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Abstract

The nonconvex bifunction extended general variational inequality is another type of variational
inequalities that we describe and discuss in this research. We propose and evaluate some iterative
solutions for the nonconvex bifunction extended general variational inequalities using the auxiliary
principle technique. We show the convergence of these methods either needs only
pseudomonotonicity. Our convergence proofs are fairly straightforward. The concepts and

methods used in this paper could inspire additional study in this area.
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1. Introduction

The theory of variational inequalities, which Stampacchia [27] first proposed, can be seen as an
essential and substantial extension of the variational principles. It is common knowledge that the
variational inequalities serve as the convex function’s criterion for optimality. We have another class of
variational inequalities, called the bifunction (directional) variational inequalities, for the directional
differentiable convex functions. Numerous elements of the bifunction variational inequalities have
been studied by Crespi et al. [4-7], Fang et al. [8], Lalitha et al. [10], and Noor et al. [23]. Noor [20]
shows that a class of bifunction variational inequalities can serve as a description of the optimality
condition for a subclass of directional differentiable nonconvex functions on a nonconvex set.

We introduced and talked about the general nonconvex bifunction variational inequalities on
uniformly proximal regular sets as a result of this finding. The prox-regular sets are known to be
nonconvex and include convex sets as special cases [3,27]. Variational inequality on the uniformly
prox-regular sets has been studied by Noor [15-20] and Bounkhel et al. [2]. There are many numerical
techniques for resolving variational inequalities, such as the projection technique and its variants, the

Wiener-Hop equations, the auxiliary principle, and resolvent equations. It is understood that certain
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approaches, such as projection, Wiener-Hop equations, proximal equations, and resolvent equations,
cannot be expanded upon or generalised to suggest and examine equivalent iterative solutions to
generic nonconvex bifunction variational inequalities.

This aspect promotes the usage of the auxiliary principle technique, which is mostly thanks to
Glowinski et al.’s [9] iterative schemes for solving various classes of variational inequalities. We draw
attention to the flexibility and lack of operator projection in this technique. This method focuses on
locating the auxiliary variational inequality and demonstrating via the fixed-point method that the
auxiliary problem’s solution is the same as the original problem’s solution. It became out that we can
create gap (merit) functions by using this technique to identify analogous differentiable optimisation
issues. It is well knowledge that this technique can be used to create special cases of a significant
number of numerical algorithms.Using this method, we propose and evaluate some explicit

predictor-corrector methods for extended general variational inequalities.

2. Preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by (.,.) and ||.|| respectively.
Let K be a nonempty and convex set in H. The following well-known notions from nonlinear convex
analysis and nonsmooth analysis are owed to Clarke et al. [3] and Poliquin et al. [27], respectively. A
novel class of nonconvex sets known as uniformly prox-regular sets has been developed and researched

by Poliquin et al. [27] and Clarke et al. [3].

Definition 2.1. The proximal normal cone of K at u € H is given by
Nf(u):=&€ H:u € Pxlu+af],

where & > 0 is a constant and

Pxlu] =u* € K:dg(u) = |ju—u*||

Here dy(.) is the usual distance function to the subset K, that is
d = inf ||[v — u||.
k(u) = inf o —ul

The proximal normal cone NF (i) has the following characterization.

Lemma 2.2. Let K be a nonempty, closed and convex subset in H: Then { € N (u); if and only if, there exists
a constant & > 0 such that

(C,u—0v) <alv—ul|?>, VYoecK

Definition 2.3. For a given r € (0;1], a subset K, is said to be normalized uniformly r-prox-regular if and only

if every nonzero proximal normal cone to K, can be realized by an r-ball, that is,Nu € K, and 0 # ¢ € N}z(u)
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one has

(&7, v—u)y < (1/2r)|[v—ul? VoeK,

It is clear that the class of normalized uniformly prox-regular sets is sufficiently large to include the
class of convex sets, p-convex sets. C;; submanifolds (possibly with boundary) of H, the images under
a Cp 1 diffeomorphism of convex sets and many other nonconvex sets; see Clarke et al. [3] and Poliquin
et al. [27]. It is well-known that the union of two disjoint intervals [a,b] and [c,d] is a prox-regular
set with r = Cg—b For other examples of prox-regular sets, see Noor [20] . Obviously, for r = oo,
the uniformly prox-regularity of K, is equivalent to the convexity of K. This class of uniformly prox-
regular sets have played an important part in many nonconvex applications such as optimization,
dynamic systems and differential inclusions. It is known that if K, is a uniformly prox-regular set,
then the proximal normal cone N (u) is closed as a set-valued mapping.

For the sake of simplicity, we take v = 1. Then it is clear that for r = co, we have 7 = 0.

For given bifunction B(:;:) : H — H and nonlinear operator ¢ : H — H; we consider the problem of

finding u € H : g(u) € K, such that

B(g(u),g(0) — g(u)) +7llg(®) —gW)[* >0 Voe H:g(v) €K, 1

which is called the nonconvex bifunction general variational inequality.

We now discuss some important special cases nonconvex bifunction general variational inequality.
Special Cases

(I) We note that, if K, = K; the convex set in H, then problem (1) is equivalent to finding u € H : g(u) €
K such that

B(g(u),g(v) —g(u)) >0 Vo e H:g(v) €K, )

Inequality of type (2) is called the bifunction general variational inequality, which appears to be new
one.

(D If B(g(u),g(v) —g(u)) = (Tu,g(v) — g(u))), where T is a nonlinear operator, then problem (1) is
equivalent to finding u € H : g(u) € Kr such that

(Tu,g(v) — g(u))) +7lIg(v) —gw)[|> >0 Vo e H:g(v) € Ky, 3)

which is called the general nonconvex variational inequality, see Noor [15-20].
(IID) If B(g(u),g(v) —g(u)) = (Tu,g(v) — g(u))), where T is a nonlinear operator and K, = K, the

convex set, then problem (3) is equivalent to finding u € H : g(u) € K, such that
(Tu,g(v) —g(u))) 20 Voe H:g(v) €K, 4)

which is called the general variational inequality, introduced and studied by Noor [11-14]. It has
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been shown a wide class of nonsymmetric and odd-order obstacle boundary values and initial value
problems can be studied in the general framework of general variational inequalities (4). For the
applications, numerical methods, sensitivity analysis, dynamical system, merit functions, and other
aspects of general variational inequalities, see Al-Said et al. [1], Noor at al. [21-26] and references
therein.

(IV) If ¢ = I, the identity operator, then problem (4) reduces to finding u € K, such that
(Tu,v —u) >0 Vv € K,, (5)

which is called the nonconvex variational inequality, see Noor [16,20].

(V) If K, = K, the convex set, then problem (5) reduces to finding 1 € K such that
(Tu,v —u) >0 Vv € K, (6)
which is called the classical variational inequality, introduced and studied by Stampacchia [28].

3. Main Result

In this portion, we propose and analyse some iterative methods for solving the general nonconvex
bifunction variational inequality (1), which was introduced by Glowinski et al. [9] and developed by
Noor [14] and Noor et al [23,24]. The main advantage of this approach is that it does not utilize the
idea of projection. For a given u € H : g(u) € K, satisfying (1), consider the problem of finding
w € H : g(w) € K, such that

pB(g(w),g(v) — g(w)) + (w — u,v — w) + 7| g(v) — g(w)[|> > 0 VoeH:g(v) ek, (7)

where p > 0 and v > 0 is a constant. Inequality of type (7) is called the auxiliary nonconvex bifunction
general variational inequality. Note that if w = u, then w is a solution of (1). This simple observation
enables us to suggest the following iterative method for solving the general nonconvex bifunction

variational inequalities (1).

Algorithm 3.1. For a given ug € K,, compute the approximate solution u,1 by the iterative scheme

pB(8(1tn41),8(0) = g(ttns1)) + (tni1 — tn, 0 = tni1) +7[g(0) = g(Uws1) > >0 Vg(v) €Ky, (8)

Algorithm 3.1 is called the proximal point algorithm for solving general nonconvex bifunction
variational inequality (1). In particular, if r = co and y = 0 then the uniformly prox-regular set K,

becomes the standard convex set K, and consequently Algorithm 3.1 reduces to:
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Algorithm 3.2. For a given ug € K, compute the approximate solution u,1 by the iterative scheme

pB(g(unt1),8(0) — g(unt1)) + (Uns1 — Un, v —upy1) >0 Vg(v) €K
which is known as the proximal point algorithm for solving bifunction variational inequalities (2) and has been
studied extensively, see Noor [11-17,17-20].
For the convergence analysis of Algorithm 3.1, we recall the following concepts and results.
Definition 3.3. A bifunction B(:,:) : H x H — H with respect to the operator g is said to be:
(i). monotone, if and only if, B(g(u), g(v) — g(u)) + B(g(v),g(u) —g(v)) <0, V u,v € H;

(ii). pseudomonotone, if and only if, B(g(u),g(v) — ¢(u)) + vllg(v) — gw)||> > 0 implies that
—B(g(v),g(u) —g(v)) = 7lig(e) —g)|I* 20 ¥ u,v € H;

(iii). partially relaxed strongly monotone, if and only if, there exists a constant & > 0 such that B(g(z), g(v) —
§(u)) + B(g(v),g(u) —g(v)) < allz—ul?, ¥V u,0,z € H.

Note that for z = u, partially relaxed strongly monotonicity reduces to monotonicity. It is known that
coercivity implies partially relaxed strongly monotonicity, but the converse is not true. It is known that
monotonicity implies pseudomonotonicity; but the converse is not true. We also recall the well-known
result.

2(u,0) = ||lu+ o — [|ul* - [Jo|? ©)

We now consider the convergence criteria of Algorithm 3.1 and this is the main motivation of our next

result.

Theorem 3.4. Let the operator B(:,:) : K, x K, — H be pseudomonotone. If u,.1 is the approximate solution

obtained from Algorithm 3.1 and u € K, is a solution of (1), then
= nal|? < = 1| = e — s | (10)
Proof. Letu € H: g(u) € K, be a solution of (1). Then
—B(g(v),g(u) — g(v)) = rllg(v) —gw)[>*>0 ¥V ve Hgv) €K, (11)
since B(:,:) is pseudomonotone. Taking v = u,1 in (11), we have
—B(gts1), 8(1) — gttns1)) — Y /1g(1) — g(t1)| = 0 (12
Setting v = u in (2), and using (8), we have

(g1 — i, 1 — U y1) > —pB(g(ny1), g (tn11) — (u)) = /g (1nt1) — g(w)[*> > 0 (13)
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Setting v = u — 1,41 and u = u, 1 — u, in (3), we obtain
21—ttt = th1) = |1 = || = [t — tta||* =t = vt (14)
From (9) and (14), and using (12) and (13) we get
=t [? < = wnl|* = JJtn — st ||

O]

Theorem 3.5. Let H be a finite dimension subspace and let u,1 be the approximate solution obtained from

Algorithm 3.1. If u € K, is a solution of (1), then lim;, e uy, = u.

Proof. Let u € H : g(u) € K, be a solution of (1). Then it follows from (10) that the sequence u, is
bounded and

o0
Y Nl = wnia | < Jluo — uf?
n=0

which implies that

Jim [, = 10, = 0 (15

Let i1 be a cluster point of the sequence u, and let the subsequence u; of the sequence u, converge to

i € K;. replacing u,, by uy; in (15) and taking the limit n; — oo and using (8), we have

B(g(n),8(v) — (1)) = 7llg(0) —g(@)|* =20 Vo€ H,g(v) €K,
which implies that 7 solves the general nonconvex bifunction variational inequality (1) and
ot = st < ]2 — 0|2

Thus it follows from the above inequality that the sequence u, has exactly one cluster point # and

lim;, 00 4, = 1, the required result. ]

We note that for r = oo, the r-prox-regular set K becomes a convex set and the nonconvex bifunction
variational inequality (1) collapses to the bifunction variational inequality (2). Thus our results include
the previous known results as special cases. It is well-known that to implement the proximal point
methods, one has to calculate the approximate solution implicitly, which is in itself a difficult problem.
To overcome this drawback, we suggest another iterative method, the convergence of which requires
only partially relaxed strongly monotonicity, which is a weaker condition that cocoercivity. For a given

u € H:g(u) € K, satisfying (1), consider the problem of finding w € H : g(w) € K, such that

pB(g(1),8(v) — g(w)) + (w—w,v —w) +7|g(v) —g(w)|* >0 Vg(v) € Ky, (16)
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which is also called the auxiliary nonconvex bifunction general variational inequality. Note that
problems (3) and (16) are quite different. If w = u, then clearly w is a solution of the nonconvex
bifunction general variational inequality (1). This fact enables us to suggest and analyze the following

iterative method for solving the nonconvex bifunction general variational inequality (1).
Algorithm 3.6. For a given ug € H, compute the approximate solution u, 1 by the iterative scheme
PB(g(un),g(v) = g(ttns1)) + (w1 — tn, 0 — 1) +7/Ig(0) = g(uns1)|> 20 ¥ g(v) €K, (17)

Note that, for r = oo, the uniformly prox-regular set K, becomes a convex set K, and Algorithm 3

reduces to:

Algorithm 3.7. For a given ug € K, compute the approximate solution u,1 by the iterative scheme

pB(g(1n), §(0) = g(tn41)) + (ns1 — tn, 0 — i) + 7[Ig(0) — g(uni1) > >0 Vg(v) €K,

Theorem 3.8. Let the operator B(:,:) be partially relaxed strongly monotone with constant a« > 0. If u,, is the

approximate solution obtained from Algorithm 3.6 and u € H : g(u) € K, is a solution of (1), then
= un 2 |* <l — | = (1 = 2p2) [y — 1141 (18)
Proof. Letu € H : g(v) € K, be a solution of(1). Then
B(g(u),8(v) —g(u)) +7llg(0) —gW)|* =0 Vo€ H:g(v) €K, (19)

Taking v = u,41 in (19), we have

B(g(1), g (tns1) — g(u)) + vllg(1n+1) — g(w)|* = 0. (20)

Letting v = u in (17), we obtain

PB(g(un), (1) — & (tn11)) + (Uns1 — thn, 1t — 1) +¥]Ig (1) — g(ttny1) > > 0,

which implies that

(tpg1 = tn, 0 — ttyy1) > —pB(g(un), g(1) — g(tns1)) — vl () — g1ty 41) |12
> —pB(g(un), g(u) — g(unt1)) + B(g(u), g(uns1) — g(u)) (21)

> —apllttn — ttia |®

since B(:,:) is partially relaxed strongly monotone with constant « > 0. Now Combining (20) and (21),
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we get.

= a1 < e — ] = (1= 202) |1t — 2t ||

4. Conclusion

This research introduces and discusses a new class of extended nonconvex bifunction general
variational inequalities involving two arbitrary operators. There are some unique cases discussed.
Certain iterative solutions to nonconvex bifunction general variational inequalities are proposed using
the auxiliary principle method. The proposed approaches convergence analysis is examined in the
presence of partially relaxed highly monotonicity and pseudo-monotonicity. Comparing the efficacy
of the inertial and proximal approaches with other methods is an outstanding subject; this is another

area for future investigation. Additional work is needed to compare these approaches.

Acknowledgment

The author would like to express his gratitude to every person with whose help he has progressed
in the research field and has been able to write this paper, and he expects similar cooperation in the

future.

References

[1] E. A. Al-Said, M. A. Noor and Th. M. Rassias, Numerical solutions of third-order obstacle problems,
Internat. J. Comput. Math., 69(1-2)(1998), 75-84.

[2] M. Bounkhel, L. Tadj and A. Hamdi, Iterative schemes to solve nonconvex variational problems, J.

Inequal. Pure Appl. Math., 4(2003), 1-14.

[3] E H. Clarke, Y. S. Ledyaev and Wolenski, Nonsmooth Analysis and Control Theory, Springer-Verlag,
Berlin, (1998).

[4] G. P. Crepsi, J. Ginchev and M. Rocca, Minty variational inequalities increase along rays property and

optimization, J. Optim. Theory Appl., 123(2004), 479-496.

[5] G. P. Crepsi, J. Ginchev and M. Rocca, Existence of solutions and star-shapedness in Minty variational

inequalities, ]. Global Optim., 32(2005), 485-493.

[6] G.P. Crepsi, J. Ginchev and M. Rocca, Increasing along rays property for vector functions, J. Nonconvex

Anal., 7(2006), 39-50.

[7] G. P. Crepsi, ]J. Ginchev and M. Rocca, Some remarks on the Minty vector variational principle, J. Math.
Aanl. Appl., 345(2008), 165-175.



Extended Methods for Solving Nonconvex Bifunction General Variational Inequalities / Netra Kumar Gupta 111

[8] Y. P.Fang and R. Hu, Parametric well-posedness for variational inequalities defined by bifunction, Comput.

Math. Appl., 53(2007), 1306-1316.

[9] R. Glowinski, J. L. Lions and R. Tremolieres, Numerical Analysis of Variational Inequalities, North-

Holland, Amsterdam, Holland, (1981).

[10] C. S. Lalitha and M. Mehra, Vector variational inequalities with cone-pseudomonotone bifunction,

Optim., 54(2005), 327-338.
[11] M. A. Noor, General variational inequalities, Appl. Math Lett., 1(2)(1988), 119-121.
[12] M. A. Noor, Quasi variational inequalities, Appl. Math Lett., 1(4)(1988), 367-370.

[13] M. A. Noor, New approximation schemes for general variational inequalities, ]. Math. Anal. Appl.,
251(2000), 217-229.

[14] M. A. Noor, Some developments in general variational inequalities, Appl. Math. Comput., 152(2004),
199-277.

[15] M. A. Noor, Projection methods for nonconvex variational inequalities, Optim. Letters, 3(2009), 411-418.

[16] M. A. Noor, Implicit Iterative methods for nonconvex variational inequalities, J. Optim. Theory Appl.,
143(2009), 619-624.

[17] M. A. Noor, Iterative methods for general nonconvex variational inequalities, Albanian ]. Math., 3(2009),
117-127.

[18] M. A. Noor, Some iterative methods for general nonconvex variational inequalities, Comput. Math.

Modelling, 21(2010), 97-108.

[19] M. A. Noor, An extragradient algorithm for solving general nonconvex variational inequalities, Appl.

Math., 23(2010), 917-921.

[20] M. A. Noor, On an implicit method for nonconvex variational inequalities, J. Optim. Theory Appl.,
147(2010), 411-417.

[21] M. A. Noor and Th. M. Rassias, A class of projection methods for general variational inequalities, .
Math. Anal. Appl., 268(1)(2002), 334-343.

[22] M. A. Noor and Th. M. Rassias, On general hemiequilibrium problems, ]. Math. Anal. Appl., 324(2004),
1417-1428.

[23] M. A. Noor, K. I. Noor and M. Th. Rassias, New trends in general variational inequalities, Acta Appl.
Mathematica, 170(1)(2020), 981-1046.



Extended Methods for Solving Nonconvex Bifunction General Variational Inequalities / Netra Kumar Gupta 112

[24] M. A. Noor, K. I. Noor and Th. M. Rassias, Some aspects of avriational inequalities, ]. Comput. Appl.
Math., 47(1993), 285-312.

[25] M. A. Noor, K. I. Noor and Th. M. Rassias, itlnvitation to variational inequalities, in Analysis,
Geometry and Groups: A Riemann Legacy Volume H. M. Srivastava and Th. M. Rassias, Eds. ,
pp- 373, Hadronic Press, Nonantum, MA, (1993).

[26] M. A. Noor, K. I. Noor and Th. M. Rassias, Set-valued resolvent equations and mixed variational

inequalities, ]. Math. Anal. Appl., 220(1998), 741-759.

[27] G. A. Poliquin, R. T. Rockafellar and J. L. Thibautl, Local differentiability of distance functions, Trans.
Amer. Math. Soc., 352(2000), 5231-5249.

[28] G. Stampacchia, Formes bilineaires coercitives sur les ensembles convexes, Contesi Rendi de’s Academie

Sciences de Paris, 258(1964), 4413-4416.



