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Abstract
In this paper, Q-fuzzy ideals and Q-fuzzy subalgebras concepts of Hilbert algebras are introduced
and proved some results. Further, we discuss the relation between Q-fuzzy ideals (respectively Q-
fuzzy subalgebras) and level subsets of a Q-fuzzy set. Q-fuzzy ideals and Q-fuzzy subalgebras are

also applied in the Cartesian product of Hilbert algebras.
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1. Introduction

The concept of fuzzy sets was proposed by Zadeh [20]. The theory of fuzzy sets has several applications
in real-life situations, and many scholars have researched fuzzy set theory. After the introduction of
the concept of fuzzy sets, several research studies were conducted on the generalizations of fuzzy
sets. The integration between fuzzy sets and some uncertainty approaches such as soft sets and rough
sets has been discussed in [1,4,7]. The idea of intuitionistic fuzzy sets suggested by Atanassov [2]
is one of the extensions of fuzzy sets with better applicability. Applications of intuitionistic fuzzy
sets appear in various fields, including medical diagnosis, optimization problems, and multicriteria
decision making [12-14]. The concept of Hilbert algebra was introduced in early 50-ties by L. Henkin
and T. Skolem for some investigations of implication in intuicionistic and other non-classical logics. In
60-ties, these algebras were studied especially by A. Horn and A. Diego from algebraic point of view.
A. Diego proved (cf. [9] that Hilbert algebras form a variety which is locally finite. Hilbert algebras
were treated by D. Busneag (cf. [5], [6]) and Y. B. Jun (cf. [15]) and some of their filters forming
deductive systems were recognized. W. A. Dudek (cf. [11]) considered the fuzzification of subalgebras
and deductive systems in Hilbert algebras. In this paper, Q-fuzzy ideals and Q-fuzzy subalgebras
concepts of Hilbert algebras are introduced and proved some results. Further, we discuss the relation
between Q-fuzzy ideals (respectively Q-fuzzy subalgebras) and level subsets of a Q-fuzzy set. Q-fuzzy

ideals and Q-fuzzy subalgebras are also applied in the Cartesian product of Hilbert algebras.
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2. Preliminaries

Definition 2.1 ( [9]). A Hilbert algebra is a triplet H = (H,*,1), where H is a nonempty set, x is a binary
operation and 1 is fixed element of H such that the following axioms hold for each x,y,z € H.

1 x*x(y*xx) =1,
2. (xx(y*z))*((xxy)*(xxz)) =1,
3. xxy=1and yxx =1imply x = y.
The following result was proved in [11].
Lemma 2.2. Let H = (H, %, 1) be a Hilbert algebra and x,y,z € H. Then
1. xxx=1,
2. 1xx=x,
3. xx1=1,
4. xx (yxz) =yx*(x*2z).

It is easily checked that in a Hilbert algebra H the relation < y defined by x <y < xxy =1lisa

partial order on H with 1 as the largest element.

Definition 2.3 ( [16]). A nonempty subset S of a Hilbert algebra H = (H, x,1) is called a subalgebra of H if
(Vx,ye H)(x€S,ye S=xxy €8S).

Definition 2.4 ( [8]). A nonempty subset I of a Hilbert algebra H = (H, %,1) is called an ideal of H if
1. 1€,
2. xxy€lforallx e H y€l,
3. (yax(y1xx))*xx €lforallx € H yy,y» € L.

Definition 2.5 ( [10]). A fuzzy set u in a Hilbert algebra H is said to be a fuzzy ideal of H if the following

conditions are hold:
1. u(1) > u(x) forall x € H,
2. u(xxy) > u(y) forall x,y € H,
3. u((y1* (2% x)) x x) = min{p(y1), u(y2)} for all x,y1,y> € H.

Lemma 2.6. Let p be a fuzzy set in A. Then the following statements hold: for any x,y € A,

1. 1—max{u(x),u(y)} = min{1 — u(x),1—u(y)},
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2. 1 =min{p(x), u(y)} = max{l — p(x),1 - u(y)}.

Definition 2.7 ( [17]). A Q-fuzzy set in a nonempty set X (or a Q-fuzzy subset of X) is an arbitrary function
i X x Q —[0,1], where Q is a nonempty set and [0, 1] is the unit segment of the real line.

Definition 2.8 ( [17]). Let u be a Q-fuzzy set in A. The Q-fuzzy set u defined by 1(x,q) =1 — u(x,q) for all
x € Aand q € Q is called the complement of p in A.

Remark 2.9. For a Q-fuzzy set y in A, we have y = 7.

Definition 2.10 ( [18]). Let f : A — B be a function and y be a Q-fuzzy set in B. We define a new Q-fuzzy set
in Aby psas u(f(x),q) forallx € Aand q € Q.

Definition 2.11 ( [18]). Let f : A — B be a bijection and p s be a Q-fuzzy set in A. We define a new Q-fuzzy
setin B by pas u(y,q) = pg(x,q), where f(x) =y forally € Band g € Q.

Definition 2.12 ( [18]). Let u be a Q-fuzzy set in A and § be a Q-fuzzy set in B. The Cartesian product

uxd:(AxB)xQ — [0,1] is defined by (u x 6)((x,y),q) = max{u(x,q),6(y,q)} forallx € A,y € B
and g € Q. The dot product pu-6 : (A x B) x Q — [0, 1] is defined by (u-6)((x,y),q) = min{u(x,q),5(y,q)}
forallx € A,y € Band q € Q.

Lemma 2.13. Forany a,b € R such that a < b, a < % < b.
Lemma 2.14 ( [19]). Let u be a fuzzy set in A and for any t € [0,1]. Then the following properties hold:
1. L(p, t) =U(u,1—1t),
2 L (ut) = U (7,1 1),
3. U(p,t)=L(u,1—1t),
4. Ut (pu,t) =L (g, 1—1t).

Lemma 2.15 ( [19]). Let pu be a Q-fuzzy set in A and for any t € [0,1] and q € Q. Then the following properties
hold:

1. L(u, t,q) = U(E,1—t,q),
2. L= (wt,q) =U"(,1-t,q),
3. U(p,t,q) = L1, 1—t,q),
4. U (u,t,q) =L~ (g, 1-t,q).

Lemma 2.16 ( [19]). Let u be a Q-fuzzy set in A and for any t € [0,1] and q € Q. Then the following properties
hold:

1. L(ut) = N L(utq),
q€Q
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2. L= (ut) = N L™ (u,t,q),
q€Q

3. Uy, t) = X U(ut,q),

qe

4.U"(u,t) = N U (ut,q).
Q

qe

3. On Q-fuzzy Subalgebra of Hilbert Algebra

Definition 3.1. A Q-fuzzy set y in a Hilbert algebra H is called a q-fuzzy subalgebra of H if

(Vx,y € H) ( p(xxy,q) = min{p(x,q), (v, q)} ) : M)

A Q-fuzzy set y in a Hilbert algebra H is called a Q-fuzzy subalgebra of H if it is a Q-fuzzy subalgebra of H for
all g € Q.

Example 3.2. Let H = {1,x,y,2,0} be a set with a binary operation - defined by the following Cayley table:

oONR R | ¥
el el
_ R e R R
S
— = NN NN
RS N OO O

Then (H,*,1) is a Hilbert algebra. Let Q = {q}. We define a q-fuzzy set u in H as follows: u(1,q) =
1,u(x,q) =08,u(y,q) =08,u(z,q) =0.7,1(0,q) = 0.4. Then u is a Q-fuzzy subalgebra of H.

Proposition 3.3. Every Q-fuzzy subalgebra u of a Hilbert algebra H satisfies p(1,q) > u(x,q) forall x € H
and q € Q.

Proof. For any x € H and g € Q, we have u(1,q) = u(x*x,q) > min{u(x,q),u(x,q9)} = u(x,9). O

Proposition 3.4. Let yu be a Q-fuzzy subalgebra of a Hilbert algebra H. Define a Q-fuzzy set vy in H by

y(x,q9) = flg’ Z§ forall x € Hand q € Q. Then vy is a Q-fuzzy subalgebra of H.

Proof. Let x,y € H and q € Q. Then

Y(xxy,q) =
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Definition 3.5. A Q-fuzzy set yu in a Hilbert algebra H is said to be a Q-fuzzy ideal of H if the following

conditions are hold:

(vx € H) ( pu(1,q) > p(x.q) ) )
(Vxy € H) (p(xey,q) > plnq) ). 3)
(v x,y1,y2 € H) (ju((ya* (92 % %,0),4) *%,9) > min{ju(yn, ), 1 (y2,9)} ) - ()

A Q-fuzzy set u in a Hilbert algebra H is called a Q-fuzzy ideal of H if it is a q-fuzzy ideal of H for all q € Q.

Example 3.6. Let H = {1,x,y,z,0} be a set with a binary operation x defined by the following Cayley table:

*x |1 x vy z
111 x vy z
x|1 1 y z
yl1l x 1 z
z|1 1 y 1

Then (H, *,1) is a Hilbert algebra. Let Q = {q}. We define a g-fuzzy set u as follows: u(1,q) = 0.9, u(x,q) =
0.3,u(y,q) =0.1,u(z,q) = 0.6. Then y is a Q-fuzzy ideal of H.

Proposition 3.7. If y is a Q-fuzzy ideal of a Hilbert algebra H, then

(Vx,yeH)< w((y*x,q)xx,q) > p(y,q) ) ©)

Proof. Putting y; = y and y» = 1 in (4), for any g € Q, we have

n((y*x,q)*x,q) > min{u(y,q), n(1,q9)} = u(y,q).

Lemma 3.8. If i is a Q-fuzzy ideal of a Hilbert algebra H, then we have the following

(VxyeH) ( x<y = ptog) < pwq) ) (©6)

Proof. Let x,y € H be such that x <y and g € Q. Then x *y = 1 and so

uly,q) = u(lxy,q)

u(((x*y,q9)* (x*y,q)) xy)
min{p(x*y,q), p(x,q9)}
min{u(1,q), u(x,q)}
u(x,q).

AV AVAR |



On g-fuzzy Sets in Hilbert Algebras / R. Alayakkaniamuthu 26

Theorem 3.9. Every Q-fuzzy ideal of a Hilbert algebra H is a Q-fuzzy subalgebra of H.

Proof. Let u be a Q-fuzzy ideal of H. Since y < x xy for all x,y € H, from Lemma 3.8 that, for any
g€ Q,uly,q) > u(xxy,q). It follows from (3) that

uxxy,q) > uyq)
> min{u(x*y,q),u(x,q)}
> min{u(x,q), u(y,q)}.

Hence y is a Q-fuzzy subalgebra of H. O

Proposition 3.10. If {y; : i € A} is a family of Q-fuzzy ideals of a Hilbert algebra H, then N y; is a Q-fuzzy
ST
ideal of H.

Proof. Let {y; :i € A} be a family of Q-fuzzy ideals of a Hilbert algebra H.
Let x € H and q € Q, we have

(/\ Vz> mf{‘ul(l q)} > mf{]/lz X,q)} (/\ Vl)
i€A icA
Let x,y € H and q € Q, we have
(/\#) xxy,q) = inf{pi(x xy,9)} > inf{pi(y, 9) (/\u)
ieA i€EA

Let x,y1,y2 € H and g € Q, we have

() (s ) ex,n) = infl(n = G50, ) 5 )
> inf{min{p;(y1,9), pi(y2,9)}}

= min{(ié\A%) (]/1/ ), (/\ V) (2,9 )}

Hence A A;is a Q-fuzzy ideal of a Hilbert algebra H. O
i€eA

Definition 3.11. A Q-fuzzy set y in a Hilbert algebra H is said to be a Q-fuzzy deductive system of H if the

following conditions are hold:

(vx € H) (pu(1,9) > u(xq) )., @)

(Vx,y € H) (u(y,q) > min{u(xxy,9), 1(x,q)} )- ®)

A Q-fuzzy set u in a Hilbert algebra H is called a Q-fuzzy deductive system of H if it is a Q-fuzzy deductive
system of H forall g € Q.
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Proposition 3.12. Every Q-fuzzy ideal of a Hilbert algebra H is a Q-fuzzy deductive system of H.

Proof. Let p be a Q-fuzzy ideal of H. If y; = x xy, y» = x, where x,y € H and q € Q, then by (1), (2) of

Lemma 2.2 and (4), we have

w(y,q) =pulxy,q) =pu(((x*xy,q)* (xxy,q)) xy,q) > min{p(x *y,q), u(x,9)}

Hence p be a Q-fuzzy deductive system of H. O

Definition 3.13. Let y be a g-fuzzy set of a Hilbert algebra H and t € [0,1]. Then we define the sets U(u,t) =
{x € H:u(x,q) >t,Vg € Q}and U"(u,t) = {x € H: u(x,q) > t,Yq € Q} are called an upper a-level
subset and an upper a-strong level subset of u, respectively. The sets L(u,t) = {x € H : u(x,q) < t,¥q € Q}
and L~ (u,t) = {x € H : u(x,q) < t,Vq € Q} are called a lower t-level subset and a lower t-strong level
subset of u, respectively. For any q € Q, the sets U(u,t,q) = {x € H: u(x,q) >t} and U*(u,t,q) = {x €
H :u(x,q) > t} are called a g-upper t-level subset and a q-upper t-strong level subset of u, respectively. The
sets L(p, t,q) = {x € H:u(x,q) < t}and L™ (u,t,q) = {x € H: u(x,q) < t} are called a g-lower t-level

subset and a g-lower t-strong level subset of u, respectively.
Theorem 3.14. Let u be a Q-fuzzy set in H. Then the following statements hold:

1. 7 is a Q-fuzzy ideal of H if and only if for any t € [0,1] and q € Q, L(, t,q) is either empty or an ideal
of H.

2. wis a Q-fuzzy ideal of H if and only if for any t € [0,1] and q € Q, L™ (u, t,q) is either empty or an ideal
of H.

3. wis a Q-fuzzy ideal of H if and only if for any t € [0,1] and q € Q, U(u, t,q) is either empty or an ideal
of H.

4. pis a Q-fuzzy ideal of H if and only if for any t € [0,1] and q € Q, U™ (u,t,q) is either empty or an ideal
of H.

Proof. (1). Assume that 7 is a Q-fuzzy ideal of H. Then y is a Q-fuzzy ideal of H for all 4 € Q.
Let g € Q and t € [0,1] be such that L(y,t,q) # @ and let x € L(u,t,q). Then u(x,q) < t. Thus

p(Lg) = px*x,q) = f(x,q). Then1—pu(lq) = 1-p(x,q), so p(lq) < p(x,q) <t Hence
1€ L(ut,q). Let x,y € H be such that y € L(p,t,q). Then p(y,q) < t. By Definition 1.10 (2), we have

#(xxy,q) > 7(y,q). Then

Y

L—u(x=*y,q) 1—u(y,q)
u(xxy,q) u(y,q)
uxxy,q) < ulyq) <t

IN
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Thus x*xy € L(u,t,q). Let x,y1,y2 € H be such that y1,y2 € L(u,t,q). Then u(y1,q9) < t and
#(y2,q) < t. Then we have fi((y1 * (y2 * x,9),¢) * x,q) > min{z(y1,q), #(y2,q)}- Then

v

H((y1* (y2xx,9),q) *x,q) min{7(y1,9), #(y2,9)}
—u((y1* (y2%xx,9),q) *x,9) min{1 — u(y1,9),1— p(y2,q)}
—u((y1 % (y2xx,9),q) *x,q) 1 —max{u(y1,q9), 1(y2,9)}

(v (2xx,q),9)xx,9) < max{u(ys,q), u(y2q)} <t

Y

v

Thus (y1 * (y2*x)) *x € L(u,t,q). Hence L(p,t,q) is an ideal of H. Conversely, assume that every
nonempty set L(y, t,q) is ideal in H. If i(1,q) > %(x,q) is not true for all x € H and g € Q. Then there
exist xp € H and g € Q such that 71(1,q) < 7i(xo,q). Then

w(l,q9) < u(xo0,9)
1—u(l,q) < 1-—pu(xoq)
u(lyg) > w(xoq)

Let t = 3(u(1,q) + pu(xo0,q)). Then t € [0,1] and by Lemma 2.13, we have u(1,q) > t > u(xo,q). Thus
xo € L(p,t,q), thatis L(u, t,q) # @. By assumption, we have L(j,s,q) is an ideal of H. It follows that
1€ L(u,t,q),s0u(l,q9) <t whichis a contradiction. Hence 7(1,q) > 7(x,q) for all x € H and g € Q.
Ifu(x*y,q) > u(y,q) is not true for all x,y € H and q € Q. Then there exist xo,yo € H and q € Q such
that 77(xo * yo,9) < #(yo,9). Then

w(xo*xyo,q) < #(yo,q)
1—pu(xo*vo,q9) < 1—pu(yo,q)
(xo*yo,q) > p(yo,q)

Let tg = 3(u(x0*v0,q) + u(vo,q)). Then ty € [0,1] and p(x0 * y0,9) < to < u(yo,q), which prove
that yo € L(u, to,q). Since L(u,to,q) is an ideal of H, xo*xyo € L(p,to,q). Hence u(xo * yo,q) >
to, a contradiction. Thus pu(x *y,q) > u(y,q) is true for all x,y € H and q € Q. Suppose that
"y * (y2xx,9),9) *x,q) > min{#i(y1,9),#(y2,9)} is not true for all x,y1,y, € H. Then there exist
up, v, xo € H and g € Q such that 7i((uo * (vo * x0,9),9) * Xo,q) < min{(uo,q),#(vo,q)}. Then

min{7(uo,q), #(vo, ) }

min{1 — p(uo,q),1 — pu(vo, )}
1 —max{p(uo,q), u(vo,9)}
max{u(uo,q), #(vo,q)}

#((uo * (v * x0,9),q) xx0,q) <
1 — u((uo * (vo*x0,9),9) *x0,q) <
1= p((uo * (v0 * x0,q),q) * X0,q) <

p((uo * (00 * x0,9),q) * x0,9) >
Taking p = 1 (u((uo * (vo * x0,9),9) * x0,q) + max{p(uo,q), 1(v0,9)}). Then p € [0,1] and by Lemma
2.13, we have u((uo * (vo * x0,9),q) * x0,9) > p > max{u(uo,q),u(vo,q)}. Thus u(ug,q) < p and
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1(vo,q) < p, so ug,v9 € L(p,p,q), so L(u, p,q) # ©. By assumption, we have L(y, p,q) is an ideal of
H. It follows that (ug * (v * x0) * x0 € L(i, p,q), so u((uo * (v * x0,9),9) * x0,q) < p, a contradiction.
Hence 11((y1 * (Y2 x,q),q) *x,q) > min{(y1,q),#(y2,q)} is true for all x, y1,y» € H and q € Q. Hence
1 is a Q-fuzzy ideal of H for all g € Q. Consequently % is a Q-fuzzy ideal of H.

(2). Assume that j is a Q-fuzzy ideal of H. Then ¥ is a Q-fuzzy ideal of H for all g € Q. Let
g € Qand t € [0,1] be such that L™ (u,t,q) # @ and let x € L™ (p,t,q). Then u(x,q) < t. Thus
#(lLq) = p(x*x,q9) = #H(x,q). Then 1—pu(l,q) > 1—u(x,q), so u(1,q) < p(x,q) < t. Hence
1€ L (ut,q). Let x,y € Hbe such that y € L™ (i, t,q). Then u(y,q) < t. By Definition 1.10 (2), we
have u(x*y,q) > 1(y,q). Then

v

1—u(x*y,q) 1—u(y,q)
wixxy,q) < wuy.q)
wixxy,q) < uly.q) <t

Thus xxy € L= (u,t,q). Let x,y1,y2 € H be such that y1,y» € L~ (i, t,9). Then u(y1,q) < t and
#(y2,q) < t. Then we have 7i((y1 * (y2 * x,9), ) * x,q) > min{7(y1,9),7(y2,q)}- Then

v

min{7(y1,9), #(y2,9)}

min{1 — u(y1,9),1— u(y2,q)}
1—max{pu(y1,q), u(y2,q)}
max{pu(y1,q), u(y2,q)} <t

H((y1* (y2xx,q),q) *x,q)
1= u((y1* (y2+x,9),9) *x,q)
1—p((yr* (2% x,9),9) *x,q)

u((y1 = (y2xx,9),9) * x,q)

(AVARNVS

IN

Thus (y1 * (y2*x)) *x € L~ (u,t,q). Hence L™ (y,t,q) is an ideal of H. Conversely, assume that every
nonempty set L™ (y,t,q) is ideal in H. If 71(1,q) > 7i(x,q) is not true for all x € H and g € Q. Then
there exist xo € H and g € Q such that 71(1,9) < 7i(xo,9). Then

w(l,q) < u(xo,q)
1—u(l,q) < 1—pu(xoq)
u(lg) > wu(xoq)

Let t = 3(u(1,q) + u(xo,q)). Then t € [0,1] and by Lemma 2.13, we have u(1,q) > t > u(xo,q). Thus
xo € L~ (p,t,q), thatis L= (u, t,q) # @. By assumption, we have L~ (i, s,q) is an ideal of H. It follows
that 1 € L~ (p,t,9), so u(1,q) < t, which is a contradiction. Hence 7(1,4) > 7i(x,q) for all x € H and
ge Q. Ifu(x=*y,q) > 1u(y,q) is not true for all x,y € H and g € Q. Then there exist xo,yo € H and

g € Q such that 7(xg * yo,9) < #(yo,9)- Then

w(xo*xyo,q) < #(yo,q)
1—p(xo*yo,q) < 1—u(voq)
(xo*yo,q) > p(yo,q)
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Let to = 3(u(x0*y0,9) + 1(yo,q)). Then tog € [0,1] and u(xo *yo,q9) < to < u(vo,q), which prove
that yo € L~ (y,to,q). Since L™ (p, to,q) is an ideal of H, xo *yo € L™ (y, to,q). Hence u(xo *yo,q) >
to, a contradiction. Thus pu(x *y,q) > u(y,q) is true for all x,y € H and q € Q. Suppose that
"y * (y2xx,9),9) *x,q) > min{7i(y1,9),#(y2,q)} is not true for all x,y1,y, € H. Then there exist
up, v, xo € H and g € Q such that 7((ug * (vo * x0,9),9) * Xo,q) < min{ji(uo,q),#(vo,q)}. Then

#((uo * (vo * x0,9),q) xx0,q) < min{p(uo,q),#(vo,q)}
1= u((uo * (00 * x0,q),q) * x0,q) < min{l— p(uo,q),1— p(vo,q)}
1 — p((uo * (vo * x0,9),q) * x0,9) < 1—max{pu(uo,q), (v, 9)}
u((uo * (vo * x0,9),q) *xo,q) > max{p(uo,q),p(vo,q)}

Taking p = 3 (p((uo * (vo * x0,9),9) * x0,q) + max{p(uo,q), #(v0,9)}). Then p € [0,1] and by lemma
2.8, we have p((uo * (vo * x0,9),q) * x0,q) > p > max{p(uo,q), #(v0,9)}. Thus p(ug,q) < p and
1(vo,q) < p, so ug,v9 € L= (p,p,9), so L~ (i, p,q) # ©. By assumption, we have L~ (y,p,q) is an
ideal of H. It follows that (ug * (vo * x0) *x0 € L™ (i, p,q), so u((uo * (vo * x0,9),9) * x0,9) < p, a
contradiction. Hence 7((y1 * (y2 % x,q),q) * x,q) > min{ji(y1,q),7#(y2,9)} is true for all x,y1,y» € H
and g € Q. Hence 7 is a Q-fuzzy ideal of H for all ¢ € Q. Consequently 7 is a Q-fuzzy ideal of H.

(3). Assume that y is a Q-fuzzy ideal of H. Then yu is a Q-fuzzy ideal of H for all g € Q. Let g € Q and
t € [0,1] be such that U(y,t,q) # @ and let x € H be such that x € U(y,t,q). Then u(x,q) > t. Thus
1(1,q) = u(xxx,q) > u(x,q). Hence u(1,q9) > u(x,q) >t,sol € U(u,t,q). Let x,y € Hand q € Q be
such that y € U(u,t,q). Then u(y,q) > t. Then we have u(x *y) > u(y,q). Then u(x*y,q) > u(y,q).
Thus, u(xxy,q) > u(y,q) > t, so xxy € U(u,t,q). Let x,y1,y» € H and q € Q be such that
y1,y2 € U(u,t,q). Then u(y1,q) > t and u(yz,q) > t. Then we have u((y1 * (y2 % x,q),q) *x,q) >
min{p(y1,9), #(y2,9)}- Then u((y1* (y2*x,9),4) *x,q) = min{p(y1,q), #(y2,9)} = £, 50 (y1* (y2+x)) *
x € U(p,t,q). Hence U(p, t,q) is an ideal of H. Conversely, assume that every nonempty set U(y, t,q) is
anidealin H. If u(1,q) > u(x,q) is not true for all x € H and g € Q. Then there exist xo € Hand g € Q
such that y(1,q) < u(xo,q). Let t = 3(u(1,9) + u(xo,q)). Then t € [0,1] and by Lemma 2.13, we have
1(l,q9) <t < u(xo,q). Thus xo € U(p,t,q), so, U(p,t,q) # D. By assumption, we have U(j, t,q) is an
ideal of H. It follows that 1 € U(u,t,q), so u(1,q) > t, which is a contradicition. Hence p(1,9) > u(x,q)

forall x € Hand g € Q. If u(x*y,q) > u(y,q) is not true for all x,y € H and g € Q. Then there

exist xo,yo € H and q € Q such that pu(xo*yo,9) < u(vo,q). Let to = (u(x0*vyo0,9) + 1(yo,q))-

Then ty € [0,1] and by Lemma 2.13, we have u(xo * yo,q9) < to < u(yo,q). Then yo € U(u, to,q), so,
U(u,to,q) # D. By assumption, we have U(y, to,q) is an ideal of H. It follows that x¢ * yo € U(u, to,q).
Hence p(x0 * yo,q9) > to, which is a contradiction. Hence p(x *y,q) > u(y, q) is true for all x,y € H and

g € Q. Suppose that u((y1 * (y2*x,9),q) *x,q) > min{p(y1,q), #(y2,9)} is not true for all x,y,,y» € H
and g € Q. Then there exist ug,vo,x0 € H and g € Q such that p((u * (vo * x0,9),9) * X0,q) <

min{p(uo, q), 1(v0,q)}. Let p = 5(u((uo * (vo * Xo0,q),q) * xo,9) + min{p(uto,4), 4 (v0,9)}). Then p €
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[0,1] and by Lemma 2.13, we have u((ug * (vo * x0,9),9) * xX0,4) < p < min{pu(uo,q), #(vo,q)}. Then
ug,v9 € U(u, p,q), so, U(u, p,q) # @. By assumption, we have U(y, p,q) is an ideal of H. It follows
that (1o * (vo * x0)) * xo € U(u, p,q). Hence u((uo * (v * xo,4q),q) * x0,9) > p, which is a contradiction.
Hence u((y1 % (y2*x,9),9) *x,q) > min{u(y1,9), #(y2,q)} is true for all x, 1, y» € H and g € Q. Hence
i is a Q-fuzzy ideal of H for all 4 € Q. Consequently yu is a Q-fuzzy ideal of H.

(4). Assume that u is a Q-fuzzy ideal of H. Then y is a Q-fuzzy ideal of H for allg € Q. Let g € Q
and t € [0,1] be such that U™ (y,t,q) # @ and let x € H be such that x € U (y,t,q). Then u(x,q) > t.
Thus u(1,q9) = p(x*x,q9) > u(x,q). Hence u(1,q) > u(x,q) > t,so1 € U (u,t,q). Let x,y € H
and g € Q be such that y € U (y,t,q). Then u(y,q) > t. Then we have u(x*y) > u(y,q). Then
u(x*y,q) > u(y,q). Thus, u(x=*y,q) > u(y,q) >t soxxy € U (yu,t,q). Let x,y1,y» € H and
g € Q be such that y1,y> € U" (i, t,q). Then u(y1,q) > t and u(y2,q) > t. Then we have u((y1 * (y2 *
x,q),q) * x,q) = min{p(y1,q), #(y2,q)}. Then p((y1 * (y2* x,q),9) * x,q) = min{p(y1, 9), #(y2,9)} > 1,
so (y1* (y2%x))*xx € U™ (u,t,q). Hence UT(p,t,q) is an ideal of H. Conversely, assume that every
nonempty set U (y,t,q) is an ideal in H. If u(1,q9) > u(x,q) is not true for all x € H and q € Q.
Then there exist xp € H and q € Q such that pu(1,q) < p(xo,q). Let ' = 1(u(1,9) + u(xo, q)).
Then t' € [0,1] and by Lemma 2.13, we have pu(1,9) < t' < u(xo,q). Thus xo € UT(u,t,q), so,
Ut (u,t',q) # @. By assumption, we have U (i, ', q) is an ideal of H. It follows that 1 € U™ (u, ¥, q),
so yu(1,q) > t, which is a contradicition. Hence u(1,q) > p(x,q) for all x € Hand q € Q. If
u(x*y,q) > u(y,q) is not true for all x,y € H and q € Q. Then there exist xp,y9p € H and q € Q
such that u(xo * yo,q) < u(yo,q). Let tj) = 3(u(xo0 *yo0,q) + 1 (yo,q)). Then t; € [0,1] and by Lemma
2.13, we have u(xo * yo,q) <ty < u(yo,q). Then yo € U™ (u, £, q), so, U" (1, ty,q) # D. By assumption,
we have U™ (p,t,q) is an ideal of H. It follows that xo*yo € U™ (y,t),q). Hence u(xo * yo,q) > t),
which is a contradiction. Hence p(x *y,q) > p(y,q) is true for all x,y € H and q € Q. Suppose that
w((y1* (y2%x,9),9) *x,q) > min{u(y1,q), #(y2,9)} is not true for all x,y1,y» € H and g € Q. Then
there exist ug,vg, xg € H and g € Q such that u((up * (vo * x0,9),q) * x0,9) < min{pu(uo,q), 1t(vo,q)}-
Let p' = 3(pu((uo * (vo * x0,9),q) * x0,9) + min{p(uo,q), (vo,q)}). Then p’ € [0,1] and by Lemma
2.13, we have u((ug * (v * x0,9),9) * x0,9) < p' < min{p(uo,q), u(vo,q)}. Then up,vo € U(y,p’,q),
so, UT(u,p',q) # @. By assumption, we have U™ (y, p’,q) is an ideal of H. It follows that (1 * (vg *
x0)) *x0 € U™ (1, p',9). Hence u((uo * (vo * x0,4),9) * X0,q) > p’, which is a contradiction. Hence

w((y1* (y2*x,q),q9)*x,q9) > min{u(y1,9), u(y2,q)} is true for all x, y1,y» € Hand g € Q. Hence u is a
Q-fuzzy ideal of H for all 4 € Q. Consequently y is a Q-fuzzy ideal of H.

Corollary 3.15. Let p be a Q-fuzzy set in H. Then the following statements hold:
1. i is a Q-fuzzy ideal of H, then for any t € [0,1], L(p, t) is either empty or an ideal of H.

2. wis a Q-fuzzy ideal of H, then for any t € [0,1], L™ (u, t) is either empty or an ideal of H.
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3. wis a Q-fuzzy ideal of H, then for any t € [0,1], U(u, t) is either empty or an ideal of H.
4. wis a Q-fuzzy ideal of H, for any t € [0,1], U (u, t) is either empty or an ideal of H.

Proof. (1). Assume that i is a Q-fuzzy ideal of H. By Theorem 3.14 (1), we have for any ¢ € [0,1] and
g € Q. Let L(p,t,q) is either empty or an ideal of H. Let t € [0,1]. If L(y,t,q) = @ for some q € Q,
it follows Lemma 2.16 (1) that L(y, ) = ( L(u,t,q). If L(p, t,q) # @ for all g € Q, it follows from
Theorem 3.14 (1) that L(y, t,q) is an ideal Z)efQH for all ¢ € Q. By Lemma 2.16 (1) and the intersection of
any ideals of H is also ideal in H, we have L(y,t) = (| L(p,t,q) is an ideal of H.

(2). Similarly to as in the proof of (1). e

(3). Assume that y is a Q-fuzzy ideal of H. By Theorem 3.14 (3), we have for any t € [0,1] and g € Q.
Let U(u,t,q) is either empty or an ideal of H. Let t € [0,1]. If U(u, t,q) = @ for some q € Q, it follows
Lemma 2.16 (3) that U(y,t) = N U(u,t,q). If U(p,t,q) # @ for all g € Q, it follows from Theorem
3.14 (3) that U(p,t,q) is an ideZEQof H for all ¢ € Q. By Lemma 2.16 (3) and the intersection of any
ideals of H is also ideal in H, we have U(y, t) = X U(u,t,q) is an ideal of H.

qe
(4). Similarly to as in the proof of (3).

Corollary 3.16. Let S be a subalgebra of H. Then the following statements hold.:

1. for any k € (0,1], there exists a Q-fuzzy subalgebra vy of H such that L(7,t) = S for all t < k and
L(7,t) = H forall t >k,

2. for any k € [0,1), there exists a Q-fuzzy subalgebra y of H such that U(u,t) = S for all t > k and
U(p,t) = H forall t <k.

Proof. (1). Let u be a Q-fuzzy set in H defined by, for all g € Q

0 ifxes
u(x,q) = ,
k ifx¢&S.

In the proof of Corollary 3.17 (1), we have L(y,t) = S for all t < k and L(p,t) = A for all t < k,
L(u,t,q) = L(u, t,q") for all q,4' € Q. By Lemma 2.16 (1), we have L(y,t) = () L(u,t,q). By the
claim, we have L(y,t) = L(p,t,q) for all ¢ € Q. Since L(y,t,q) = L(u,t) =q§Qfor all t < k and
L(p,t) = L(u,t) = H for all t > k, it follows that 77 is a Q-fuzzy subalgebra of H. By Remark 2.9, we
have L(ji,t) = L(u,t) = Sforallt < kand L(j,t) = L(u,t) = Hforallt > k. Let i = 6. Then 6 is a
Q-fuzzy subalgebra of H such that L(,t) = L(u,t) = S forall t < k and L(j,t) = L(p,t) = H for all
t > k.
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(2). Let u be a Q-fuzzy set in H defined by, for all g € Q

1 ifxesS
u(x) = ,
k ifx¢S.

In the proof of Corollary 3.17 (2), we have U(y,t) = S for all + > k and U(y,t) = H for all t < k
and U(y,t,q) = U(p,t,q') for all g,4" € Q. By Lemma 2.16 (3), we have U(p,t) = () U(u,t,q). By
the claim, we have U(u,t) = U(u,t,q) for all g € Q. Since U(y,t,q) = U(u,t) =S qff)f all + > k and
U(p,t) =U(p,t) = H for all t < k, it follows that y is a Q-fuzzy subalgebra of H. O

Corollary 3.17. Let I be an ideal of H. Then the following statements hold.:

1. for any k € (0, 1], there exists a Q-fuzzy ideal y of H such that L(7y,t) = I forall t < kand L(7,t) = H
forall t >k,
2. forany k € [0,1), there exists a Q-fuzzy ideal vy of H such that U(vy,t) = I forall t > kand U(vy,t) = H

forall t <k.

Proof. (1). Let u be a Q-fuzzy set in H defined by, for all g € Q

0 ifxel
u(x,q) = ,
k ifx ¢l

Case 1 : To show that L(u,t) = I for all t < k, let t € [0,1] be such that t < k. Let x € L(y, t). Then
u(x,q) <t <k Thus u(x,q) #kforallqge Q,sopu(x,q) =0forallg € Q. Thenx € I,so L(u,t) C L.
Now, let x € I. Then u(x,q) =0 < tforallg € Q. Thus x € L(y,t),so I C L(u,t). Hence L(u,t) = I
forall t < k.

Case 2 : To show that L(p,t) = A for all t > k, let t € [0, 1] be such that t > k. Clearly, L(y,t) C H. Let
x € H. Then for all g € Q, we define

O0<t ifxel
u(x,q) = ,
k<t ifx ¢l

Then x € L(p,t), so H C L(u,t). Hence L(u,t) = H for all t < k. We claim that L(y,t,q) = L(y,t,q)
for all 4,4" € Q. For q,q4' € Q, we obtain

x€Lutq) & plxq) <t
& uxq) <t
< xe€Ll(ptq).

Hence L(u,t,q) = L(u, t,q") for all 4,4 € Q. By Lemma 2.16 (1), we have L(y,t) = (N L(u,t,q). By
qeQ

the claim, we have L(p,t) = L(p,t,q) for all g € Q. Since L(y,t,q) = L(u,t) = I for all t < k and
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L(p,t) = L(u, t) = H for all t > k, it follows from Theorem 3.14 (1) that 7 is a Q-fuzzy ideal of H. By
Remark 2.9, we have L(7,t) = L(u,t) = I forall t < kand L(%,t) = L(u,t) = H forall t > k. Let 7 = 0.
Then 6 is a Q-fuzzy ideal of H such that L(y,t) = L(u,t) = [ for all t < k and L(y,t) = L(u,t) = H
forall t > k.

(2). Let u be a Q-fuzzy set in H defined by, for all g € Q

1 ifxel
u(x,q) = ,
k ifx ¢l

Case 1: To show that U(u,t) = I for all t > k, let t € [0,1] be such that t > k. Let x € U(y,t). Then
u(x,q) > t>kforallg € Q. Then pu(x,q) # kforallg € Q,so u(x,q) =1forallg € Q. Thus x € I, so
U(p,t) C I. Now, let x € I. Then u(x,q) =1> tforallg € Q. Then x € U(yu,t),so I C U(yu,t). Hence
U(p,t) =1Iforall t > k.

Case 2 : To show that U(u,t) = H for all t < k, let t € [0,1] be such that t < k. Clearly, U(u,t) C A.

Let x € H. Then forall g € Q
1>t ifxel
px) =

k>t ifx ¢l

Then x € U(p,t),s0 A C U(u,t). Hence U(u,t) = H for all + < k. We claim that U(p, t,q) = U(u, t,q")
forall gq,4" € Q. For q,4' € Q, we obtain

xeU(utq) < plxg) <t
& ulxq) <t
& xel(utq).

Hence U(y,t,q) = U(p,t,q') for all ,4' € Q. By Lemma 2.16 (1), we have U(y,t) = N U(u,t,q). By
7€Q

the claim, we have U(y,t) = U(p,t,q) for all ¢ € Q. Since U(u,t,q) = U(u,t) = I for all t > k and

U(p,t) = U(pu,t) = H for all t < k, it follows from Theorem 3.14 (3) that y is a Q-fuzzy ideal of H. O

Theorem 3.18. Let u be a Q-fuzzy set in H. Then the following statements hold:

1. 1 is a Q-fuzzy subalgebra of H if and only if for any t € [0,1] and q € Q, L(u, t,q) is either empty or a
subalgebra of H.

2. wis a Q-fuzzy subalgebra of H if and only if for any t € [0,1) and q € Q, L™ (y, t,q) is either empty or a
subalgebra of H.

3. wis a Q-fuzzy subalgebra of H if and only if for any t € [0,1] and q € Q, U(, t,q) is either empty or a
subalgebra of H.

4. wis a Q-fuzzy subalgebra of H if and only if for any t € [0,1] and q € Q, U™ (u, t,q) is either empty or a
subalgebra of H.
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Proof. (1). Assume that 7 is a Q-fuzzy subalgebra of H. Then u is a Q-fuzzy subalgebra of H for all
g€ Q. Letge Qandt € [0,1] be such that L(u,t,q) # @ and let x,y € L(y,t,q). Then u(x,q) <t and
u(t,q) <tandletx,y € L(u,t,q). Then u(x,q) < tand u(y,q) <t Now

i(x*y,q) = min{z(x,q),7(y,9)}
= min{l —u(x,q),1—u(y.q)}
= 1—max{u(x,q),u(y,q)}.

Then 7i(x xy,q) < max{pu(x,q),u(y,q)} <t so, x*xy € L(u,t,q). Hence L(u,t,q) is a subalgebra
of H. Conversely, let x,y € H and q € Q and let t = max{u(x,q),u(y,q)}. Thus pu(x,q) < t and
u(y,q) <t sox,yec L(utq)#D. By assumption we have L(j,t,¢q) is a subalgebra of H. It follows

that xxy € L(p,t,q). Thus, pu(xxy,q) <t =max{u(x,q),u(y,q)}, so

L—p(xxy,q) >1—max{u(x,q),u(y,9)} = min{l — pu(x,q),1 - u(y,q)}

Hence p(x*y,q) > {1 —u(x,9),1—u(y,q)}. Therefore, u is a Q-fuzzy subalgebra of H for all 4 € Q.
Consequently, 7 is a Q-fuzzy subalgebra of H.

(2). Similarly to as in the proof of the necessity of (1). Conversely, there exist x,y € H and g € Q
such that 7(x * y,q) < min{7i(x,q),7(y,q)}. Then we have 1 —p(x *y,q) < min{z(x,q),u(y,q)} =
1 —max{u(x,q), u(y,q)}. Thus, u(x xy,q) > max{u(x,q),1(y,q)}. Now p(x xy,q) € [0,1], we choose
t = u(x*y,q). Thus p(x,q) < tand pu(y,q) < t, so x,y € L™ (y,t,q). By assumption, we have
L™ (u,t,q) is a subalgebra of Hand so xxy € L™ (y,t,q) # @. Thus, u(x*y,q) < t = u(x xy,q), which
is a contradiction. Hence 7i(x xy,q) > min{j(x,q),7(y,q)} for all x,y € H and q € Q. Therefore, 7 is
a Q-fuzzy subalgebra of H for all g € Q. Consequently, 1 is a Q-fuzzy subalgebra of H.

(3). Assume that y is a Q-fuzzy subalgebra of H. Then y is a Q-fuzzy subalgebra of H for all 4 € Q. Let
g€ Qandt € [0,1] be such that U(p,t,q) # @ and let x,y € U(u, t,q). Then u(x,q) >t and u(t,q) >t
and let x,y € U(u, t,q). Then u(x,q) > t and u(y,q) > t. Now u(x*y,q) > min{u(x,q), u(y,q)} > t.
Then xxy € U(u,t,q). Hence U(u,t,q) is a subalgebra of H. Conversely, let x,y € H and g € Q and
let t = min{p(x,q),1(y,q)}. Thus u(x,q) > tand u(y,q) > t,so x,y € U(u,t,q) # @. By assumption
we have U(y,t,q) is a subalgebra of H. It follows that x xy € U(u,t,q). Thus, u(x*xy,q) > t =
min{u(x,q), u(y,q)}. Hence u is a Q-fuzzy subalgebra of H for all g € Q. Consequently, u is a Q-fuzzy
subalgebra of H.

(4). Similarly to as in the proof of the necessity of (3). Conversely, there exist x,y € H and ¢ € Q
such that u(x *y,q) < min{u(x,q), u(y,q)}. Then u(x*y,q) € [0,1], we choose t = u(x *y,q). Thus
u(x,q) > tand u(y,q) > t,sox,y € U"(u,t,q). By assumption, we have U (y, t,q) is a subalgebra of
Handsoxxy € U"(u,t,q) # @. Thus, u(xxy,q) >t = u(x *y,q), which is a contradiction. Hence
u(x*y,q) > min{pu(x,q),u(y,q)} for all x,y € H and q € Q. Therefore, y is a Q-fuzzy subalgebra of
H for all g € Q. Consequently, y is a Q-fuzzy subalgebra of H. O
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Corollary 3.19. Let p be a Q-fuzzy set in H. Then the following statements hold:
1. 7 is a Q-fuzzy subalgebra of H, then for any t € [0,1], L(p, t) is either empty or a subalgebra of H.
2. 1 is a Q-fuzzy subalgebra of H, then for any t € [0,1], L™ (u, t) is either empty or a subalgebra of H.
3. wis a Q-fuzzy subalgebra of H, then for any t € [0,1], U(u, t) is either empty or a subalgebra of H.
4. pis a Q-fuzzy subalgebra of H, for any t € [0,1], U™ (u, t) is either empty or a subalgebra of H.

Proof. (1). Assume that i is a Q-fuzzy subalgebra of H. By Theorem 3.18 (1), we have for any ¢ € [0, 1]
and g € Q. Let L(y, t,q) is either empty or a subalgebra of H. Let t € [0,1]. If L(y,t,q) = @ for some
g € Q, it follows Lemma 2.16 (1) that L(, ) = () L(u,t,q). If L(p,t,q) # @ for all g € Q, it follows
from Theorem 3.18 (1) that L(y,t,q) is a subalgqeeera of H for all ¢4 € Q. By Lemma 2.16 (1) and the
intersection of any ideals of H is also ideal in H, we have L(i,t) = () L(u,t,q) is a subalgebra of H.
(2). Similarly to as in the proof of (1). e
(3). Assume that p is a Q-fuzzy subalgebra of H. By Theorem 3.18 (3), we have for any ¢ € [0,1] and
g € Q. Let U(y,t,q) is either empty or a subalgebra of H. Let t € [0,1]. If U(p,t,q) = @ for some
g € Q, it follows Lemma 2.16 (3) that U(p, t) = N U(u,t,q). f U(u, t,q) # @ for all g € Q, it follows
from Theorem 3.18 (3) that U(y,t,q) is a subalg(f,k?ra of H for all g € Q. By Lemma 2.16 (3) and the
intersection of any ideals of H is also ideal in H, we have U(u,t) = () U(y,t,q) is a subalgebra of H.
(4). Similarly to as in the proof of (3). e

O

Let (A,*,14) and (B, ,1p) be Hilbert algebras A mapping f : A — B is called a homomorphism if
f(xxy) = f(x)~ f(y) for all x,y € A. Note thatif f : X — Y is a homomorphism of Hilbert algebras,
then f(14) = 1p. Let f : X — Y be a homomorphism of Hilbert algebras.

Theorem 3.20. Let (A, *,14) and (B,*,1p) be Hilbert algebras and let f : A — B be a homomorphism. Then
the following statements hold:

1. if wis a Q-fuzzy ideal of B, then iy is also a Q-fuzzy ideal of A.
2. if wis a Q-fuzzy subalgebra of B, then yy is also a Q-fuzzy subalgebra of A.

Proof. (1). Assume that u be a Q-fuzzy ideal of B. Let x € A. Then

u(f(1a),q)
n(1s,9)
u(f(x),q)
= pr(x,q).

nr(la,q)

Y
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Let x,y € A. Then

ir(x*y,q)

Let x,y1,y2 € A. Then

ur(((yax (y2 xx)) xx),q)

Hence jif is a Q-fuzzy ideal of A.
(2). Assume that u be a Q-fuzzy subalgebra

pr(x*y,q) =

v

Hence py is a Q-fuzzy subalgebra of A.

Y

AV |
= = =
-~ o~
P T S
S/\/—\/\
s =2
>*
-
~~
<
\\_/
B
N~—

u(f(((y1 = (2% x)) xx),9))

u((f (1) * (f(y2) * f(x)) > f(x),9)
min{u(f(y1),9), n(f(y2),9)}
min{p(y1,9), p1r(y2,9)}-

of B. Let x,y € A. Then

H

(f(xxy),q)

u(f(x)*f(y),q)
min{u(f(x),q), u(f(v),9)}
min{pr(x,q), p1r(y,9)}-

O]

Theorem 3.21. Let (A, *,14) and (B, x,1p) be Hilbert algebras and let f : A — B be an isomorphism. Then

the following statements hold:

1. if py is a Q-fuzzy ideal of A, then y is also a Q-fuzzy ideal of B.

2. if uy is a Q-fuzzy subalgebra of A, then p is also a Q-fuzzy subalgebra of B.

Proof. (1). Assume that pi; be a Q-fuzzy ideal of A.

Let y € B. Then there exists x € A such that f(x) =y, we have

1(1p,q)

AV AV [

u(y*1p,q

u(f(x)*f(1a),q)
u(f(x*1a),q)
pr(xxla,9)
ur(la,q)
pr(x,q)
u(f(x),q)
w(y,q)-

)
(
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Let x,y € B. Then there exist a,b € X such that f(a) = x and f(b) = y. It follows that

ulxxy,q) = u(f(a)*f(b),q)
u(f(axb),q)
pp(axb,q)
us(b,q)

= u(f(b),q)

= uy.q).

v

Let x,y1,y2 € B. Then there exist y, x1,x2 € A such that f(y) = x, f(x1) = y1 and f(x2) = y». It follows
that
u((yrx (y2xx)) xx,9) = p((f(x1) * (f(x2) % f(y) * f(y).q)
u(f((x1 % (x2xy)) *y),q)
pr((xrx (x2 %)) * ), q)
min{pf(x1,9), pr(x2,9)}
= min{u(f(x1),q), u(f(x2),9)}
min{p(y1,9), 1(y2,9)}-

Y

Hence p is a Q-fuzzy ideal of B.
(2). Assume that ¢ be a Q-fuzzy ideal of A.
Let x,y € B. Then there exist a4,b € A such that f(a) = x and f(b) = y. It follows that

u(xxy,q) = p(f(a)xf(b),q)
u(flaxb),q)

ps(axb,q)
min{p(a,q),ps(b,q)}

= min{pu(f(a),q),u(f(b),q)}
min{u(x,q), u(y,q)}-

v

Hence yu is a Q-fuzzy subalgebra of B. O

Remark 3.22. Let (A, *,14) and (B, x,1p) be Hilbert algebras. Then A X B is a Hilbert algebra defined by
(x,y) o (u,v) = (x*u,y*v) for every x,u € A and y,v € B, then clearly (A x B,o,(14,13)) is a Hilbert
algebra.

Theorem 3.23. Let (A, *,14) and (B, %, 1) be Hilbert algebras. Then the following statements hold:
1. if pis a Q-fuzzy ideal of A and 6 is a Q-fuzzy ideal of B, then y - 6 is a Q-fuzzy ideal of A x B.

2. if uis a Q-fuzzy subalgebra of A and § is a Q-fuzzy subalgebra of B, then y - 6 is a Q-fuzzy subalgebra of
A X B.



On g-fuzzy Sets in Hilbert Algebras / R. Alayakkaniamuthu 39

Proof. (1). Assume that y is a Q-fuzzy ideal of A and J is a Q-fuzzy ideal B. Let (x,y) € A x B. Then

(1-0)((1a,1p),9) = min{pu(1a,9),5(15,9)}
> min{u(x,q),0(y,q)}}
= (u-9)((xy).9).
Let (x1,11), (x2,¥2) € A X B. Then
(n-0)((x1,y1) 0 (x2,92),q9) = (u-8)((x1-y1,x2%y2),9)
= min{pu(x1-y1,9),6(x2%xy2,9)}
> min{p(y1,9),6(y2,9)}

(1 0)((y1,v2),9)-

Let (x,y), (x1,¥1), (x2,¥2) € A x B. Then
(1 -0)((x1,1) © ((x2,92) © (x,9))) © (x,¥),q)

(1 0)((x1 % (x2%x)) % x), (Y1 % (y2%y)) *y),q)
*

= min{p((x1* (x2xx)) *x,q),6((y1* (y2xy)) *y,q)}
> min{min{p(x1,9), u(x2,9)}, min{d(y1,9),6(y2,9)}}
= min{min{u(x1,9),0(y1,9) }, min{p(x2,9),6(y2,q)} }

min{ (- 0)((x1,y1),9), (4 - 6)((x2,¥2), 9) }-

Hence y - 4 is a Q-fuzzy ideal of A x B.
(2). Assume that p is a Q-fuzzy subalgebra of A and 0 is a Q-fuzzy subalgebra B. Let (x1,y1), (x2,2) €
A x B. Then

(1 0)((x1,y1) © (x2,42),9)

(- 0)((x1 % y1, X2 % y2), )

= min{u(x1 *xy1,9),0(x2 xy2,9)}
min{min{y(x1,q), u(y1,9) }, min{d(x2,q),5(y2,9) } }
min{min{(x1,q),6(x2, )}, min{p(y1,q),6(y2,9)}}
min{ (- 0)((x1,x2),9), (- 6)((y1,¥2),9) }-

v

Hence - § is a Q-fuzzy subalgebra of A x B. O

Theorem 3.24. If p is a Q-fuzzy set of A and § is a Q-fuzzy set of B such that y - 6 is a Q-fuzzy ideal of A x B,
then the following statements hold:

1. forall g € Q, either u(1a,q9) > u(x,q) forall x € Aor 6(1g,q) > 6(x,q) forall x € B,

2. forall g € Q, if u(la,q) > u(x,q) for all x € A, then either 5(1,q) > u(x,q) for all x € A or
0(1p,q9) > 6(x,q) forall x € B,
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3. forall g € Q, if 6(1a,9) > 6(x,q) for all x € B, then either u(1s,q) > pu(x,q) for all x € A or
1#(1a,q) > 6(x,q) forall x € B.

Proof. (1). Suppose that there exist x € A and y € B such that u(14,9) < u(x,q) and 5(1,9) < 6(y,9).
Then
(w-0)((x,y),q) = min{u(x,q),6(y,q)}

> min{u(1a,q),0(15,9)}}

= (n-9)((1a,18),9),
which is a contradiction. Hence 11(14,9) > u(x,q) forall x € A or 6(1p,q) > 6(x,q) for all x € B.
(2). Assume that 1(14,9) > u(x,q) for all x € A. Suppose that there exist x € A and y € B such that
u(1a,q) < p(x,q) and 6(1p,q) < 6(y,q). Then pu(1a,q) = p(x,q) > 6(1p,q). Thus

(1-0)((x,v),9)

min{u(x,q),6(y,q)}

> min{u(14,9),6(15,9)}}
= 6(1p,9)

= min{u(1a,9),6(15,9)}
= (p-6)((1a,15),9),

which is a contradiction. Hence 6(14,q) > u(x,q) for all x € A or 6(1g,q) > d(x,q) for all x € B.
(3). Assume that 6(14,9) > d(x,q) for all x € B. Suppose that there exist x € A and y € B such that

1(1a,q) < p(x,q) and p(1a,q) < 6(y,q). Then 6(15,q) > 6(x,q) > p(1a,q). Thus

(n-0)((x,y),q) min{y(x,9),5(y,q)}

> min{p(1a,9), 4(1a,9)}}
u(la,q)
min{y(14,q),6(18,9)}

= (u-0)((1a,1p),9),

which is a contradiction. Hence u(14,9) > p(x,q) forall x € A or u(1p,q) > 6(x,q) forallx € B. O

Theorem 3.25. Let (A,-,14) and (B, *,1p) be Hilbert algebras and let u be a Q-fuzzy set in A and & be a
Q-fuzzy set in B. Then the following statements hold:

1. if u- 0 is a Q-fuzzy ideal of A X B, then either y is a Q-fuzzy ideal of A or 6 is a Q-fuzzy ideal of B,

2. if w9 is a Q-fuzzy subalgebra of A x B, then either y is a Q-fuzzy subalgebra of A or 6 is a Q-fuzzy
subalgebra of B.

Proof. Assume that u - J is a Q-fuzzy ideal of A x B. Suppose that u is not a Q-fuzzy ideal of A and
0 is not a Q-fuzzy ideal of B. Then we have pu(14,q9) > pu(x,q) for all x € A or 6(1g,q) > 6(x,q)
for all x € B. Suppose that u(14,9) > u(x,q) for all x € A. Then either 6(1p,q9) > pu(x,q) for all
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x € Aoré(lg,q) > 6(x,q) for all x € B. If 6(1p,q9) > u(x,q) for all x € A, then (u-6)((x,1p),9) =
min{u(x,9),6(1g,9)} = u(x,q). We consider, for all x,y € A,

u(x-y,q) = min{u(x-y,q),6(1p9)}
= (u- )((x*y,lB) q)
= (p-0)((x*y,1p*1g),9)
= (p-9)((x,1p) o (v,18),9)
> (p-0)((y,18),9)
= min{u(y,9),6(1s,q)}
= u(.9)

Let x,y1,y2 € A.

(v - (y2xx)) xx,q) = min{p((y1* (y2%x)) *x,9),6(1,9)}
= (n-0)(((y1 % (y2%x)) *x,1p),q)
= (n-6)((y1* (y2xx)) *x,(1g* (1px 1)) * 15,9)
= (u-0)(((1,18) © ((v2,18) © (x,18))) © (x,15),9)

(
),

v

min{(y - 6)((y1,18),q), (1 - 6)((v2,18),9) }
min{min{u(y1,9),5(1s,9)}, min{u(y2,9),5(1s,9)}}
min{u(y1,9), 1(y2,9)}-

Hence yu is a Q-fuzzy ideal of A, which is a contradiction. Suppose that 6(15,9) > d(x, q) for all x € B.
Then either p(14,9) > p(x,q) forall x € Bor p(14,q) > 6(x,q) for all x € B. If u(1a,9) > 6(x,q) for
all x € B, then (y-6)((14,x),q) = min{u(14,9),6(x,q9)} = é(x,q). We consider, for all x,y € B,

6(x-y,q) = min{u(la,q),6(xxy,q)}
= (n-6)((Qa,x*y),q)
= (u-0)((Lax1a,x%y),q)
(1-6)((1a,x) 0 (1a,y),9)
(1-6)((1a,y),9)
min{u(14,9),0(y,9)}
= 5(y,q)

[ AVAR
D
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Let x,y1,y2 € B.

6((y1* (y2xx))*x,q) = min{u(1a,q),6((y1+ (y2xx)) *x,9)}

= (- 6)((Qa, (1% (y2xx)) *x,q)
(1-0)((Lax (1ax1a))*1a, (y1 % (y2*x)) *x,9)
(1-0)((1a,y1) © ((La,y2) © (1a,x))) © (14, x),9)
min{ (- 6)((1a,y1),9), (1 - 0)((1a,¥2),9)}
= min{min{p(14,q),6(y1,9)}, min{p(14,9),0(y2,9)}}
min{é(y1,4),6(y2,9)}-

v

Hence J is a Q-fuzzy ideal of B, which is a contradiction. Since y is not a Q-fuzzy ideal of A and J is
not a Q-fuzzy ideal of B, we have u(14,9) > pu(x,q) for all x € A and 6(1p,q) > d(x,q) for all x € B.
Let x1,x2 € A and y1,y2 € B be such that u(x; - x2,9) < u(x2,q) and 8(y1 *xy2,9) < 6(y2,4), so we have

min{p(x1 - x2,9),0(y1 xy2,q)} < min{u(x2,q),6(y2,q)}. Thus

min{p(x1 - x2,9),6(y1*xy2,9)} = (4-6)((x1%x2,y1%y2),9)
= (p-0)((x1,y1) © (x2,42),9)
> (p-0)((x2,y2),9)
= min{pu(x2,q),5(y2,9)}-

It follows that min{u(x1 - x2,9),6(y1 *y2,9)} £ min{u(x2,9),6(y2,q)}, which is a contradiction. Let
x,x1,x2 € A and y,y1,y2 € B such that u((x1 * (x2 *x)) *x,q) < min{u(x1,9), u(x2,9)} and 6((y1 *
(Y2 y)) xy,q) <min{d(y1,q),6(y2,9)}, so min{p((x1* (x2 % x)) * x,9),6((y1 % (y2xy)) xy,9)} <
min{min{p(x1,q), #(x2,q)}, min{é(y1,9),6(y2,q)} }. Thus

min{p((x1 % (x2 % %)) % x,9), 6((y1 * (y2 * y)) xy,q) }

= (p-0)(((x1- (x2-x)) - x, (y1* (y2xy)) *y), q)

(- ) ((((x1,91) © ((x2,12) © (x,9))) © (x, ), q)
min{ (p - 6)((x1,¥1),9), (4 - 6)((x2,¥2),9)}
min{min{y(x1,q),6(y1,9) }, min{u(x2,q),5(y2,q) } }
= min{min{p(x1,q), p(x2, )}, min{6(y1,9),6(y2,9) } }

v

It follows that min{u((x1 * (x2xx)) *x,9),0((y1 *x (Y2 *xy)) xy,q9)} £
min{min{pu(x1,9), pt(x2,q) }, min{d(y1,q),6(y2,9)}}, which is a contradiction. Hence y is a Q-fuzzy

ideal of A or ¢ is a Q-fuzzy ideal of B.
(2). Assume that u - 6 is a Q-fuzzy subalgebra of A x B. Suppose that y is not a Q-fuzzy subalgebra of
A and ¢ is not a Q-fuzzy subalgebra of B. Then there exist x,y € A and a,b € B such that

u(xxy,q) <min{p(x,q),u(y,q)} and 6(axb,q) < min{é(a,q),6(b,q)}
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Then min{u(x*y,q),6(a*xb,q)} < min{min{u(x,q), u(y,q)}, min{é(a,q),6(b,q)}}. Consider,

min{u(x-y,q),6(axb,q)} = (u-6)((x*y,axb),q)

(n-0)((x,a) o (y,b),q)

> min{(p-0)((x,a),q), (1-6)((y,b),9)}
min{min{(x,¢),4(a,9)}, min{u(y,q),5(b,9)}}
= min{min{x(x,9), u(y,9)}, min{é(a,q),5(b,q)}}.

Then min{u(x - y,q),6(a xb,q9)} £ min{min{u(x,q),u(y,q)}, min{d(a,q),6(b,q)}}, which is a
contradiction. Hence y is a Q-fuzzy subalgebra of A or ¢ is a Q-fuzzy subalgebra of B. O
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