. By introducing notions as connectedness and continuity on discrete sets we can represent

discrete objects with the same accuracy as Euclid had in his geometry.

Definition 1.1 ([2]). A digital space is a pair (V, ) where V is a non-empty set and 7 is a binary symmetric relation on
V such that for any two elements x and y of V there is a finite sequence (2°,...,x™) of elements in V such that x = z° and

y=2a" and (2,29 €7 forj=0,...,n— 1.
Remark 1.2. All topological spaces are not digital and all digital spaces are not topological.

Definition 1.3. A topological space is said to be a smallest neighborhood space, or Alexandroff space, if arbitrary intersection

of open sets is open.

Definition 1.4 (Khalimsky topology). Khalimsky line is the topology space (Z,t) where t is the Alexandroff topology as
follows. For any z € Z
{z—=1,2,z4+1} if z is even
t(z) =
{z} if z is odd

t is a T1/2 topology.
Definition 1.5. A topological space X is said to be Khalimsky arc connected if it satisfies the following conditions.
(1). X satisfies To-axiom

(2). for all z,y € X,I =[a,blz and ¢ : I — X such that ¢p(a) = z, ¢(b) =y and ¢ is a homeomorphism of I into ¢(I).
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2. Main Results

Theorem 2.1. Let X be a connected smallest neighborhood space. Then for any pair of points x and y of X there is a finite

sequence {x° x',... 2"} such that x = 2° and y = 2™ and {27, 27"} is connected for i =0,1,...,n— 1.

Proof. Let z be a point in X, and Y denote the set of points which can be connected to x by such a finite sequence.
Clearly x € Y. Suppose that y € Y. Then N(y) C Y and {§} C Y. Thus Y is open, closed and non-empty. Since X is

connected, this implies Y = X. O
Theorem 2.2. A Ty topological digital space is Khalimsky arc connected.

Proof. Let X be a topological digital space and let a,b € X. We get a finite, connected sequence of points (xo,...,Tn)
such that o = a and z, = b. Since the sequence is finite, we get a subsequence Y = {yo,...,ym}, that is minimal with
respect to connectedness, and such that yo = a and y,, = b. Hence Y has no connected proper subset containing a and b.
Suppose that ¢ > j and {y;,y;} is connected. Then ¢ = j + 1 for if not, the sequence {yo,...,¥;,¥i,...,ym} would be a

connected proper subset of the minimal sequence, which is a contradiction.

So there are two possibilities for Ny (yo); either Ny (yo) = {yo} or Ny (yo) = {yo,y1}. Let s =1 in the first case and s =0
in the second case. Re-index the sequence {y;} so that y, is its first element and yms its last. Let s = 1 in the first case
and s = 0 in the second case. We will show that the function ¢ : I = [s,s + m]z — Y, is a homeomorphism. Y is Tp since

X is Ty. ¢ is surjective and by minimality injective also. To show that ¢ is a homeomorphism, it is sufficient to show that

Ny (yi) = ¢(Ni (7)) for every i € I. (1)

For i = s this holds by the choice of s. We use finite induction. Suppose that s < k < s+m, and that (1) holds for i = k—1.
We consider two cases.

Case 1: k is odd. Then Nr(k) = {k}. We must show that yi_1 and yxy1 are not in Ny {yx}. But since equation (1) holds
fori =k —1, and k € Ny(k — 1), we know that yx € Ny (yr—1). So yr—1 ¢ Ny (yx)(Yx,To) and also that yx+1 ¢ Ny (yx)
since Ny (yx—1) N Ny (yx) is a neighborhood of y; which does not include yx1.

Case 2: k is even. We must show that ys—1 € Ny (yx) and yr4+1 € Ny (yx) provided k < s + m.

Now Ny (yk—1) = {yx—1} by assumption, so clearly yr—_1 belongs to Ny (yx). If & < s+ m and yx € Ny (yx+1) then

Ny (yx)NNy (yx+1) would be a neighborhood of yx not containing yr—1. This is a contradiction and hence yr+1 € Ny (yx). O
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