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1. Introduction

Theory of 2-Banach spaces was investigated by S. Gahler [5] and K. Iseki [6] who had proved some fixed point theorems in
2-Banach spaces. Y.J. Cho, N. Huang and X. Long proved some fixed point theorems for nonlinear mappings in 2-Banach
spaces. M.S. Khan and M.D. Khan [8] worked for Involutions with fixed points in 2-Banach spaces. In this paper we have

proved some fixed point theorems in quasi semi linear 2-normed space by working with ¢’-contraction.

1.1. Preliminaries

Definition 1.1. Let X be a linear space of dimension greater than 1 and let ||.,.| be a real-valued function on X x X

satisfying the following conditions:
(1). ||z, y|| = 0 if and only if z and y are linearly dependent.
(2). Nz, yll = lly, | for all z,y € X.
(3). ||z, ayl| = |all|z,y|l, a being real, for all z,y € X.
(4). |z, y + z|| < ||z, y|| + ||z, 2||, for all z,y,z € X.

Then ||., .|| is called a 2-norm and the pair (X, ||.,.||) is called a linear 2-normed space.
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Definition 1.2. A nonempty set X, together with a nonnegative function ||.,.| : X% — R is called a quasi semi linear

2-normed space such that
(1). to each pair of distinct points x,y € X, there exists a point z € X such that ||z — y, z|| # 0.
(2). lx —y, z|| = 0 if atleast two of z,y,z are equal.

Definition 1.3. ¢’ -contraction in Quasi Semi linear 2-Normed spaces Consider the set ¢, the set of all real valued functions

o Rf);_ — R4 satisfying the following properties:
(a). ©'(1,1,1) = h < 1, where h € R;.

(b). Letu,v € Ry be such that if either u < @' (u,v,v) oru < @' (v,u,v) oru < p(v,v,u), then u < kv, for some k € [h,1).

Definition 1.4. A self mapping T on a quasi sems linear 2-normed space (X, ||.,.||) is called a @' -contraction, if
1T — Ty,all < @'lllz - y,all, o — Tx,all, |y — Ty, all] ¥ 2,9,0 € X. ()
Throughout this paper, (X, ||.,.]|) is the quasi semi linear 2-normed space and using ¢’-contraction mapping, we proved the

following theorems.

2. Main Results

Theorem 2.1. Let (X, ||.,.||) be a quasi semi linear 2-normed space and T is a @' -contraction. If there exists a point zo € X
such that for all a € X

|lxo — Txo, a|| = inf{||lx — Tz,a| : x € X} (2)
then T has a unique fized point.

Proof.  Suppose xo # Txo, put = o,y = Txo in (1). Therefore, | Txo—T>x0,al| < ¢'[||xo—T=0,al|, ||xo—Tx0,all, | Tzo—
T?z0,all]. ||Txo—T%x0,a| < k|0 —Txo, a|| for some k € [h, 1) [From ¢'-contraction] Since k < 1, we have ||Txo—T?x0, a|| <
lxo — T'zo, al|, which is a contradiction to (2). Hence, Txo = zo. Therefore, xo is the fixed point of T.

Uniqueness: Let yo be another fixed point of T. That is yo = Tyo. Now,

2o = o, all = [Txo — Tyo, all < &' (llzo — o, all, lz0 — Two, all, [lyo — Tyo, all)
< &' (llwo = o, all, [lzo — o, all, [lyo — yo, all)

< ¢'([lwo — %o, all, 0,0)
Therefore by ¢’-contraction, we obtain ||zo —yo, al| < 0(or) ||zo—yo,a|| = 0 = zo = yo. That is, the fixed point is unique. [
Remark 2.2. The Example 2.3 shows that the conditions (1) and (2) are essential in Theorem 2.1.
Example 2.3. Let X = {1,2,3,4} be a finite set with a 2-normed linear space defined as follows:

lx —y,z|| =0, if at least any two of z, y, z are equal. Take

1—-2,3| =3

1—2,4] =4
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12—3,4] =5

I1—3,4] =6.

We define T : X — X by T(1) = 2; T(2) = 3; T(3) = 4; T(4) = 1. Clearly, inf |z — Tx,T?z|| exists. The property
Tz — Ty,all < ¢'(llz —y,all, |z — Tz,all, |y — Ty, al]) for all z,y,a € X does not exists. Since T is not a ¢'-contraction.
So, in particular, let us take x = 1; y = 2; a = 4, we have [|[T(1) — T(2),4| < @' (||1 —2,4],]|1 = T(1),4], 12 — T(2), 4]).
That is, |12 — 3,4] < @' (|1 — 2,4, [|]1 — 2,4, |12 — 3,4]|). Using ¢'-contraction, we get ||2 — 3,4| < k|1 — 2,4| or 5 < k.4

which is not possible since k < 1. From this, T has no fized point.

Corollary 2.4. Let (X, ||.,.||) be a quasi semi linear 2-normed space and T a self map of (X, ||.,.||) satisfying the following

conditions:
(c). there exists an integer n such that ||[T"z — T y,a|l| < ¢'(||lz — y,a|, |z — T"=z, al|, ||y — T"y, al|) for all z,y,a € X.
(d). there exists a point xo € X such that ||zo — T"xo,a| = inf{|jlx — T"x,a|| : x € X}, then T has a unique fized point.

Proof. Suppose S =T", then by the above theorem, S has a unique fixed point. Hence, T™ has a unique fixed point Let
Zo be the unique fixed point of T™. So, T"(Tzo) = T(T"x0) = Txo. Therefore, Txo is a fixed point of T". If Tzo # xo,

then it is a contradiction to the existence of unique fixed point of T". Thus Txo = xo. O
Theorem 2.5. Let S and T be self mappings of a quasi semi linear 2-normed space (X, ||.,.||) satisfying the condition:
[Tz — Sy, all < ¢'(z —y,al|, [lx — Tz, all, [ly — Sy, al]) 3)

for all x,y,a € X. If there exists a point xo € X such that for all x,a € X
[z = Txo, a| < [l — Sz, al| (4)

then S and T has a unique common fized point.

Proof. Let Txo # xo. Put z = xg, y = Txo in (3), we obtain
| Txo — S(Txo), all < ¢'(|lxo — Txo, al|, |zo — To, all, [ Txo — S(Txo), all)

By ¢’-contraction, we get |Tzo — S(Tz0),al| < k||wo — Txzo,al < ||xo — Txo,a|. This is a contradiction to (4). Therefore

Txo = xo, which implies ¢ is also a fixed point of S. Let Sxz¢ # o, then
[zo — Swo, a|l = |Tzo — Szo,al| < ¢'([lzo — w0, all, |zo — Txo, all, |z0 — Szo, al|)
That is,

lzo — Szo,al| < (0,0, ||xo — Szo, al|)

|lxo — Szo,al <0

Hence, Sxo = xo.

For uniqueness, let yo be another fixed point of S and T. That is, Syo = Tyo = yo. Then,

2o = o, all = [ Tzo = Tyo, all < ¢'(llxo — yo, all, [lzo — Tzo, all, lyo — Tyo, all)
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< &' (llwo = yo, all, lzo — o, all, [lyo — o, all)

< ¢'(lwo — yo,al|, 0,0)
Therefore by ¢’-contraction, we obtain ||zo — yo,a|| < 0 or ||zo — Yo, al = 0 = xo = yo. Which implies that the fixed point
is unique. O

Corollary 2.6. Let (X, ||.,.]|) be a quast semi linear 2-normed space and let S and T be self maps of (X, ||.,.||) satisfies the

following conditions:
(e). there exists an integer m and n such that |T"z—S"y, all < @' (|lz—vy,all, |x—T"z, all,|ly— Sy, al]) for allz,y,a € X.

(f). if there ezists a point xo € X such that for all x,a € X||zo — T"xzo,al < ||z — S™x,al|, then S and T has a unique

fixed point.

Corollary 2.7. Let (X,||.,.]|) be a quasi semi linear 2-normed space and T be a self map of (X, ||.,.||) satisfying the following

conditions:
(g). There exists an integer m and n such that |[T"z—T"y, al| < @' (|lz—y,al, |lz—=T"z,all, |ly—T™y, a||) for allz,y,a € X.

(h). For all z,a € X, there exists a point xg € X such that ||xo — T"xo,a|| < ||z — T™x,al|, then T has a unique fized

point.

Theorem 2.8. Let (X, ||.,.||) be a quasi semi linear 2-normed space and T be a self map of X.

Tz — Ty, a|| < {||x — Tz,a|| ||z —y,a||}'/*> V z,y,a € X. (5)

if there exists a real valued function F defined by F(x) = ||z — Tz, al| for all x € Xsuch that F(x) < F(Tx), then T has a

unique fized point in X.

Proof.  Suppose for some xo € X, o # Txo. Then F(Tzo) = ||[Txzo — T(Tx0),al| < {||zo — Txo,al| ||zo — Txo,al/}/? =
F(Tzo) < ||zo — Txo,al| = F(Txo) < F(xo), which is a contradiction. Hence, T'zo = zo.

Uniqueness: Let yo be another point of X different from x¢ such that Tyo = yo. Then

lzo = o, all = || Two — Tyo, al| < {||lzo — Txo, a|| w0 — yo, af|}'/?
= {llzo — wo,all ||lzo — yo,al[}"?
=0
Hence ||zo — yo, al| < 0 which implies that ||zo — yo, a|| = Oorzo = yo. O

2.1. Expansion Mappings in Quasi Semi Linear 2-normed Space
In the case of expansion mappings, we have the following theorem:

Theorem 2.9. Let (X, |.,.|]|) be a quasi sems linear 2-normed space and let T be a surjective self map of X such that for

all x,y,a € X.

[Tz — Ty, al| > min{||lz - y,al ||z — Ty, a|}"/? (6)

for all x,y,a € X. If there exists a real valued function F defined by F(z) = ||z — Tz, a| such that F(z) < F(Tz), then T

has a unique fized point of X.
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Proof.  Suppose for some 2o € X, zo # Tzo. Then

F(Txzo) = ||[Txo — szo,aH =||Tzo — T(Tx0),all
. 1/2
> min{[zo — T, all, |70 — Tzo, all}
= |lzo — Tzo, all

= F(l’o)

Thus F(Tzo) > F(z0), which is a contradiction. Hence, Txo = zo. Thus T has a fixed point of X.
Uniqueness: Let yo be another point of X different from x¢ such that Tyo = yo. Then F(Tyo) = ||[Tyo — T?yo,al =
ITyo — T(Tyo|| > F(yo). Thus T has a unique fixed point of X. O
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