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1. Introduction

Let H be an infinite dimensional complex Hilbert and B(H) denote the algebra of all bounded linear operators acting
on H. Recall that an operator T € B(H) is positive,T > 0, if (T'z,xz) > 0 for all z € H. An operator " € B(H) is
said to be hyponormal if T*T > TT*. Hyponormal operators have been studied by many authors and its known that
hyponormal operators have many interesting properties similar to those of normal operators. An operator T is said to be
p-hyponormal if (T*T)? > (TT*)? for p € (0,1] and an operator T is said to be log-hyponormal if T is invertible and
log | T |>log | T" | . p-hyponormal and log-hyponormal operators are defined as extension of hyponormal operator. An
operator T on a Hilbert space H is called quasi-hyponormal, if (T*T)* < T**T2. An operator T on a Hilbert space H
is called k-quasi-hyponormal, if T**(TT*)T* < T**+DTE+D  where k is a positive integer. An operator T on a Hilbert
space H is called a generalized k-quasi-hyponormal operator if for positive integer k such that £ > 2 and M > 0, T satisfies
M*EHITR(T*TYT* — T**T*TT* > 0 [10]. In this paper, we are interested in generalized k-quasi-hyponormal composition

operators.
1.1. Preliminaries

Let f be an analytic map on the open disk D given by the Taylor’s series f(2) = ao 4+ a1z + a22® +.... Let 8 = {8, }22obe

a sequence of positive numbers with 8o = 1 and LEH — 1 as n — oo. The set H*(8) of formal complex power series
z) = anz" such that 2 = an |? B2 < oo is a Hilbert space of functions analytic in the unit disc with the
B
n=0 n=0

oo _ 00
inner product (f,g)5 = 3 anbnB2 for f as above and g(z) = 3 b,2™. Let D be the open unit disc in the complex plane
n=0 n=0
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and T : D — D be an analytic self-map of the unit disc and consider the corresponding composition operator Cr acting on

H?*(B), ie., Cr(f) = foT, f € H*(B). Let w be a point on the open disk. Define

9]

Z"w™"
=3 2
n=0 n
00 2n
Then the function kS is a point evalution for H?(8). Then k£ is in H?(8) and |}k§\|2 = > | 122‘ . Thus, ||kw|| is an
n=0 n

increasing function of | w |. If f(2) = > anz" then
n=0

Therefore, <f, kﬁ>ﬁ = f(w) for all f and k2 is known as the point evaluation kernal at w. It can be easily shown that

Crkl = kqﬁ“(w) and k2 =1 (the function identically equal to 1).

2. On Generalized k-Quasi-Hyponormal Composition Operators

Let L? = L?*(Q, A, i) denote the space of all complex-valued measurable function for which fQ | f < co. A composition
operator on L?, induced by a non-singular measurable transformation T, is denoted by C7 and is given by Crf = f o T for
each f € L?. Then for f € L? and for any positive integer k, Ck f = foT* and C3* f = hy. E(f)oT ™%, where hi, = duT " /dp.

In this chapter, some basic properties of generalized k-quasi-hyponormal Composition operators are discussed.
Theorem 2.1. Let Cr € B(L?). Then the following are equivalent:
(i). Cr is generalized k-quasi-hyponormal.

(ii). Hs/hk.hoT—(k—l),fH < M || /me E() oT—k.fH for each f € L?.

(iii). hip.ho T==D < MF* Ry E(h) o T™F, where hi, = duT " /dp.

(iv). hg_1.(ho T~ kN2 < ME1p,  ho T~ *VE(h) o Tk,
(v). hg—r 0T LhoT =D < M*1hy, 1 o T~ . E(h) o T™*.

Proof. To Prove: (i) = (i1). Assume that Cr is generalized k-quasi-hyponormal.

O (CrCyOR < M D ok

<(0;’“(0Tc;)c§) 7, f> < MFH <c;<’“+1>c§2+1 f, f> for each f € L7,
Consider,

CHH(CrCH)Chf = C (ho T.E(f o TF))

CiF(CrCH)CRf = hyho T~ RV ¢
Then,

Ci Vot f = Ot (hf o 1Y)

CrFVCER f — py E(h) o T™F f

>
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Substitute (2) and (3) in (1),

hihoT RV < M*hy E(R)oT " f

H\/hk.hon(foH <M \/Wf”

Hence (i) = (41).
To Prove: (i) = (i44). Assume that H\/ hi.ho T*(kfl).fH <M

Vhie E(h)o T*k.fH for each f € L2

hiho T~ RV < M*h E(R)oT " f
hi.ho T~V < M* 1 hy E(R) o T*
Hence (ii) = (i41).
To Prove: (iii) = (iv). Assume that hy.h o T~*~Y < M*+1h, E(h) o T~*, where hy = duT ™" /dp.

hiho T~ R~ < M* ' hy E(R)oT* (4)

hi = T~ "(B) (5)
We have,

W™ (B) = T~ (1~ (B))

= / hdp
T—(k=1)(B)

uT*’f(B):/Bhk,l.hoT*““*”du (6)

Substitute (6) in (5),

hie = hi_1hoT 1

From (4),
hi_1.(ho T~ N2 < M*py hoT "D E(h)oT™*

Hence (ii1) = (iv).

To Prove: (iii) = (v). Assume that hy.h o T~ =Y < M*1hy E(h) o T~*, where hy = duT % /dp.
hiho T~-F7D < M*¥ ' hy E(h) oT™F (7)
hi = pT~"(B) (®)

We have,

W) = [ hadn
T-1(B)
T~ (B) :/ h.hi—1 o T Ydp (9)
B
Substitute (9) in (8),
hie = hohie—1 o T dp

From (7),

hi1oT P hoT D < M*'hy y oT ' E(h)oT "

Hence (4i7) = (v). Hence the proof. O

~
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Theorem 2.2. If T~ (A) = A then Cr is generalized k-quasi-hyponormal if and only if hi.ho T=® =D < MFHhy hoT 5.

Proof.

Case 1: Assume that Cr is generalized k-quasi-hyponormal.

i (oreyy ok < M oD ol

<(C}’“(CTC§F)C§~)f, f> < MF? <c;"““>cgi“f,f> for each f € L*.

Substitute (2) and (3) in (11),

hi.ho T~ =D < M hy E(R) o T "

hi.ho T~ F=D < M*+ 1 h hoT "
Case 2: Assume that

heho T~ *"D < M hoT ™"

hiho T~F"D < MF by E(h) o T,

Therefore, we have

ciF(Croy)Ch < MFT oD ok
Hence Cr is generalized k-quasi-hyponormal. Hence the proof.

Theorem 2.3. If C} is generalized k-quasi-hyponormal then f € L2,
<h o T* .hy, o T*.E(f), f> < M <hk+1 o T EB(f), f> .

Proof.

Case 1: Assume that C7 is generalized k-quasi-hyponormal.

<(C§«(C}CT)C}’“)f,f> < MFH <c;’“+”c;“““>f7 f> for each f € L°.

Consider,
(CH(CHCr)C) f = CH(hhy . E(f) o T™%)
(CR(CHC)CHE) f = ho T* by o T* E(f).
Then,

OO £ = O (higr B(f) o T~ HFY)

CHCr D — vy o THHVE(f).

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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Substitute (15) and (17) in (13),
<h o T".hy, o T*.B(f), f> < MM <hk+1 o THVE(f), f> for each f € L2.

Case 2: Assume that

<h o T hy, o T E(f), f> < MP? <hk+1 o THE(f), f> (18)
hoT* hy o TF.E(f) < M* ™ hyyr o T E(F). (19)
Consider,
hoT* hyoTF.E(f) = CE(h-hi.E(f) o T™F)
= Cr(C7Or) (hi-E(f) 0 T7F)
hoT* hy o T* . E(f) = CE(CH-Cr)CFF (20)
Then,

hiepr o TV B(f) = O (hiyr E(f) 0 T~ D)

hipr o TWHD B(f) = CF TV Cpt 0 f (21)

Substitute (20) and (21) in (19),

ckero)or < M el op

Hence C7T is generalized k-quasi-hyponormal. O

Theorem 2.4. If T™'(A) = A then C} is generalized k-quasi-hyponormal if and only if

H\/hoT’C.h;C oT’“fH < M Rkt1 oT(’““)fH for each f € L*.

Proof.

Case 1: Assume that C7 is generalized k-quasi-hyponormal.

Ch(CrCr)CyF < MFH D op D

<(C§“~(C~?CT)C%k)f, f> < MFH <C¥“+1)C}<k“)f,f> for cach f € L2,
Therefore, we have

hoT* hyoTF E(f) < M*  hiyr o T*VE(F) for each f € L2
hoTF hyoTFf < M* ' hypy o TV f

H\/h o T% hy okaH <M % | Vhers o T<k+1>fH for each f € L2

Case 2: Assume that

H\/h o T hy okaH < M5 ||/ heps o T<k+1)fH for each f € L.

hoT* hyoTF . E(f) < M*  hyyr o T*VE(F) for each f € L2

Therefore, we have

Ch(CrCr)CyF < MFH D op D

Hence C7 is generalized k-quasi-hyponormal. O

~
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3. On Generalized k-Quasi-Hyponormal Weighted Composition Op-
erators

The new class of operator, k-quasi-hyponormal Weighed Composition operator has been introduced by G.Datt [1]. Quasi-
hyponormal operator is an extension of hyponormal operator, quasiposinormal operator, quasiposinormal Composition
operator and quasiposinormal Weighted Composition operator. Now we deal with the weighted composition operator
W = W, € B(L?), (f — u.f o T) induced by the complex-valued measurable mapping u on Q and the measurable

transformation 7" : Q — Q. It is known that W™ is given by
W*f=h.E(u.f)oT ", foreach f e L.

For a positive integer k, we put ux = u.(uo T).(wo T?) ... (w.T®Y) and U = (o T .(wo T 2)...(uoT™F). Then,
Uk O Tk = ur. For k = 0, we denote ur = Ur = 1 and wk = 1. However, hy is used to denote the Radon Nikodym
derivative of T~ with respect to y and hy = h. For f € L?, W*f = uj.f o T* so that W**f = hy.E(ug.f) o T~F. The

following simple computations,

WW*f = h.E(?®). T w1
WD £ — by E(ugegy ) o T-% ) = hyyr E(u.f) o T- % 42
WHEWWIHYWEf = hyho T ) (BEW?) o TF) 451 f

W*(k+1)W(k+1)f _ hk+1.E(ui+1) ° T_(k_H).f

help us to conclude the following.

Theorem 3.1. Let W € B(L?). Then W* is generalized k-quasi-hyponormal if and only if

Hu.hk o T.E(u.f) o T*““”H <M

hiy1.E(ugs1y-f) o T7<k+1)H for each f € L.

Proof.

Case 1: Assume that W™ is generalized k-quasi-hyponormal.

Wk(W*W)W*k < Mk+1W(k+1)W*(k+l)

2 2
(ww | < ket et g 22)
Consider,
WW*kf = u.hy o TkE(ukf)
Then,
WD ¢ hieir. E(ugeg).f) o 7= (kt1) (24)

Substitute (23) and (24) in (22),

Huhk o T.E(uk.f) o T’““’”H <M

k+1
’ )

‘hk+1’E(u(k+l)'f) oY H
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Case 2: Assume that

k41

Hu'hk oT.E(ug.f)o (A H <M 2 Hhk+1.E(u(k+1).f) o~ (kD) H

2 2
Huhk o T.E(ug.f) o T~* V|| < i+ Hhkﬂ.E(u(kH).f) o T~ (D) H

Consider

his1-E(ugryny.f) o T~ FTD = wrktb) ¢

Then,

why o T.E(ug.f) o T~* ™Y = w.hy o T" . E(ug.f)

whi o T.E(up.f) o T~ ® "D = ww* s
Substitute (26) and (27) in (25),
WEW W)W*E < Ao (D s (et D)

Hence W™ is generalized k-quasi-hyponormal.
Theorem 3.2. Let W € B(L?). Then the following are equivalent:

(i). W is generalized k-quasi-hyponormal.

(). Hh.E(u2) o Tfl.W(kfl)fH < M “uk+1.f o T(kH)H for each f € L2
(iii). H\/mh o T=*=1 Gy 1 E(u?) oT*ka <M H\/m.ak+1,fH for each f € L2.

(). hg.hoT * D (BEW?) oT ™ 2 a7_, < M ' hyy1. E(u?) o T~ D 52
= M" hy hy 3 E(u®) o T~

where hy, = dpT=* Y Jdur=*.

Proof. To Prove: (i) = (iv). Assume that W is generalized k-quasi-hyponormal.
W*k(WW*)Wk < Mk+1W*(k+1)W(k:+1)

Consider

WHEWWHWE = hyho T~ Y (E@W?) o T )2 054

Then,

WD by Bui ) o T %ty

Substitute (29) and (30) in (28),

hih o T~® D (B(u?) o T™F)2.82 1, < M hysy . E(ud 1) o T~ 0

hih o T~V (B(u?) o T8y < M* by 07 E(u®) 0 T~ *FV

Hence (i) = (iv). To Prove: (iv) = (ii7). Assume that

hih o T~V (BEW?) o T™F) 245y < M*  hyy 1. E(u®) o T~ 0 37

(25)

(27)

(28)

~
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= Mk+1hk.77,k.ai.E(u2) o T_(k'H)
hi.h o Tﬁ(kil)'(E(uz) © Tﬁk)Q-ai—lf < Mk+lhk+1.E(ui+1) o Ti(kjrl)f
hg—1.ho T7<k71),(E(u2) oT MV Al f < Mk+1hk+1ﬂi+1f

H Vit ho T~ 51 E(u?) o T*’“fH <M H «/hkﬂ.am.fH

Hence (iv) = (i41).

To Prove: (iv) = (i7). Assume that

hho T=* D (BW?) o T2 07y < M*  hyy 1 E(w®) o T~ 37

— c2hk.ﬁk.ﬂi.E(u2) o~ (k+D)

hiho T~V (BW?) o T F) 205 _1f < M*  hyy1 . E(uiq) o T~ FF0 g (31)
Consider,
hih o T~ "D (BW?) o T 2051 f = b1 h>(B(®) o T2 W2y (32)
Then,
by B(uZ i) o T~ * Y f = byl o T2FHD £ (33)

Substitute (32) and (33) in (31),
2 —1 15-(k—1) ki1 (k+1)
Hh.E(u Yo T~ LW f” <M Hukﬂ oT fH

Hence the proof. O

Theorem 3.3. Let W is generalized k-quasi-hyponormal if and only if Hh.E(uz) o Tfl.W(kfl)fH < M “uk+1.f o TR+1 H

for each f € L.
Proof.

Case 1: Assume that W is generalized k-quasi-hyponormal.

W*k(WW*)Wk < AL e Dy (et 1)

2

2
HW*W’“fH < MFH WD f (34)
Consider,
W*WFf = h.E@?). 7wk (35)
Then,
WY f = (upr. f) o THFY (36)
Substitute (35) and (36) in (34),
Hh.E(u2).T’1.W(k“)H <M H(uk+1.f) o T(k“)H
Case 2: Assume that
Hh.E(u2) ° T’l.W“’l)fH <M Huk+1.f oT<k“>H for each f € L2. (37)
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2 2
Hh.E(qf).T_l.W(k“) < M| (upesr . f) o THHD (38)
Consider,
h.E@?). T *W* — ww*f (39)
Then,
(upgr.f) o T =Wk g (40)
Substitute (39) and (40) in (38),
2 2
[wewes|[ < art s ]
W*k(WW*)Wk S Mk+1W*(lc+1)W(lc+1)
Hence W is generalized k-quasi-hyponormal. O

4. Generalized k-Quasi-Hyponormal Operators on Weighted Hardy
Space

The operator Cr are not necessarily defined on all of H?(8). They are ever where defined in some special cases in the
oo n,—n

classical Hardy space H?. Let w be a point on the disk. Define k:w(z) > %
n=0 n

. Thus, ||kw|| is an increasing function of | w | . If f(z) = Z anz"

. Then the function k% is a point evalution

2n
for H%(B3). Then k£ is in H?(3) and Hk H ‘ v |

then <f, k5>5 = f(w) for all f and k% is known as the point evalution kernal at w. It can be easily shown that C}kﬂ = kzﬁ“(w)

and kj = 1.
Theorem 4.1. If Cr is generalized k-quasi-hyponormal operator on H?(B) then Hk‘g(o) H < MR
B

Proof. Assume that Cr is generalized k-quasi-hyponormal operator on H?(8).

Mo Ok _ sk orCrok > 0

s legs| et 2o
Let f =k}
2 2
M c%chgH —HC}C&%@H >0
B B
2 2
M Céik{j”ﬁ - HC}C%@HB >0
k+1 |82 w1 8|2
kg - [log]|) =0
M ’“gH - [ <0>H 20
k+1
M ‘H’“T«»H 20
A <0>H 20
8 k41
H’“T«»HB =M
Hence the proof. O
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Theorem 4.2. If C% is generalized k-quasi-hyponormal operator on H*(B) then M**! > 1.

Proof.  Assume that Cj is generalized k-quasi-hyponormal operator on H?().

M OER oY crororeit > 0

2 2
LA 2 B ]

Let f =kl
2 2
Viaa! O;(kﬂ)kgHﬁ _ HCTC;kkgHﬂ >0
k1 || 8|2 s||?
MEUIRET — orkl]” >0
8 8
2 2
e I D
8 8
MY (1) —1>0
MY —1>0
MEH >1
Hence the proof. O
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