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1. Introduction

The graphs considered in this paper are finite and simple. The terms which are not defined here can be referred from Gallian
[1] and West [2]. A labeling or valuation of a graph G is an assignment f of labels to the vertices of G that induces for
each edge xy, a label depending upon the vertex labels f(z) and f(y). Let G = (V(G), E(G)) be a graph with p vertices.
A bijection f: V(G) — {1,2,3,...,p} is called prime labeling if for each edge e = uv, ged(f(u), f(v)) = 1. A graph which
admits prime labeling is called a prime graph.In the first section we introduce Gaussian integers and their properties. Prime
labeling was extended to Gaussian prime labeling by defining the first n Gaussian integers. We take the spiral ordering
on the Gaussian integers defined by Steven Klee, Hunter Lehmann and Andrew Park [3]. The spiral ordering allows us to
linearly ordering the Gaussian integers. In the second section we discuss Gaussian prime labeling of super subdivision of

star graphs.

Definition 1.1. The star graph Kin,n € N is the graph with n pendant edges incident with the vertex in K1. The vertex

having degree n in K1, is called the apex vertex.

Definition 1.2. Let G be a graph with n vertices and m edges. A graph H is called a supersubdivision of G, if every edge

uv of G is replaced by Ko m by identifying u and v with the two vertices in Ka m, that form one of the two partite sets.
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2. Gaussian Integers

The complex numbers of the form a + bi, where a,b € Z and 3> = —1 is called the Gaussian integers and it is denoted by
Zi]. Any one of complex numbers £1, 4 are the units in the Gaussian integers. For any Gaussian integer «, the associate
is u.cr, where u is the Gaussian unit. N(a 4 bi) denote the norm of the Gaussian integer a 4 bi and it is given by a® + b2

An even Gaussian integer is a Gaussian integer which is divisible by 1 + 7 and odd otherwise.

Definition 2.1. A Gaussian integer p is called a prime Gaussian integer if its only divisors are +1,+i, +p, or + pi.
Definition 2.2. Two Gaussian integers o and 3 are relatively prime if their only common divisors are units in Z[i).
Theorem 2.3. In Z[i], a Gaussian integer p is prime if and only if it is any one of the following forms:

(1). p=1+i,1—4,-1+1i,—1—4,

(2). p=p or p=pi where p is a prime in Z and |p| = 3( mod 4),

(3). N(p) is a prime integer congruent to 1( mod 4).

The Gaussian integers are not totally ordered. So we take the spiral ordering on n Gaussian integers defined by Hunter

Lehmann and Andrew Park [3] as follows.

Definition 2.4. The ordering of the Gaussian integers is called spiral ordering which is a recursively defined ordering of
the Gaussian integers. We denote the n'™ Gaussian integer in the spiral ordering by . The ordering is defined beginning

with 1 = 1 and continuing as:

Yo+ 1, if R(pn) =1 (mod 2), R(Yn) > S(¢hn) +1

1%

Yn — 1, if S(¢n)
Un + 1, if S(¢n)
U 41, if S(thn)
Yn — 1, if R(Yhn)
Un + 1, if R(tn)

0 (mod 2), R(Yn) < F(¢n) + 1, R(Wn) > 1

1%

1 (mod 2), R(n) < S(n) + 1
'lpn+1 =

Il

0 (mod 2),R(Yn) =1

1%

0 (mod 2), R(Yn) > F(¢n) + 1,3 (¢n) >0

1%

0 (mod 2),3(¢n) = 0.

Figure [1] shows the spiral ordering of Gaussian integers.
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Figure 1. Spiral ordering of Gaussian integers.
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The first 25 Gaussian integers in the spiral ordering are 1, 1+i, 241, 2, 3, 3414, 3+ 24, 2424, 1424, 1+ 34, 2+ 34, 3+ 34, 4434, 4+ 24,
441,4,5,54+14,54 24,5+ 3i,5+ 44,4+ 44,3 + 44,2 + 44,1 + 4i. The set of first n Gaussian integers in the spiral ordering is
denoted by [¢5].

Lemma 2.5. Let p be a Gaussian integer and u be a unit. Then p and p + u are relatively prime.

Proof. Let a be a Gaussian integer such that « divides both p and p + u. Then « must divides p +u — p = u. Since u is

a unit, the only Gaussian integers that divides u are the units. Then p and p + u are relatively prime since « is a unit. [
Corollary 2.6. In the spiral ordering, consecutive Gaussian integers are relatively prime.

Lemma 2.7. Let p be an odd Gaussian integer, let t be a positive integer and u be a unit. Then p and p + u.(1 +14)" are

relatively prime.
Corollary 2.8. In the spiral ordering, consecutive even Gaussian integers are relatively prime.

Proof. The only possible difference between two even Gaussian integers in the spiral ordering are 1 + i, 2 or one of their
associates. The differences are of the form u.(1 4 ), since 2 = —i(1 +14)?. Therefore by using Lemma 2.7, consecutive even

Gaussian integers in the spiral ordering are relatively prime. O
Corollary 2.9. In the spiral ordering, consecutive odd Gaussian integers are relatively prime.

Lemma 2.10. Let o be a prime Gaussian integer and p be a Gaussian integer then p and p 4+ a are relatively prime if and

only if ar p.
2.1. Gaussian Prime Labeling

The Gaussian prime labeling was defined by Steven Klee [3]. We Prove the Gaussian prime labeling of super subdivision of

star graphs.

Definition 2.11 ([3]). Let G be a graph on n vertices. A bijection f : V(G) — [¢n] is called a Gaussian prime labeling if
for every edge uv € E(G), f(u) and f(v) are relatively prime. A graph which admits Gaussian prime labeling is called a

Gaussian prime graph.

3. Gaussian Prime Labeling Of Super Subdivision of Star Graphs

Meena and Kavitha [4] discussed the prime labeling of super subdivision of star graphs. They prove that super subdivision
of a star graph K, where every edge uv of Ki , is replaced by K32, super subdivision of a star graph K, where every
edge uv of K1 5 is replaced by K5 3 are prime graphs. We discuss the Gaussian prime labeling of super subdivision of a star
graph K , where every edge uv of K, is replaced by K3 2, super subdivision of a star graph K1 , where every edge uv of

K1, is replaced by K2 3 and super subdivision of a star graph Ki , where every edge uv of K1, is replaced by K 4.

Theorem 3.1. The graph S obtained by super subdivision of a star graph Kin,n € N where every edge uv of K1 is

replaced by K 2, then S is a Gaussian prime graph.

P’/‘OOf. Let zo,x1,x2,...,z, are the vertices of the star graph K , where x¢ is the centre vertex. Let every edge zoz; of

K1, is replaced by zoy;x; and xow;z; by joining oy, yix: and zow;, w;x; for 1 < i < n. Then the graph S has edge set
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E(S) = {zoys, vow; /1 < i < n}U{yizs, wiz; /1 <i < n}.

Define a function f: V(S) — {1,2,3,...,3n + 1} as follows

f(zo) = 1

f(xi) = ¥s, 1<i<n
fyi) = ¥zio1, 1<i<n
fwi) = Y3ip1, 1<i<n

The Gaussian integer 11 = 1 is relatively prime to all the Gaussian integers. The labeling on the adjacent vertices not
including 1 are consecutive Gaussian integers and consecutive Gaussian integers in the spiral ordering are relatively prime.

Hence S is a Gaussian prime graph. O

Illustartion 3.2. The Gaussian prime labeling of super subdivision of K15 by Koo is shown in figure 2.

P12 g

Figure 2. Gaussian prime labeling of super subdivision of K5 by Kz 3.

Theorem 3.3. The graph S obtained by super subdivision of a star graph Kin,n € N where every edge uv of K1, is

replaced by K 3, then S is a Gaussian prime graph.

Proof. Let zo,x1,%2,...,2, are the vertices of the star graph K , where xq is the centre vertex. Let every edge zoz; of
K, is replaced by xoy;xi, xoz:x; and xow;x; by joining xoy:, yiTi, Tozi, zix; and row;, w;x; for 1 < ¢ < n. Then the graph
S has edge set E(S) = {xoys, zozi, xows /1 < i < n}U{yizs, zixs, wizi /1 < i < n}.

Define a function f: V(S) — {¢1,%2,%s,...,Yant1} as follows:

f(zo) = 11

f(xi) = Yaim1, 1<i<n
fi) = Va2, 1<i<n
f(zi) = tas,  1<i<n
flw)) = Yaip1, 1<i<n

The Gaussian integer ¥ = 1 is relatively prime to all the Gaussian integers. The labeling on the adjacent vertices not
including v are either consecutive Gaussian integers or consecutive odd Gaussian integers. Consecutive Gaussian integers
in the spiral ordering are relatively prime and consecutive odd Gaussian integers in the spiral ordering are relatively prime.

Hence S is a Gaussian prime graph. O
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Theorem 3.4. The graph S obtained by super subdivision of a star graph Kin,n € N where every edge uwv of K1 is

replaced by K> 4, then S is a Gaussian prime graph.

Proof. Let zo,x1,%2,...,2, are the vertices of the star graph K , where xq is the centre vertex. Let every edge zoz; of
K, is replaced by zoy;xi, Tozixs, Toviz; and xow;x; by joining xoys, YiTi, Tozi, 2iTi Tovs, Vix; and xow;, wix; for 1 < i < n.

Then the graph S has edge set

E(S) = {zoys, xozi, xovi, xow; /1 < i < n} U{yizi, zizs, vixi, wizi /1 < i < n}.

Define a function f : V(S) — {91, ¢2,%s, ..., ¥sns1} as follows:

flzo) = 1

flzi) = Ysic1, 1<i<n

flyi) = ¥sims, 1<i<n
f(z) = ¥sic2, 1<i<n
fvi) = ¥s;, 1<i<n
flwi)) = sy, 1<i<n

The labeling on the adjacent vertices are consecutive Gaussian integers, consecutive even Gaussian integers or consecutive
odd Gaussian integers. Consecutive Gaussian integers in the spiral ordering are relatively prime, consecutive odd Gaussian
integers in the spiral ordering are relatively prime and consecutive even Gaussian integers in the spiral ordering are relatively

prime. Hence S is a Gaussian prime graph. O
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