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1. Introduction and Preliminaries

Earlier investigations in [8] studied *-bisimple type A I-semigroups and characterized them as the generalized Bruck-Reilly
*_extensions of cancellative monoids. Their congruences were later studied in [7] while the results of [8] generalized those of
regular I-bisimple semigroups obtained in [10], the study of *-simple type A I-semigroup undertaken here follow naturally
from that of simple I-regular semigroups by Warne in [11]. The theory developed here draws inspiration from facts in
[6, 9, 11] and [1]. In this section some basic facts on type A semigroups are presented. In section 2 we construct a *-simple
type A I-semigroup from a sequence of cancellative monoids M; (i =0,1,...,d — 1), a homomorphism 6 by the generalized
Bruck-Reilly *-extensions. The integer d is the number of distinct D*-classes in such a semigroup. Section 3 considers the
structure theorem for *-simple type A I-semigroups which is invariably analogous to that of *-simple type A w-semigroups.
For a semigroup S E(S) denotes the set of idempotents of S. Let S be a semigroup whose set E(S) is non-empty. We define
a partial order ”<” on E(S) such that e < f if and only if ef = fe = e. Let I denote the set of all integers and let N°
denote the set of non-negative integers. A semigroup S is said to be an I-semigroup if and only if F(S) is order isomorphic
to I under the reverse of the partial order. Let S be a semigroup and let a,b € S. Then the elements a and b are said to be
R*-related written aR*b if and only if for all ,y € S*, za = ya if and only if zb = yb. The relation £* is defined dually.
The join of the equivalence relations R* and L* is denoted by D* and their intersection by H*. Thus a H*b if and only if
aR*b and aL*b. In general R*o L* # L0 R* (see [3]). Following Fountain [4], a semigroup is an abundant semigroup if
every L*-class and every R*-class in S contain idempotents. An abundant semigroup S is said to be adequate [3] if E(S)
forms a semilattice. In an adequate semigroup every L*-class R*-class contains a unique idempotent. If a is an element
in an adequate semigroup S, then a*(a') denotes the unique idempotent in the £*-class L} (R*-class R}) containing a.

Fountain in [2] introduced the concept of right type A semigroup as special type of right PP monoids which is e-cancellable
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for an idempotent. He followed it in [3] with introduction of type A as an adequate semigroup satisfying certain internal
conditions. An adequate semigroup S is a type A semigroup if ea = a(ea)* and ae = (ae)’a for all @ € S and e € E(S).
We conclude this section by defining the relation J*. Let S be a semigroup and I* be an ideal of S. Then [ is said to
be a *-ideal if L;; C I* and R, C I* for all a € I*. The smallest *-ideal containing an element ‘a’ is the principal *-ideal
generated by ‘a’ and is denoted by J* (a). For a,b € S, aJ*b if and only if J* (a) = J* (b). The relations J* contains D*.
A semigroup S is said to be *-simple if the only *-ideal of S is itself. Clearly a semigroup is *-simple if all its elements are

J*-related.

Lemma 1.1 ([3]). Let S be a semigroup and a,b € S. Then b € J* (a) if and only if there are elements ao,a,...,an € S,

T1, T2,y Ty Y1, Y2y - - -, Yn € ST such that a = ag, b = an and a;D*xia;_1yi, fori=1,2,...,n.

Other basic results discussed in [3] and [8] will be assumed. The notation used in this paper is similar to that in Fountain
[3], Howie [5] and Asibong-Ibe [1]. Recently type A semigroups have been shown to be special type of restriction semigroups.
In this case type A w-semigroup will essentially be an w-restriction semigroups. The idea developed here will prove useful

in the study of restriction semigroups. However, we will in this work retain the term type A semigroups generally.

2. The *-Simple Type A I-Semigroup: Construction

1

d—

Consider a chain of cancellative monoids 7' = |J M;. Each element x; € T is necessarily in M; for 0 < i < d—1. An
i=0

identity e; € M, is an idempotent in T". Thus in T, e; € T form a chain of idempotents eg > e; > --- > eq—1. Let 0 : T'— My

be a monoid morphism and let S =T x I x I (where I is the set of all integers) be the set of all ordered triples (z;,m,n)

where m e N, n € I,0<i<d—1and z; € T. Define multiplication on S by the rule

(zifly p 0" P frpam,n+q—p) ifn>p
(xiyman)(yj7p7Q): -1 - i
( .m0 o Yj, m +p—n, q) ifn<p

where 6° is the identity automorphism of T, and for m € N° n € I, fo., = ei, the identity of M;, while for m > 0,
Frn = Unt10™ Ly 20™ 2L Unt(m—1)0-Untm, and f;}n = u;im.u;i(m71)0 .. u;}rzﬁmfz.u;}rlemfl, where {u, :n € I}
is a collection of T with u,, = e; for n > 0. A routine calculation shows that S =T x I x I is a semigroup. This semigroup
constructed will be called the generalized Bruck-Reilly *-extension of the semillatice of cancellative monoid T determined
by 6 and will be denoted by S = GBR" (T,6) where T' = (D: M;. If for each ¢ we now let M; = {e;}, a monoid with one

element, we obtain the set I x I under the multiplication

(md+i,(n+q—p)d+i) ifn>p
(md +i,nd +14)(pd + j, qd + j) =
(m+p—n)d+j,qd+j) ifn<p

We denote I x I under the above multiplication by B} and call it the extended bicyclic semigroup. Now let (x;, m,n) be an

idempotent in S. Then

(J:i.fgjm,m.xiﬁn_m.fn_m,n, m,n—m + n) ifn>m

(zi,m,n) = (i, m,n)(zi, m,n) =
( —1 0™ " f—nn-Ti, M — N+ m, n) ifn<m

m—n,m"*

in which case m = n, z? = z;.

Conversely, suppose x? = x; then certainly (z;,m,n) (zi,m,n) = (xi,m,n). Thus (x;,m,n) is an idempotent if and only if

m =n and x; is an idempotent in S.
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Lemma 2.1. Let S = GBR* (T,0) be the generalized Bruck-Reilly *-extension of the semilattice of cancellative monoid
T= %L:J: M;. Let (zi;,m,n), (yj,p,q) € S. Then

(1). (zi,m,n)R* (y;,p,q) if and only if m =p and i = j.

(2). (xsym,n) L* (y;,p,q) if and only if n =q and i = j.

(3). (zi,m,n) T* (y;,p,q). That is S is *-simple.

Proof.

(1). Suppose (z:,m,n), (yj,p,q) are elements in S such that (z;, m,n) R* (y;,p, q) where x; € M; and y; € M;. Then there
exists (e;,0,0), (e;,m,m) € S = GBR" (T, 0) such that
(eO> 07 0) ($i7 m, TL) = (ei7 m, m) ([Ei, m, n) )

(60707 0) (ijp7 q) = (e’ivm’ m) (yj7p7 q) .

Consequently, we have that

(Y5, p,q) = (ei,m,m) (y;,p,q)
(ei.yjém_p,m,m +q fp) iftm>p

(eiepfm,yj,m +p—m, q) iftm<p

If m > p, this gives (y;,p,q) = (ei.yjﬁmfp,m,m +q— p). If we compare the middle coordinates, then m = p, which
is a contradiction. Thus m < p. Similarly it can be shown that p < m, and from inequality follows m = p. Obviously
e; € M, y; € Mj, thus e;.y; € M; ;. But e;.y; = y; implies ¢ < j. Similarly, e;.x; = x; implies that j <. As a result

m =pand i =j.

Conversely, let m = p and x;,y; € M;. Then for any arbitrary elements (vs, ¢, 2), (w;,l, k) € S = GBR* (T,0), where
Vi, Wy S Mi7

(viy ¢, 2) (zi,m,n) = (wy,1, k) (23, m, n).

If 2> m and k£ > m. Then
(Vi f i e G2 A — M) = (wj.f,;lmym.xiak_m.fk,m’n, Lk+n— m) .
Comparing the first and the third coordinates we have

—1 z—m —1 k—m
'Ui'fzfm,m'xie 'fz—m,n = Wj.fk7m7m-$7;0

Sremmztn—m=k+n-m
respectively. Consequently,

Vi f i Y507 o = 05 P 50" f gy 2 =M=k 0 —m.
Hence, (vi, ¢, 2) (yj, m,q) = (wj,1, k) (y;, m,q). A similar argument shows that

(is ¢, 2) (y5,m, q) = (wy, 1, k) (y;,m, q) = (vi, ¢, 2) (i, m, ) = (wy, I, k) (@i, m, n).

Thus (zi,m,n) R* (yj,p,q)-
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(2). The proof is similar to that of (1).

(3). Let (zs,m,n), (y;,p,q) € S=GBR"(T,0) where z; € M; and y; € M;. Then

(ejvp7m + 1) (.’Ei,m, ’I’L) = (ej'xieapan + 1) .

Obviously, e;.x:0 € M;. Then (e;.x:60,p,n + 1) D* (y;,p, q). In a similar way, we have

(ei,m,p+1) (y5,p,q) = (€i-y;0,m,q+1).

So e;.y;0 € M;. Hence (e;.y;0,m,q+ 1) D* (z;,m,n). Thus (z;,m,n) J* (yj,p,q). Then by Lemma 1.1, we conclude

that S is *-simple. O
Lemma 2.2. S = GBR*(T,0) is an adequate semigroup if and only if T is adequate.

Proof. Let S = GBR*(T,0) be adequate. Suppose that z; € T, (z,,0,0)L*(e;,m,m) € S. Thus, each L*-class contains
an idempotent. Similarly, each R”-class contains an idempotent. Let e;, e; be idempotents in 7. Then (e,,0,0) and (e;,0,0)

are idempotents in S. Consequently,

(€i,0,0)(ejs,0,0) = (eie;,0,0)

(ej, O, 0)(6i, 07 O) = (ejei, 0, 0)

which implies that

(eiv 0, 0)(617 0, O) = (eiejv 0, O) = (6j7 0, 0)(61', 0, O)

= (ej€i,0,0)

hence e;e; = eje;. Thus idempotents commute showing that T is adequate.

Conversely, let T be adequate, it follows from Lemma 2.1 that each £*-class and R*-class of S = GBR*(T,0) contain an
idempotent element. Suppose (e;,m, m) and (ej,n7 n) be any two idempotents in S = GBR"(T,6) where e;,e; € T. Let
m > n. Then we have

(eiv m, m)(eja n, n) = (ejv n, n)(eiv m, m)

-1

since ;0™ " = e;, m_mynfm,n,n =e; and eje; = eje;. O

Lemma 2.3. S = GBR*(T,0) is a type A semigroup if and only T is a type A semigroup.
Proof. Let S = GBR*(T,0) be a type A semigroup. It follows from Lemma 2.2 that S is adequate and T is also adequate.

Let (x;,0,0),(e;,0,0) € S where z; € T and e; € E (T'). So we have that

(eia 0, 0) (‘T’i’ 0, 0) = (eixia 0, 0) ;

(x:,0,0) ((e:,0,0) (x;,0,0))" = (mi(eimi)*, 0, O) .

Consequently, (e;x;,0,0) = (mi(eixi)*, 0, 0). Hence e;x; = xi(e,x:)" which implies that T is right type A. That T is left type

A follows similarly. Thus T is a type A semigroup.
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Conversely, let T' be a type A semigroup. We are to check that for (z;,p,q) € S, (ei,m,m) € E(S),

(e, m,m) (zi,p,q) = (zi,p,q)((ei;m,m) (xi,p,q))"  (for right type A)

(xi,p,9) (es5,m,m) = ((zs,p, q) (es,mym))" (xi,p,q) (for left type A)

Suppose m > p, we have that

(ei7m7 m) (xi7p7 q) = (ei'fr?zlfp,p'xi?m_p'fm—%qamvm +4q _p)

Consequently,

*

(x’ivpv q) ((eia m, m) (ZCi,p, q))* = (f'r;}%qufq,p'xiemquipiq'fm+q—17—qu'(ei'f’r:blfp,p'x’iemip'fm—PaQ) 5
ptm+q—p—gm+q-—p)

= (f;zl—p,p~mi9m_p~fm—p,q (ei-f;zl—p,p-wiem_p-fm—p,q) ,ym,m+q — p)

Since T is type A, we have that
—1 — —1 — * —1 —
Sntp o @i0" P frnepg- (€ fontp o0 P fmpg) = €ifontppi0™ P fipg.

Thus (e;, m,m) (zi,p,q) = (zi,p,q) ((e;,m,m) (x;,p,q))". Hence S is a right type A semigroup. That S is a left type A

semigroup follows similarly. Therefore S is a type A semigroup. O

Theorem 2.4. Let S = GBR*(T,0) be the generalized Bruck-Reilly *-extension of the semilattice of cancellative monoids

d—1
T= U M; . Then S is a *-simple type A I-semigroup with d D*-classes.
i=0

Proof. Since S = GBR*(T,0) is a *-simple type A semigroup, we need to show that S is an I-semigroup. Let

(ei,m,m), (ej,n,n) € E(S) where m > n. Then
(es;m,m) (ej,n,n) = (ej,n,n) (e;,m, m)

because (e;00m — n) is the identity of T. Thus (e;, m,n) < (ej,n,n) if and only if m > n. On the other hand, if m = n and
i>j, then
(ei,m,m) (e;,m,m) = (e;e;, m,m) = (e;,m,m).

Thus (e;,m,m) < (e;,m,m) if and only if e; < e; € T. This shows that E(S) is a chain

> (eg,—1,—-1) > (e1,—1,-1) > --- > (eq-1,—1,—1)
> (eo,0,0) > (€1,0,0) > --- > (eq—1,0,0)
> (60,171) > (61,1,1) > > (€d717171)

> ...

Hence S is a *-simple type A I-semigroup.

Finally, we show that S has d D*-classes. But D* = L* o R*. Let (z;,m,n) L*(zk,p,9)R"* (y;, h, k). Then it follows that
n=gq,p=nhand z;L" (T)zk, ze R* (T y;. If v; € My, y; € M; and z, € My, then it is evident that ¢ = j = k, which
shows that a D*-class of S = GBR* (T, 0) is contained in M; x I x I. Also, (x;,m,n)D*(y;,p,q). Thus each D*-class of

S =GBR*(T,0) equals M; x I x I, 0 <1i<d—1 and the proof of the theorem is completed. O
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3. The Structure Theorem

Let S denote a *-simple type A I-semigroup and let C* be a *-ideal of S consisting of the H*-classes.

S = U H'r*ncH»i,ncH»h
(md+i,nd+i)€B;
where d denotes the number of D*-classes of S. Observe that with respect to *-simple type A w-semigroups, we have

By = {(m, n) : N°xN° :m =n (mod d)}, the bicyclic semigroup. Let us put
B ={(md+ind+i)€lxI : md+i=nd+i (modd)},

d—1
the extended bicyclic semigroup. Put 7' = |J M; where M; = H};, i = 0,1,2,...,d — 1. Then T is a finite chain of
i=0
cancellative monoids, and the idempotents form a chain e > e1 > --- > eq—1. Let H;,, H;; € T, then we have that
HY; H}; C H} ;. Define a map f; ; : H; — Hj; by the rule mf; ; = e;jm where i < j For all m € H;, and e; € HJ; we

have that mej,e;m € H; ; so that me; = e;jm. Since mn = my; j.ny; ;, it follows that the maps are morphisms and they

J:J

satisfy the following

(a). @s,i is the identity map.

(). @i jpje =ik for k<j<i.

The following Lemma establishes some important relationship

Lemma 3.1. Leta € H; ;N C* thena ' € Hj, and a*a % = ep,a7Fa" = epa.

Proof.  Since (0,d)™" = (d,0) € B} = C*, we have that a~! € Hj . Also we have that a® = a.a € H{ 4H{ 4 C Hj 54, and

k

more generally by induction we have that a* € H{ ka, a* e Hi,0 (kel). Nowa afe H{ kaHpq0 € Hg,o which implies

k

that a®a™" = eo, since a*a™* € C*. Similarly, we have a *a* € Hpy0Hg kg © Hig pqg which implies that a e =epq. O

Lemma 3.2. Fvery element z € S can be uniquely written in the form: z = xif;},a_mfu,wa" where m,n,u,v,w € I,

Ti € H—Zk,z‘z fJ,il)fu,w = fu,wfz:zl; =e €T.

Proof.  First we show that m,n,u,v,w are uniquely determined by the H*-class of 2. By Lemma 3.1, we have that for

any m € I, a™ € Hp g, a™ ™ € Hy o, a™a™™ € Hyy g Let myn € I and 2; € H;;, then we have
—1 —m n * * * * * *
Iz‘fu,ull fu,wa € Hi,iHi,iHmd,OHi,iHO,nd c Hmd+i,nd+i'

Soif z € Hf; and z :xif;},afmfuywa" theni =k =1 (modd) and k =md+1i,l=nd+1i. Som = @ and n = (l%di).
Hence we can define a map f : HY; = Hy,q4inati Dy the rule that ;f = Tifoea” " fuwa™. Tt is clear that f is injective

and surjective. Consequently,

-1 — -1 — -1 —
T fba " fuwa” = (wfuwa™ b ") foba " fuwa”
—-—m _m _—n _n
= ua a a a

= UEmdEnd

= UEmdEemd+iCnd+i€nd
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Hence ¢ is a bijection from H}; — H},44; na+: With the inverse map given by

m _—n *
v va a (ve Hmd+i,nd+i)

showing that z can be uniquely as xif;},afmfu,wa" where z; € H; ;. O
Lemma 3.3. For any xzfu_i € T there exists a unique xffu_}, € Hg o such that axifu_ﬂl, = :cff;ia, xif;},a_l = a_lx;-kfu_,,lj.
Let 0 : T — H{p, :Bzf;i —— ax™. Then fuf}}akmi = fuﬂl, (a:,@k) a®, xifufll,a*k = fufql,afk (:m@k) and 0 is a monoid morphism.

Proof. Suppose z} = axif;},a_l. Then we have that
@) = awifyea” ' € HyaH] i Hio C Hio-

Consequently, we have

-1 1 -1 -1
x:fu,va = axifu,'ua a = axifu,'w

That x; 1;11,@_1 =a 2} u_}, follows similarly. Now let us define § : T' — H{ o, J:qu_}, — axj. Then for z;,y; € T we have

that
(@i furyifun) 0= a(wifusyifun)a™" (2] = (2ifun) 0 = azifupa™ C Hio)
= az;foveayifuva
= (@i fun) 0 (v fi0) -
Thus 6 is a morphism. Also it can be easily seen that fu_}, (xﬂk) b = fu_jakxi. That mif;},a_k = u_ja_k (azzék) follows
similarly. O

d—1
Lemma 3.4. Let u, € T, m € N, n € I and let 0 : T — T where T = |J H;;,. Then for m > 0, fmn =
i=0

(m—1)

un+10m71.un+20m72 . ..un“m,l)@m* AnemB™ ™, where fon = e is the identity of T.

Proof. Now since u, € T, then un4+; € T. Obviously, u,0, Un+i0m_i €T form e N° and ¢ = 0,1,...d — 1 where d is

1

a positive integer. For i = 0, we have u,0™ while for ¢ = 1, we have u,+10™ ™" and subsequently ...i = d — 1, we have

(d—1) m

uan,l)@m* For i = m, we have tun4+m0™ ™ = Untm. Now if we let fm » be the collection of the images of T" and

m > 0, we obtain the desired result. O
We will now prove the structure theorem for *-simple type A I-semigroups.
Theorem 3.5. Let S be a *-simple type A I-semigroup with d D*-classes. Then S is isomorphic to a generalized Bruck-

7

d—1
Reilly *-extension S = GBR*(T,0) of a monoid T, where T = |J H;; is a finite chain of cancellative monoids M; and 0 is
i=0

an endomorphism of T with image in M.

Proof. Let S be a *-simple type A I-semigroup. From Lemma 3.2, every element of S has a unique expression in the form
—1

miflzll)a_mf%wa" for x; € H;, u,v,w € I and a is a fixed regular element in Hj ; and T' = |J H;;. Thus we can define a
i=0

1=

bijection ¥ : S — T x I x I by the rule that

(xifu_,’tl)a_mfum’an) ’(»b = (331'7 m, n)
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From Lemma 3.3, we have that for any x; € T, there exists a unique xff;lj € Hj o such that awif;ﬂl, = azz‘f;},m mif;iafl =
a_lefqquj. Let us define 0 : T — Hg, as mifqquj — az;. Thus 0 is a monoid morphism, and for all £ € I clearly
f,z%akxi = f;},(xiﬂk)ak and mif;’%)a_k = fu_,ia_k(:rﬁk). Let mifu_’zl,a_mfu,wa", Yjfana " fuwa™ € S where x;,y; € T. We
consider the following cases;

Case 1: If n > p, we have that

(zifuna ™ fuwa™) (Ui fana ™ fuwa™) = zi frna™ Py; fuwa " al
= @i fun(y0" )" P fuwa Ma? (since fiia’w; = fu(2:6")a)

— . f— 1, gn—p —m_n+q—p
- xlfu,vyje fu,wa a

= mif'rjflp,pyjen_pfn—Paqa_man+q_p
where u,v =n — p,p and u,w =n — p,q (since n — p,p,q € I).
Case 2: If n < p, we have that
(@ifuna™ " fuwa”) (yifuna " fuwa™) = zifiva” """y fuwa™ " a®
= fuwa” O (@0 ")y, fuwa "al (since wif,a”" = foia” " (2i0"))

-1 —-n —(m+p—n
:fu’vxi(gp fu,wyja (m+p )aq

—(m+p—n) q

1 _
= fp—n,mxiop nfp*nynyja a

where u,v = p —n,m and u,w = p —n,n (since p —n,m,n € I). Thus the mapping ¢ : S — T x I x I defined by the rule
that

(xifu_,ia_mfu,wan) w = (wivm, ’I’L)

is an isomorphism. This completes the proof. O
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