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1. Introduction

The concept of fuzzy set p of a set X was introduced by Zadeh (see [11]) as a function from X in [0,1]. The concept of fuzzy
ideals in a ring was introduced by Liu (see [10]) . Dutta and Biswas (See [3, 4]) studied fuzzy ideals, fuzzy prime ideals of
semirings and they defined fuzzy k-ideals and fuzzy prime k-ideals of semirings. Jun et al., (see [7]) extended the concept
of an L-fuzzy left (resp. right) ideals of a ring to a semiring. Dheena and Cumaressane (see [5]) introduced the concept of
fuzzy 2-(0- or 1-) prime ideals in semiring. One of the most vital generalization of fuzzy set named intuitionistic fuzzy set
was introduced by Atanassov (see [1, 2]), as a generalization of the notion of fuzzy set. Kim and Lee (see [8]) studied the
intuitionistic fuzzification of the concept of several ideals in a semigroups and investigate some properties of such ideals. Hur
et al., (see [6]) investigated an intuitionistic fuzzy k-ideals of a semiring and derived some properties. As a generalization of
intuitionistic fuzzy semgroup Kim (see [9]) initiated intuitionistic Q-fuzzy semigroup and applied ideal theory in his concept.
This paper contains four sections, the first section is merely introduction. In section 2, notion of intuitionistic prime ideal,
intuitionistic fuzzy k-closure and some basic definitions and results which will be used in this article are provided. In section
3, if S is a semiring containing a proper k-ideal A, g) with (o, 8) # A(0) and if A = (ua,v4) is an intuitionistic fuzzy
2-prime ideal of S, then [Impua| = 2 and |Imva| = 2 are shown. The condition that the semiring S contains a proper k-ideal
A(a,p) with (o, B) # A(0) is necessary. By an example, it is shown that the result will fail if we drop the condition that the
semiring S contains a proper k ideal . In section 4, we have come across that a intuitionistic fuzzy subset A in semiring
S holds a property like subgroup, ideal etc., if and only if its level subset A, g, for all (o, 8) € [0, 1%, with a + 8 < 1

also satisfies the same property in S. However if A is an intuitionistic fuzzy subset of S such that level subset A, g) is
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an ma (mo or mi1) - system in S, for all (o, 8) € [0,1]%, with a4+ 8 < 1 then A is not necessarily an intuitionistic fuzzy
ma (mo or m1) - system of S. Nevertheless we have shown that if A is an intuitionistic fuzzy subset in S with z1 € (z)x
(z1 € (z)) implies pa(x1) > pa(x), and va(z1) < va(z) then A is an intuitionistic fuzzy ms (mo or mq)— system in S if

(z

and only if A™®) = (uh,v3) = {z € S|u<f) >, I/A> < s with r+ s < 1} is an ma (mo or m) system in S.

2. Preliminaries

Definition 2.1. A non-empty set S together with two binary operation '+' and’. is said to be a semiring if
(1). (S,+) is a commutative semigroup,

(2). (S,.) is a semigroup,

(3). a(b+c¢) =ab+ ac and (a+b)c =ac+bcV a,b,c € S.

We say that a semiring S has a zero if there exists an element 0 € S such that Ox = 20 =0 and 0+ x = z + 0 = z for all

res.

Definition 2.2. Let S be a semiring. A non-empty subset A of S is said to be a subsemiring of S if A is closed under the

operation of addition and multiplication in S.

Definition 2.3. A subsemiring of S is called a right (left) ideal of S if for allr € S,z € I,xr € I(rx € I). A subsemiring

I of a semiring S is called an ideal of S if it is both left and right ideal.

Definition 2.4. An (A right (left)) ideal I of a semiring S is called a (right (left)) k-ideal of a semiring S if x + y,y € 1

implies x € 1.

Definition 2.5. Let S be a semiring. Then an ideal I of S is said to be a prime if xy € I implies that x € I ory € I for

all z,y € S.

Definition 2.6. An intuitionistic fuzzy set defined on a non-empty set X is an object of the form A = {{(x, pa(z),va(z)) |z €
X}, where the functions pa : X — [0,1] and va : X — [0,1] denote the degree of membership and the degree of non-
membership of each element x € X, to the set A, respectively. For the sake of simplicity, we shall use the symbol A = (pa,va)
for the intuitionistic fuzzy subset A = {{x, ua(z),va(z)) |z € X}.

Let A = (na,va) be an intuitionistic fuzzy set in S and let o, f € [0,1] such that o+ 8 < 1. Then the set Aw,p = {z €
Slpa(z) > a,va(z) < B} is called as (a, B)-level subset of A. The set of all (o, ) € Im(pa) x Im(va) such that o+ <1
is called the image of A = (ua,va) denoted by Im(A). A C B if and only if pa(z) < pp(z) and va(z) > vp(x), A= B if
and only if AC B and B C A, A = {(z,va(z),pa(z)) : © € X}, (AN B)(z) = (min{pa(z), ps(2)}, maz{ia(z), \5(x)})
and (AU B)(z) = (maz{pa(z), pp(z)}, min{Aa(x), Ap(z)}).

Definition 2.7. Let A = (pa,va) and B = (uB,vB) be two intuitionistic fuzzy subsets of a semiring S and x,y,z € S. We

define sum of A and B as follows:

(44 B)2) = (%il;]Jarz{rm'n(,u,q(y)7;ug(z))}7 zir;iz{mam(l/,q(y), VB(Z))}) if x is expressible as x =y + z,

0, otherwise.
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Definition 2.8. Let A= (pua,va) and B = (up,vs) be two intuitionistic fuzzy subsets of a semiring S and x,y,z € S. We

define composition of A and B as follows:

(A0 B)(o) = (ﬂgs;li)z{min(uA(y),uB(z))},zigi{maw(zm(y),w;(z))}) if x is expressible as r = yz,

0, otherwise.

Definition 2.9. A non-empty intuitionistic fuzzy subset A = (ua,va) of a semiring S is said to be an intuitionistic fuzzy

semiring if for all z,y € S:
(1). pa(z +y) = min{pa(z), paly)}
(2). pa(zy) = minfpa(z), pay)}

(3). va(z +y) < maz{va(z),valy)}

(4) va(zy) < max{va(z),va(y)}

Definition 2.10. A non-empty intuitionistic fuzzy subset A = (pa,va) of a semiring S is said to be an intuitionistic fuzzy

left ideal(right ideal) of semiring S if for all z,y € S
(1)- pa(z +y) = min{pa(z), pa(y)}

(2). palzy) = pa(y)(palzy) > pa(z))

(8). va(z +y) < max{va(z),va(y)}

(4). va(zy) < va(y)(va(zy) > va(z)).

Lemma 2.11. Let I be an ideal of a semiring S and (o, @) < (B, B) # [0,1] € [0,1]. Then the intuitionistic fuzzy subset
defined by

B, ifrxel B, ifxel
pa(z) = and va(z) =
«, otherwise @, otherwise.

s an intuitionistic fuzzy ideal of S.

Definition 2.12. An intuitionistic fuzzy ideal A = (pa,va) is called an intuitionistic fuzzy k-ideal of a semiring S if for all

r,y,z €S, v+ y ==z implies

(1). pa(@) = min{pa(y), pa(2)}

(2). va(z) < max{va(y),va(z)}.

Example 2.13.

(1). In a ring, every intuitionistic fuzzy ideal is an intuitionistic fuzzy k-ideal.

(2). Let A be an intuitionistic fuzzy set in the semiring N defined by: for any x € N,

(0.3,0.6), if x is odd,
Ax) = (0.5,0.4), if z is non — zero even,
(1,0), if x=0.

where N denotes the semiring of non-negative integers under the usual operations. Then A is an intuitionistic fuzzy

k-ideal of N.
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(3). Let A be an intuitionistic fuzzy set in N denoted by: for any x € N,

(1,0), ife > 7,
A(z) ={(0.5,04), if5<z<T,

(0,1), if0<z<5.

Then it can bee as easily verified that A is an intuitionistic fuzzy ideal of N but A is not an intuitionistic fuzzy k-ideal of N.

Definition 2.14. An intuitionistic fuzzy ideal A = (ua,va) of a semiring S is called an intuitionistic fuzzy prime ideal of

S if (i) pa(zy) = max{pa(z),va(y)} for all z,y € S, (©)va(zy) = min{pa(x),va(y)} for all z,y € S.

Theorem 2.15 ([6]). Let S be a semiring with zero, Let A = (ua,va) be an intuitionistic fuzzy k-ideal of S and let
Sa={z €S :pa(x) =pa(0), va(z) =va(0)}. Then Sa is a k-ideal of S.

Definition 2.16 ([5]). If A is an ideal of S, then A= {a € Sla+z € A for some x € A} is called k-closure of A.
Lemma 2.17 ([5]). If A is an ideal of S, then A is a k-ideal of S.

Lemma 2.18 ([5]). Let A be an ideal of a semiring S. Then A is a k-ideal if and only if A = A.

3. Intuitionistic Fuzzy 2-(0- or 1-) Prime Ideal of S

Definition 3.1. If A = (ua,va) is an any intuitionistic fuzzy subset of S, then A = (fia,Ua) is defined as, for any a € S,
(1) fra(a) = sup{min{pa(a+ ), jra(w)}}

(2)- vaa) = inf {max{va(a +z),va(2)}}.

A is called an intuitionistic fuzzy A-closure of A.

Clearly, pa < fia and va > Ua. When A is an intuitionistic fuzzy ideal of ring S, then A = A.

Lemma 3.2. If A= (a,va) is any intuitionistic fuzzy ideal of S. Then A is an intuitionistic fuzzy k-ideal of S.
Lemma 3.3. Suppose A is an intuitionistic fuzzy k-ideal. Then A = A.

Lemma 3.4. Let B and C be an any intuitionistic fuzzy ideals of S and A be an intuitionistic fuzzy k-ideal of S. If CB C A

implies CB C A, CBC A and CB C A.

Definition 3.5. An ideal P of a S is called a 0 — (2—) prime ideal if for any ideals (k-ideals) A,B € S, AB C P implies
ACPorBCP. Anideal P of a S is called a 1— prime ideal if for any k-ideals A € S and for any ideal B € R, AB C P

implies AC P or BC P.

Definition 3.6. A subset M of S is called an mg-system if for every a,b € M, there exists x € S such that axb € M. A
subset M of S is called an mq-system if for every a,b € M, there exists a1 € (a)r and b1 € (b) such that a1bi € M. A subset

M of S is called an ma-system if for every a,b € M, there exists a1 € {a)r and b1 € (b)r such that a1by € M.

Now we introduce the different types of an intuitionistic fuzzy prime ideals in semiring. These intuitionistic fuzzy prime

ideals coincide in rings.
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Definition 3.7. An intuitionistic fuzzy ideal P of S is called an intuitionistic fuzzy 0-(2-) prime ideal if for any intuitionistic
fuzzy ideals (k-ideals) A,B € S, AB € P implies A C P or B C P. An intuitionistic fuzzy ideal P of S is called a 1-prime

ideal if for an any intuitionistic fuzzy k-ideal A, and for an any ideal B of S, AB € P implies AC P or B C P.

Lemma 3.8. If P is an intuitionistic fuzzy 0-prime ideal of S, then P is an intuitionistic fuzzy 2-prime ideal (intuitionistic

fuzzy 1-prime ideal) of S.
Now we give an example of an intuitionistic fuzzy 2-prime ideal which is not an intuitionistic fuzzy O-prime ideal.

Example 3.9. Consider the semiring S = {0,1,2,3}, where” +7 and” o” are defined as follows:

+(0|1]2|3||e|0]1]|2]8

0[1|2|3[|0|0(0|0|0

111\2|833||1|0(1|2|8

2|2|83|3|3||2|0|2|3|3

3(3|3|3|3||3]0|3|3|3

Let P = (up,vp). Define up : S — [0,1] and vp : S — [0,1] by

1, ifx=0,3 0, ifz=0,3

up(x) = and vp(z) =
0, otherwise. 1, otherwise.

Let A = (pa,va) and define ppa : S — [0,1] and va : S — [0,1] by

1, ifx=0,2,3
palz) = and va(z) =
0, otherwise

L

ifz=0,2,3

otherwise.

—

Clearly P and A are an intuitionistic fuzzy idealls and AA C P. But A ¢ P. Hence P is not an intuitionistic fuzzy 0-prime.

However, P is an intuitionistic fuzzy 2-prime ideal of S.

Theorem 3.10. If P is an intuitionistic fuzzy k-ideal of S, then P is an intuitionistic fuzzy 0-prime ideal if and only if P

is an intuitionistic fuzzy 2-prime ideal of S.

Proof. Assume that P is an intuitionistic fuzzy 2-prime ideal and P is an intuitionistic fuzzy k-ideal of S. Let us assume
that A and B are intuitionistic fuzzy ideals of S such that AB C P. By Lemma 3.4, AB C P. As P is an intuitionistic fuzzy
k-ideal of S, and it is 2-prime A C P or BC P. But A C A and B C B. Thus A C P or B C P. Hence P is an intuitionistic

fuzzy 0-prime ideal of S. Converse part is obvious by Lemma 3.8. ]

Definition 3.11. An intuitionistic fuzzy subset A = (pa,va) of S is said to be an intuitionistic fuzzy mo-system if for any
(t,t),(s,8) €[0,1)* witht +t <1, s+5 <1 and a,b € S, if (pa(a),va(d)) > (t,t), (pa(a),va(d)) > (s,s'), implies
that there exists x € S such that (pa(azb),va(azdb)) > max{(t,t'),(s,s')}. An intuitionistic fuzzy subset A = (ua,va)
of S is said to be an intuitionistic fuzzy ma-system if for any (t,t'),(s,s’) € [0,1)* with t +¢ < 1, s +s < 1 and
a,b € S, if (na(a),va(d)) > (t,t), (na(a),va(d)) > (s,s"), implies that there exists a1 € {(a)r and by € (b) such that
(alaibr),va(aib)) > max{(t,t'), (s,s)}. An intuitionistic fuzzy subset A = (pa,va) of S is said to be an intuitionistic
fuzzy ma-system if for any (t,t'),(s,s') € [0,1)> with t +¢ < 1, s+ < 1 and a,b € S, if (pa(a),va(d)) > (t,t),

(na(a),va(b)) > (s,s"), implies that there exists a1 € {a)y and by € (b)y such that (pa(ai1b1),va(aibi)) > max{(t,t'), (s,s")}.



Intuitionistic Fuzzy 2-(0- or 1-) Prime Ideals in Semirings

Theorem 3.12. Every intuitionistic fuzzy mo-system of S is an ma-system and mz-system of S.

Proof. Let A = (ua,va) be an intuitionistic fuzzy mo-system of S. Let a,b € S such that pa(a) > ¢, pa(b) > s,
va(a) < t and va(b) < s, such that (¢,¢'),(s,s’) € [0,1)® with t +# < 1, s+ < 1. As A is an intuitionistic fuzzy
mo-system there exists z € S such that (pua(axd),va(azb)) > max{(t,t'),(s,s")}. Now ax = a1 € {a)k, by = b € {b)x. Thus
(na(aibr),va(aibi)) > max{(t,t'), (s,s")}. Hence A is an mo-system. Similarly, we can prove if A is an mo-system, then A

is an mq-system. O

The following two Lemmas are easily seen.

Lemma 3.13. Let A1 and Az be any two intuitionistic fuzzy subsets of S. If A1 < A and Az < B, then AjoAs < Ao B

for any intuitionistic fuzzy subsets A and B.

Lemma 3.14. Let a, and bs be any two intuitionistic fuzzy points of S such that a, € A and bs € B, where A and B are

any two intuitionistic fuzzy subset of S. Then a,bs € AB.

Lemma 3.15. If A = (ua,va) is an intuitionistic fuzzy ideal of S and a € S, then pa(x) > pa(a) and va(z) < wva(a) for
all x € (a).

Lemma 3.16. If A = (ua,va) is an intuitionistic fuzzy k-ideal of S and a € S then pa(x) > pa(a) and va <wva(a) for all

z € (a)k.

Proof.  Suppose z € (a)x. Then by Lemma 2.18, z+y € {(a) for some y € {a). By the above Lemma 3.15, pa(z+y) > pa(a),

va(@+y) < vala), pa(y) = pa(a) and va(y) < va(a). Thus min{pa(z +y), pa(y)} = pa(a) and max{va(z +y),va(y)} <

va(a). Since A is an intuitionistic fuzzy k-ideal, we have pa(z) > pa(a) and va(z) < va(a). O

Lemma 3.17. Let I be a 2-(0- or 1-) prime ideal of S and (o, &) € [0,1)% with a+a < 1. If A = (14, v4) is an intuitionistic
fuzzy subset of S defined by

1, ifxel 0, ifxzel
pa(z) = and va(z) =
«, otherwise @, otherwise.

Then A is an intuitionistic fuzzy 2-(0- or 1-) prime ideal of S.

Proof. Let A = (ua,va) be an intuitionistic fuzzy set of S. Let I be a 2-prime ideal of S. Clearly A is a non-constant
intuitionistic fuzzy ideal of S. Suppose B and C' are two intuitionistic fuzzy k-ideals of S such that BC C A, B ¢ A and
C ¢ A. Then there exist z,y € S such that B(z) > A(z), and B(y) > A(y). This implies that pa(z) = pa(y) = o and

va(z) = va(xz) = a. Therefore, z,y ¢ I. Since I is a 2-prime ideal of S, (z)x(y)r € I. Hence there exist ¢ € (z), and d € (y)
such that c.d ¢ I. Let a = cd. So pa(a) = @ and va(a) = & Hence (BC)(a) < A(a) = (o, &). Now

(BO)(@) = (sup {min{B(p), C@)}}, jnf {max{Br),Ca)}))
> (min{B(c), C(d)}, max{B(o), C(@)})
> (min{B(2), C(y)} max{B(), C(y)})

= (a,@).

Which contradicts the fact that BC' C A. Hence A = (ua,va) is an intuitionistic fuzzy 2-prime ideal of S. O

Theorem 3.18. Let A = (ua,va) be an intuitionistic fuzzy subset of S and let S contain a proper k-ideal A gy with
(a, B) # A(0). If A is an intuitionistic fuzzy 2-prime ideal of S, then |[Im(pua)| =2 and [Im(va)| = 2.
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Proof.  Since A = (pa,va) is not constant, [Im(pa)| > 2 and |[Im(va)| > 2. Suppose that [Im(ua)| > 3 and |[Im(va)| > 3.
Let A(0) = (s1,82), k1 = g.l.b{ua(z)|r € S} and ke = Lu.b{va(z)|z € S}. Then there exists (t1,t2) € [0,1]* such that
(t1,t2) < (a, B) < (s1,82) (Here (t1,t2) < (o, 8) = t1 < a and t2 > () and (t1,t2) > (k1,k2). Let B and C be intuitionistic
fuzzy subsets of S such that B(z) = (5 (t1+a), 2 (t2+8)) for allz € S and C(z) = (k1, k2) if £ ¢ A p); C(z) = (51, 82) if z €
A(a,p)- Clearly B is an intuitionistic fuzzy k-ideal of S. Now we show that C'is an intuitionistic fuzzy k-ideal of S. Clearly C'is
an intuitionistic fuzzy ideal of S. Let x,y € S. Let us show that for C(z) = (uc(z), ve(x)), pe(x) > min{uc(z + v), pc(y)}
and vo(z) < max{ve(z +vy),vc(y)}. If C(z) = (s1,s2), there is nothing to prove. If C(x) = (ki,k2), let us show that
min{uc(z +y), pe(y)} = k1 and max{ve(z +y), ve(y)} = ka. If not, pe(z +y) = pe(y) = s1 and ve(z +y) = vo(y) = s2,
then y,x +y € A p)- As Aa,p) is a k-ideal of S, € A(, gy, which is a contradiction. Thus, pc(x +y) = pc(y) = ki and
ve(z +y) = ve(y) = ko. Consequently C' is an intuitionistic fuzzy k-ideal of S. We now claim that BC C A. Let = € S.

Consider the following cases

(i). = 0. Then BC(z) = (sup min{uB(u),uc(v)},miilgv{max{yB(u),Vc(w)}}) < (3(ti+a), 3(t2+B)) < (s1,52) = A(0).

(ii).  # 0,2 € A(q,p). Then A(z) > (o, ) and BC(x) = (fgfumin{pg(u),,uc(v)},xi:nfv{max{ug(u),Vc(v)}}) < (Gt +
a), 3(t2 + B) < (a, B) = A(2).

(iil). © # 0,2 ¢ A(a,py. Then for any u,v € S such that © = uwv,u ¢ A, gy and v ¢ A, 8). Then C(v) = (uc(v),ve(v)) =
(k1, k2).

Hence BC(z) = (sup {min{uB(u),uc(U)}}7Ii_nfv{max{us(u),l/c(v)}}) < (k1,k2) < A(z). Therefore in all the case,
BC(z) < A(z). Hzr;:s BC C A. Now there exists u € S such that A(u) = (¢1,t2). Then B(u) = (up(u),ve(v)) =
(3(t1 + @), 2(t2 + B)) > A(u). Thus B ¢ A. Further there exists # € S such that A(z) = (o, 8). Then z € A(q g and
C(z) = (s1,82) > (a, B) = A(z). Hence C € A. Thus neither B C A nor C' C A. This implies that A is not an intuitionistic

fuzzy 2-prime ideal of S, which contradicts the hypothesis. Hence [Imua| =2 and [Imva| = 2. O

In Theorem 3.18, the condition that the semiring S contains a proper k-ideal A, g) with (o, 8) # A(0), is necessary. The

following example shows that the theorem will fail if we drop that condition.

Example 3.19. Consider the semiring S = {0,1,2,3}, where + and o are defined as in A be an intuitionistic fuzzy subset

of S. Let A= (pa,va) Define pa: S —[0,1] andva : S — [0,1] by

1, if =0, 0, ifx =0,

0.33, ifz =3, 0.25, ifxz =3,
pa(z) = and va(z) =

0.25, ifz=2, 0.33, ifz=2,

0, ife=1 1, ife=1

as A(0,1), A(0.33,0.25), A(0.25,0.33) and A(1,0) are ideals and k-ideals are A(1,0) and A(0,1). There is no proper k-ideal

A(a, B) # A(0,1). But A is an intuitionistic fuzzy 2-prime ideal of S such that |[Im(pa)| > 2 and |[Im(va)| < 2.

Theorem 3.20. Let A be any intuitionistic fuzzy subset of S and let S contain a proper k-ideal Ao gy with A(a, B) # A(0,1).

If A is an intuitionistic fuzzy 2-prime ideal of S, then A(0,1) = (1,0).

Proof. By Theorem 3.18, |[Impa|l = [Imva| = 2 for A = (ua,va) being intuitionistic fuzzy 2-prime ideal of S. Let
Impa = {t1,s1} with t1 < s1 and I'mva = {t2, s2} with t2 < sa. Then A(0,1) = (s1, s2). Suppose that (s1,s2) # (1,0). Let

(s1,82) < (n1,n2) < (1,0). Let B and C be intuitionistic fuzzy subsets of S such that B(z) = (1 (t1 +n1), 3 (t2 +n2)) for all
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z € S and C(z) = (t1,t2) if & A(a,p), and C(z) = (n1,n2) if x € A(s,p). Clearly B is an intuitionistic fuzzy k-ideal of S.
Since A(q,p) is a k-ideal of S, C'is an intuitionistic fuzzy k-ideal of S. It is true that BC' C A. As A(0,1) = (s1,s2) < (n1,n2) =
C(0,1). This implies that C' ¢ A. Also there exists # € S such that A(z) = (t1,t2) < (3(t1 +n1), 3 (t2 + n2)) = B(x). Thus
B ¢ A. Therefore neither B C A nor C' C A. This is a contradiction to the hypothesis that A is an intuitionistic fuzzy

2-prime ideal of S. Hence A(0,1) = (1,0). O

Theorem 3.21. Let A be an any intuitionistic fuzzy subset of S. If [Imu(A)| = 2, |[Imv(A)| =2, A(0) = (1,0) and the set

Sa ={x € S|A(zx) = A(0)} is a 2-prime ideal of S, then A is an intuitionistic fuzzy 2-prime ideal of S.

Proof. Let [Im(A)| = ({t1,1},{t2,0}). Clearly (t1,t2) = (1,0). Then A(0) = (1,0). Let 2,y € S. If 2,y € Sa. Then
z+y € Saand A(x +y) = (1,0) = {(pa(z),va(x)) N (pa(y),va(y)}. If £ € Sa and y ¢ Sa, then we have two cases, viz,

Y, va(@) N (pa(y),va(y)}. If & ¢ Sa and y ¢ Sa, then A(x) =
A(y) = (t1,12) and thus A(z +y) = {(na(z),va(z)) N (na(y),va(y)}. Hence A(z +y) > {(na(z),va(z)) N (naly),va(y))}
for all 2,y € S. Now if x € Sa, then zy,yx € Sa and A(zy) = A(yz) = (1,0). If 2 ¢ Sa, then A(zy) > A(x) = (t1,t2)

x4y € Saorx+y¢ Sa. In both cases, A(x +y) > {(na(z

and A(yz) > A(z) = (t1,t2). Hence A is an intuitionistic fuzzy ideal of S. Let B and C be an intuitionistic fuzzy k-ideals
of S such that BC C A. If BZ A and C ¢ A, then there exist z,y € S such that B(z) > A(z) and C(y) > A(y). Clearly
A(z) = A(y) = (t1,t2) implies z ¢ S4 and y ¢ Sa. Now, as S, is 2-prime ideal of S4, we have z1 € (x)r and y1 € (y)r such
that z1y1 ¢ Sa. Hence A(x) = A(y) = A(x1y1) = (t1,t2). Now
BC(a1yr) = ( sup min{pp (1), po(yr)}, inf  max{rp(zi),ve(y)}) (by taking B = (up,vg) and €' = (uc,ve))
z1y1=ab z1y1=a
2 (min{pup(21), pe(y1)}, max{ve(z1), ve(y1)})
> min{pp(z), po(y) }, max{ve(z1),vo(y1)} [By Lemma 3.16]

> (t1,t2) = A(z131).
Hence BC Q A, which is a contradiction to the fact that BC' C A. Thus either B C A or C C A. This implies that A is a
fuzzy 2-prime ideal of S. O
By Theorem 3.20, Theorem 3.21 and Lemma 3.17, the following Theorem is evident.

Theorem 3.22. Let A = (pa,va) an intuitionistic fuzzy subset of S and S contain a proper k-ideal A, gy with (o, B) # A(0).
A is an intuitionistic fuzzy 2-prime ideal of S if and only if Impa = {1,a} where a € [0,1) and Imva = {0,&) where

€ (0,1] and the ideal Sa is a 2-prime ideal of S.

4. Intuitionistic Fuzzy mo(mg or mi)-system

In this section intuitionistic fuzzy ma(mo or mi)— system is defined and relation between mga(mg or m1)— system and 2(0
or 1)-prime ideal is studied.

Example 4.1. A constant intuitionistic fuzzy subset is an intuitionistic fuzzy ma(mo or mai)-system.

Theorem 4.2. Let M be a subset of a semiring S. M is an ma(mo or mi)-system in S if and only if the characteristic

function of M, xam = (uy, V) is an intuitionistic fuzzy ma(mo or mai)-system in S.

Proof. Let M be an mo-system in S. For any t,t',s,s" € [0,1) with t +¢' <1, s+ s’ < 1, suppose there exist a,b € S such
that xar(a) > (t,t'), xam(b) > (s,s’). Hence a,b € M. As M is an ma-system in S, there exist a1 € (a)k, b1 € (b)x such that
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a1by € M, and hence xar(aib1) = (1,0). Thus xa(a1br) > max{(¢,t'), (s, s')}.

Conversely, assume that x s is an intuitionistic fuzzy ma-system in S. Let a,b € M. Then xn(a) = (1,0) = xar(b). Thus for
any t,t',s,s" € [0,1) with t+t' <1, s+s" <1, xm(a) > (¢,t"), xm(b) > (s,s’). Hence there exist a1 € (a)x and b1 € (b)x such
that xar(a1b1) > max{(t,t'), (s, s’)}. Therefore xas(aib1) = (1,0) and hence a1by € M. Thus M is an ma(mo or my)-system
in S. O

Remark 4.3. Let A be an intuitionistic fuzzy subset in S. A holds a property like subgroup, ideal etc., if and only if its
level subset A py in S also satisfies the same property in S. However, A is an intuitionistic fuzzy subset in S such that the
level subset Ao gy in S is an ma (mo or my)-system in S, for all (o, B) € [0, 1)? with a + B < 1, does not imply A is an

intuitionistic fuzzy ma (mo or mi)-system of S as the following example shows.

Example 4.4. Consider the semiring S = (Z¢, ®s, ®s). Define pa : S — [0,1] and va : S — [0,1] by

1, ifr=1 0, ifz =1
pa(r) =105, ifz=3 and va(z) =405, ifz=3
0, ifz=0,2,45 1, ifz=0,24,5.

For any (a, B) € [0,1]? with a+ B8 < 1. Hence A(a,py 15 an ma (mo or my)-system in S for all (a, B) € [0, 1)? with a+ 3 < 1.
But A is not an intuitionistic fuzzy ma (mo or my)-system in S, since (pa(1l),va(1)) > (0.9,0.1) and (pa(3),va(3) >
(0.4,0.6), but there is no a1 € (1) and b1 € (3) such that (ua(ai1bi),va(aibr)) > (max{(0.9,0.1), (0.4,0.6)}.

However we have the following Theorem.

Theorem 4.5. Let A = (pa,va) be an intuitionistic fuzzy subset in S with x1 € (x)x(x1 € (x)) implies p(x1) > p(z) and

v(z1) < v(z). A is an intuitionistic fuzzy ma(mo or ma)-system in S if and only if AT = (uhy,v3) = {z € S|,uff) >

T, Vl(f) < s with r+ s <1} is an ma(mo or my)-system in S for all r,s € [0,1).

Proof. Let A be an intuitionistic fuzzy me-system in S. Let z,y € A" for some r, s € [0,1). This implies that pa(z) > r,
wa(y) > r, va(z) < s and va(y) < s. As A is an intuitionistic fuzzy me-system in S, there exist z1 € (x)r and y1 € (y)x
such that pa(z1y1) > r and va(z1y1) < s implies z1y1 € /LE:’S). Thus A™*) is an ma-system in S.

Conversely, let us assume that A7) is an ma-system in S for all r,s € [0,1) with r + s < 1. If pa(z) > 7, pa(y) >,
va(z) < s and va(y) < s for some r,s € [0,1) and z,y € S. If (r,s) = (r1,s1), the result is immediate. So, assume
(r1,81) > (1,8). Now pa(x) > 7, pa(y) > > 7, va(z) < s and va(y) < s1 < s. Since A™* is an ma-system in S, then
there exist 1 € (z)r and y1 € (y)r such that pa(ziy1) > r and va(z1y1) < s. Now z1y1 € (y)r and pa(ziyr) > paly) > r

and va(z1y1) <wva(y) < s1. Thus A is an intuitionistic fuzzy ma-system of S. O

Theorem 4.6. Let A = (ua,va) be an intuitionistic fuzzy ideal of S and S contain a proper k-ideal A, ) with (a, B) # A(0).
A is an intuitinistic fuzzy 2-(0- or 1-) prime ideal of S if and only if A = (pa,va) is an intuitionistic fuzzy ma(mo or ma)-

system of S.

Proof.  Let us assume that A is an intuitionistic fuzzy 2-prime ideal of S. For any ¢,t',s,s" € [0,1), with t+#' < 1,s+s" <1,
suppose there exist a,b € S such that (va,pa)(a) > (¢,t') and (va, pa)(d) > (s,8') = (pa,va)(a) < (¢',t) and (ua,va)(b) <
(s',8). As A = (ua,va) is an intuitionistic fuzzy 2-prime ideal of S, Im(ua) = {1,a},a € [0,1) and Im(va) = {0,a},& €
(0,1]. Thus (o, &) < (¢, 1), (a, &) < (s',s) and A(a) = A(b) = (o, @). Let P = {z € S|A(z) = (1,0)}. Then by Theorem

3.22, P is a 2-prime ideal in S and a,b ¢ P. This implies a,b € S\ P which is an mg-system in S. Thus there exist
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a1 € {(a) and by € (b)x such that A(aibi) = (o, @&). Now A(aib1) = (a,@) < min{(t',t),(s',s)} = (max{(t,t’), (s,s)}°.
Now max{(t,t), (s,5")} = A% (a1b1).

Conversely, let us assume that A€ is an intuitionistic fuzzy ma-system of S. Let A;, As be two intuitionistic fuzzy k-ideals
such that A; A C A. Suppose that A1 ¢ A and A> € A. Now A; = Ua(, oy €A10(p,p") and As = Ub(q,q/)GAzb(q,q’)- Then there
exist a(s,s1y € A1 and b,y € Az 5,8, 1,1 € [0,1), such that A(a) < (s,s'), A(b) < (t,t'). This implies A(a) > (s,s’) and
AC(b) > (t,t'). As A is an my system of S, there exist a1 € (a)x, and by € (b)x such that A% (a1b1) > maz{(s’,s), ', 1)} =
(min{(s,s"), (t,t')})€. Thus A(aib1) < min{(s,s"), (t,t')} and (a1b1)min{(s,s).(t.¢); ¢ A. Now by Lemma 3.13 and Lemma
3.14, (a1b1)min{(s,s),t,¢1)y = (@1)(s,57y(b1) 1,1y € A1 A2 C A, a contradiction. Therefore A is an intuitionistic fuzzy 2-prime
ideal of S. O

5. Conclusion

The article presents some study on m-systems and different prime ideals in intuitionistic fuzzy semiring.
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