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Abstract: The main object of this paper is to construct a interpolatory polynomial with hermite conditions at end points of interval

[-1,1] based on the zeros of the polynomials PT(Lk) (z) and PT(Lk_tl) (z) where P,(lk) (z) is the ultraspherical polynomial of degree
n .In this paper, we prove existence ,explicit representation and order of convergence of the interpolatory polynomials.
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1. Introduction

In 2001, Lenard [4] introduced a Pal-type interpolation polynomials with boundary conditions at end points of interval. She
considered two system of real numbers {z;}7=}' and {z]}7_; which are the zeros of Pflk__&l) (z) and Pk () respectively, then

there exists a unique polynomial Q. (z) of degree at most m=2n+2k+1 satisfying the interpolation conditions.

Qm(zi) =yi, (i=1,2,...,n—1) (1)
Qm(@i) =yi, (i=1,2,...,n) )
with (Hermite) boundary conditions.
QM =05 (G=0,1,....k) (3)
Q-1 =8, (1=01,...k+1) )

where y;, yi, a; and §; are arbitrary real numbers, k is a fixed non-negative integer. Later on many authors have considered
with above method of interpolation. In Joo and Szili [2] have considered weighted (0,2) interpolation on the roots of
Jacobi polynomials. Pal L.G [5] has discussed a general lacunary (0;0,1) interpolation process. In other paper [6] and [7]
have discussed pal-type interpolation on the roots of Hermite polynomials. In this paper we study the following (0;0,1)

interpolation problem on the interval [—1,1]. Let the set of knots be given by

—l=z, <z <apn 1 <Tp1<--<zi<T1<25=1, n>1 (5)
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Where {z;}7-; and {z}}"! are the roots of Ultraspherical polynomials Pflk)(:c) and P,(lkjl)(m) respectively. On the knots

i=1

(5) there exist a unique polynomial R,,(z) of degree at most m = 3n + 2k satisfying the interpolatory conditions.

Rm(xl) =Y, (Z = 17 2a 7n) (6)

with (Hermite) boundary conditions.
RP1) =y, (1=0,1,....k) (9)
RY(-1) =y, (1=0,1,....,k+1) (10)

where y; ,y¥, v, ¥t and y!, are arbitrary real numbers and k is a fixed non-negative integer. Here P,(Lk)(x) denotes the
Ultraspherical polynomial of degree n with the parameter k.The convergence of this interpolation process was studied by

Xie [9] if f € C"[-1,1] for « € [-1,1], then

|£(2) = Banga (s )| = O (n ") w (f‘”; %) (11)
For k > 1, Lenard [3] proved that if f € C"[-1,1] for x € [-1, 1], then
@) = R )] =0 (w4 ) o (£ 1) (12
For k > 0, Lenard [4] proved that if f € C"[-1,1] for x € [-1, 1], then
1 k— +§
@)= Rt Dl =w (172 ) 0 (o772 (13)

where w(fm7 .) denotes the modulus of continuity of the r'" derivative of the function f(z). If f € C**2[-1,1] , f**? € Lipa,

1
a> g, then Ry, (z; f) and R;,(z; f) uniformly converges to f(z) and f'(x) respectively on [-1,1].

2. Preliminaries

We shall use the some well known properties and results [8] of the Ultraspherical polynomials.

(1—23)PP"(2) — 22(k + )PP (z) + n(n + 2k + 1) P (z) = 0 (14)
’ n+2k+1
P () = P2 L P ) (15)
[P (@) = O(n"), =e[-1,1] (16)
k1
(1-a 3PP =0 () a7)
The fundamental polynomials of Lagrange interpolation are given by
p®
li(z) = 2 (18)

P () (2 — )
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. P (@)
5@) = et (19)
P74 (CC])(J" - xj)
P (z) hE) [ R .
lj(z) = = T, > —= PP () PP () (20)
PP @)@ —a) (1= a)[P (@) =
Where
- 22kT (2(n 4+ k 4+ 1))
(k) _ N 1
fin C(n+1)T (n+2k+1) G (21)
o _ 2% T2 +k+1)) ~5 (v>0) (22)
where the constants C', C2 depends only a. If 1 > 2 > --- > x, are the roots of P,(lk)(x), then the following relations
hold [8].
7 (z;20)
(@2
(1—a?) ~ m (23)
L (@ <0)
nk+2
! 2z (2, 20)
[P (25)] ~ i (24)
J nk+2
s B
3. Explicit Representation of Interpolatory Polynomials
We shall write R, () satisfying (6), (7), (8), (9) and (10) as
n n—1 n—1 k k+1
* * l l
Ru(x) =Y Aj(@)y; + Y Bi(@)y; + > Ci(a)y;" + > Di(@y” + > Bi(a)pyY) (25)
j=1 j=1 j=1 =0 =0

Where A;(x) and Bj(z) are the fundamental polynomials of first kind and Cj(z) is the fundamental polynomial of second
kind. Dj(x) and Ej(z) are the fundamental polynomials which correspond to the boundary conditions each of degree
< 3n + 2k, uniquely determined by the following conditions.

Forj=1,2,...,n

Aj(zi) =8, (i=1,2,...,n)

Aj(xz)=0, (i=1,2,...,n—1)

A () =0, (i=1,2...,n—1) (26)
Af1y=0, (1=0,1,...,k)

All(-1)=0, 1=0,1,...,k+1)

Forj=1,2,...,.n—1
Bj(z:) =0, (i=1,2,...,n)
Bj(x}) =08, (i=1,2,...,n—1)
Bi'(z}) =0, (i=1,2...,n—1) (27)
B;'(1)=0, (=0,1,...,k)

Bi'(-1)=0, (1=0,1,...,k+1)
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Forj=1,2,...,.n—1

Ci(z;) =0, (=12,...,n)
CJ(x:):()? (Z71727 7n_1)
CJI(UU:)—‘SJH (7'_ 132 ani]‘) (28)

For 5 =0,1,... )k

Dj(xi) =0, (i=12,...,n)
D](x’:):o’ (2_1727 ,’I’L—l)
Djl(mf):(L (1_172 ,’I’L—l) (29)

For j=0,1,...,k+1

Ej(z:) =0, (i=1,2,...,n)

Ej(z;) =0, (i=1,2,...,n—1)

E(2})=0, (i=12...,n—1) (30)
Ej'1)=0, (1=0,1,...,k)
BjM(=1)=6;, (1=0,1,....k+1)

We proved the Explicit forms which are given in the following Lemmas.

Lemma 3.1. The fundamental polynomial C;(x), for j = 1,2,...,n — 1 satisfying the interpolatory conditions (28) are

given by
s D=2 P @) P 01 ) @
T e - a3 PP @) P ()

Lemma 3.2. The fundamental polynomial Bj(z), for j = 1,2,...,n — 1 satisfying the interpolatory conditions (27) are

given by
(1+2)(1 — 2®)* T PP (2) {1} (2))
* * (k) (%
1+ 25)(1 — a32) k1 P (2)

3 (k+ 1)
-2

Lemma 3.3. The fundamental polynomial Aj(x), for j = 1,2,...,n satisfying the interpolatory conditions (26) are given

Bj(z) = —2{lj"(2}) - 1C;(@) (32)

by
oy = =R @) () (1 + )
A =0 2R P (a)]2(1 + 25) o

Lemma 3.4. The fundamental polynomial which correspond to the boundary condition D;(z) , for j =0,1,...,k satisfying

the interpolatory conditions (29) are given by

Dj(z) =(1 — ) (1 + 2)* (P (2)}2 P (2)p; ()

+ (14 2)(1 - 2*) T PP (@) PP () x {P’Ek)/(m)%‘ (z) — Pr(Lk)A(fl?)Pj(ﬂf) } (34)

(1 —z)kti=y

where degree pj(z) < k —j — 1 and degree q;(z) < k — j.

Lemma 3.5. The fundamental polynomial which correspond to the boundary condition E;(z), forj =0,1,...,k+1 satisfying

the interpolatory conditions (30) are given by
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Forj=0,1...,k
Ej(2) =(1 — )" (1 + 2) {2 ()} PV (2)p; ()

(1= 22 P ()P (1) {Pﬁ’ft%)qy(w) - PP @), (@) } (3%)

(14 x)ktt-d
where degree p;(x) < k — j and degree ¢;(z) <k —j+ 1.

Forj=k+1
1 — 2?1 P () { P (2))?

(k+ 11281 P (1P (-1)} o

By (z) =

By Lemma 3.1, Lemma 3.2, Lemma 3.3, Lemma 3.4 and Lemma 3.5 the polynomial R, (x) is satisfies the conditions (26)-(30)

hence the existence part of theorem is proved.

4. Order of Convergence of the Fundamental Polynomials

Theorem 4.1. Ifk >0, n > 2, for the first derivative of the second kind fundamental polynomials on [-1,1] holds.

n—1
> IC @] =0 (n**?) (37)
j=1
Proof. Differentiating (31), we get
Z|C ) =m+n2+n3

where
m = Z {(1 =2 4 22(k + 1)1+ 2)(1 = 2°) P (@) || P @)1 ()]
— !
(L+a)(1 — 2328 P @) | P (@)

j=1

We use the decomposition (19) for I} (z)

< S L= 4 2e 4 DL D)1= S YEO@IES @ oy
3k, 90 3 n—1
=1 (14 25)(1 = 232) F 3P (@) P ()

n—2
{ + 3 (- R @R >|}

where 71 is a constant independent of x. By using (23) and (24), we get

w

1
x2y3k k1) ey
(1 —a2)F+5 [P (@)

v/

(38)

=0(n-1)

Using (16), (17), (22), (23) and (38), we obtain

k)/ k+1 k k 4 *
— 22" ()| [P (@) + 1P (@) | P (@) 11 ()|
pct (1+a) (1 — a2k PO (@) || P (22)]
n— n k+1 n k k+2
V(L) (1= ) P @) 4 (R PO @) | (@)} e
* «2\3k 19 k+1) /. k n—1
(L +a)(1—a:2) 2+ PRI (22| P (23]

Y2+ Z hk+1 (1-zj )I;H*Pu(k+1)(fv;)||Py(k+1)($)}

/—/H

where 7 is a constant independent of x. Using (16), (17), (22), (23) and (38), we get

n2 = O (nkJr%)
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E_I (1+2)(1 =) P (@) || P (@) 11 ()

S (L) - a2 PO @) P @)

e[ ML G NPV @ s
/ n—1

= (21— 2p?) E P @) P (23)]

{MZW ) P )|P5’““>’<x>|}

3&».
,_.,_.

I A

where ~y3 is a constant independent of x. Using (15), (16), (17), (22), (23) and (38), we obtain
ns =0 (TLH%)

Hence the theorem is proved.

Theorem 4.2. If k> 0, n > 2, for the first deriative of the first kind fundamental polynomials on [-1,1] holds.

1

(1 - a3%)|Bj(@)| = 0 (n***7)

1

n

<.
Il

Proof. Differentiating (32), we get

n—1

> =) Bj@)] =i+ G+ G

Jj=1

where

G= z [(1+2)(1 = 2®)| PP (@)] + {22(k + DA+ @) + (1 - 2?)} PP (@)]](1 - 22)*
(1 +25)(1 — &)k P (a3)]

Jj=1

We use the decomposition (20) for I} (z) and using (15) then we get

) AR P (@) + {22k + (1 +2) + (1 - 2} PP (@) )1

x |15 (@)

$2)k

i [(1+42) l—x
n—2n-—2

k %2\ k41 *
=) {” t2 2 Ly {h(k+1)}2 - )2*4PVW’(xj>|2|P£’“+”<w>|2}

v=1v=1

« dk k / « k «
(1 +a)(1—a32) 2 3P (@) 4| P (27))

where 74 is a constant independent of x. By using (23) and (24) then it holds

1
w23k 9 Dkt 1) oyt
(1 — a3 23| P (1)

=0(Mn-1)"7

Using (16), (17), (22), (23) and (44), we have

_ O( 2k+6)
2201+ 2)(1 = )P (@)1 ()11 ()]
= (1 +23) (1 — 232K PP (a3))|
21+ 2)(1 = a*)* | PP (@) x (VY
L4 a3)(1—232) T+ PO (@) P (a)]

G
C2

3 <
-

C2§Z(

j=1
n—2n—2 1 e 1 ,
*2\ 22 k * k k
" {”5 2D (- ) 2P ()P P ()| Y (w>|}
v=1v=1 v

where 75 is a constant independent of x. Using (15), (16), (17), (22), (23) and (44), we get

(=0 (n2k+7)

(40)

(41)

(42)

(43)

(44)
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n—1
Ga = 2{|5" (@)1 — 27°) + 25 (k + D}C' (@)
Jj=1
Differentiating (19), it holds
"
prgny = Pt (@5) A
i@ = — (45)
2P, 77 (25)
By using (15), (16) and (45), we get
17 (z5)] = O(n*) (46)
Using (23), (37) and (46), we obtain
(=0 (nkJrl*?S)
Hence the theorem is proved. O

Theorem 4.3. If k> 0, n > 2, for the first derivative of the first kind fundamental polynomials on [-1,1] holds.

n

S (1= 22)45(@)] = 0 (n*7) (47)
j=1
Proof. Differentiating (33), we get
(1—2;%)|A5(x)| = & + & + & (48)
j=1

where

(14 2) (1 — 2P (@) Y2 (2)]
= (1 - 22)E (1 +a) [P ()

We use the decomposition (20) for I;(z)

(1 — ) P (o) (0 + 2%+ D2(1+ 2) x A { o . }
= P (z)|| P (z
¢ g 401+ a,){(1 — 22 V5 E 1P ()14 76 +Z (k) ) 1P () (z)]

where 76 is a constant independent of x. Using (23), (24), it holds

1 1
(-2 5P @ ¢ <77) 9

By using (16), (17), (22), (23) and (49), we get

51 _ O(n2k+5)
201+ @) (1= 2 P (@) P (@)1 ()]
&=, (1 = 2;2)*(1 + )| PYEAD (25)2

Jj=1

3 <Z 2(1 + 2)(n + 2k + 1)°(1 xﬂ’”%P“*”( IPELD ()] x R
FT 41+ ) (1 — 22)5+5 | PP ()34

{w > (k) 2P ()| [P (& >|}

where 7 is a constant independent of x. Using (15) and (16) then it holds

|PMY ()] = O(n*+9) (50)
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By using (16), (17), (22), (23), (49) and (50), we get

& = 0(n***?)

s {1 = a)H 4 2k 4+ 1) (1 + @) (1 2?)* HPEE (@)L (@)
ggiz (1= a;2)k (1 + ;)| P ()2

< z": (n+ 2k + 1)2{(1 — 22! 4 22(k 4; 1)(1 +kx)( 22)F 3 P ()2 e
ot A1+ 2,){(1 — 22) 53 [P ()|}

{78 " Z (k) )PP (@ j>|P£k><x>|}

where ~s is a constant independent of x. By using (16), (17), (22), (23) and (49) then we obtain
53 _ O(n2k+3)

Hence the theorem is proved. O

Theorem 4.4. Let k > 0 be a fired integer m=3n+2k and let {x;}7—, and {z}}7=} be the roots of the Ultraspherical

polynomials P* >(m) and Pé’c_tl)(x) respectively if f € C"[-1,1] (r > k+ 1,n > 2r — k + 2) then the interpolational

polynomial
n k ) k+1 )
Rp(a; f) =) flx +Zf (x7) +Zf @)Ci(@) + Y fPN)D; () + > fP (1) E;(w)
i=1 Jj=0 Jj=0
with the fundamental polynomials given in (31)-(36) satisfies for x € [—1,1]
@) = R i) =0 (575 ) 0 (1#777) (51)

Proof. For k = 0 we refer to (11), proved by Xie and Zhou [9]. Let f € C"[—1,1], by the theorem of Gopengauz [1] for

every m > 4r + 5 there exists a polynomial p,,(z) of degree at most m such that for j =0,...,r
. . — 2\ — 2
19 @) =) @) < My (V) (50 )
m m

where w(f(r); .) denotes the modulus of continuity of the function fm(x) and the constants M, ; depend only on r and j.
Furthermore,

fOED) =pR (#1) (5=0,....7)
By the uniqueness of the interpolational polynomials Ry, (x; f) it is clear that R (z; pm) = pm(z). Hence for z € [—1,1]

[f" (@) = Ry (25 f) | < f (@) = P (@) | + | Ro (250m) — R (23 f) |
<|f' (=) |+Z|f 5) = pm (25) 145 ( |+Z|f j) = pm (23) || Bj (2) |

[un

n—1
+ 201 (@) — 2 () 11C5 (@) |
j=1

1 o 1) = , 1 o 1) & . ’
< Mpo—w (f< ’; g) > (1) 145 @)+ Mrocw (f( ’; 5) > (1-23%) 1B @)

(© 1) +Z @)1}

<.

1
+ My ——w
n
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Now applying the estimates (37), (41) and (47) we have

n n r

=0 (1) n2k7'r+7w (f(r)7 %)

‘f/ (I) _ Rfm (w,f)\ < O(].) ir,w (f(r); %) n2k+5 —I—O(l) ir,w (f(r); %) n2k+7 +O(1) nl_lw (f(r); %) (1 +nk+%)

which is the statement of the theorem. O
By using Main Theorem and (12) we can state the following convergence theorem.

Theorem 4.5. Let k > 0 be a fired integer, m = 3n + 2k, n > k+ 4, let {x;}7=; and {x}}}=' be the roots of the
ultraspherical polynomials P,(Lk)(m) and PFTl(x) respectively. If f € C**2[-1,1], f**2 € Lipa, a > %, then R, (z; f) and

Ry, (z; f) uniformly converge to f(z) and f'(x), respectively on [-1,1] as n — 0.
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