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Abstract: *-simple type A I-semigroups as the generalized Bruck-Reilly *-extensions is studied and properties obtained. It is proved
that a semigroup S is a *-simple type A I-semigroup if and only if it can be expressed as S = GBR∗(T, θ) where T is a finite

chain of cancellative monoids. Thus the structure of *-simple type A I-semigroups is described and the results obtained
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1. Introduction and Preliminaries

Earlier investigations in [8] studied *-bisimple type A I-semigroups and characterized them as the generalized Bruck-Reilly

*-extensions of cancellative monoids. Their congruences were later studied in [7] while the results of [8] generalized those of

regular I-bisimple semigroups obtained in [10], the study of *-simple type A I-semigroup undertaken here follow naturally

from that of simple I-regular semigroups by Warne in [11]. The theory developed here draws inspiration from facts in

[6, 9, 11] and [1]. In this section some basic facts on type A semigroups are presented. In section 2 we construct a *-simple

type A I-semigroup from a sequence of cancellative monoids Mi (i = 0, 1, . . . , d− 1), a homomorphism θ by the generalized

Bruck-Reilly *-extensions. The integer d is the number of distinct D∗-classes in such a semigroup. Section 3 considers the

structure theorem for *-simple type A I-semigroups which is invariably analogous to that of *-simple type A ω-semigroups.

For a semigroup S E(S) denotes the set of idempotents of S. Let S be a semigroup whose set E(S) is non-empty. We define

a partial order ”≤” on E(S) such that e ≤ f if and only if ef = fe = e. Let I denote the set of all integers and let N0

denote the set of non-negative integers. A semigroup S is said to be an I-semigroup if and only if E(S) is order isomorphic

to I under the reverse of the partial order. Let S be a semigroup and let a, b ∈ S. Then the elements a and b are said to be

R∗-related written aR∗b if and only if for all x, y ∈ S1, xa = ya if and only if xb = yb. The relation L∗ is defined dually.

The join of the equivalence relations R∗ and L∗ is denoted by D∗ and their intersection by H∗. Thus a H∗b if and only if

aR∗b and aL∗b. In general R∗◦ L∗ 6= L∗◦ R∗ (see [3]). Following Fountain [4], a semigroup is an abundant semigroup if

every L∗-class and every R∗-class in S contain idempotents. An abundant semigroup S is said to be adequate [3] if E(S)

forms a semilattice. In an adequate semigroup every L∗-class R∗-class contains a unique idempotent. If a is an element

in an adequate semigroup S, then a∗(a†) denotes the unique idempotent in the L∗-class L∗a (R∗-class R∗a) containing a.

Fountain in [2] introduced the concept of right type A semigroup as special type of right PP monoids which is e-cancellable
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for an idempotent. He followed it in [3] with introduction of type A as an adequate semigroup satisfying certain internal

conditions. An adequate semigroup S is a type A semigroup if ea = a(ea)∗ and ae = (ae)†a for all a ∈ S and e ∈ E(S).

We conclude this section by defining the relation J ∗. Let S be a semigroup and I∗ be an ideal of S. Then I∗ is said to

be a *-ideal if L∗a ⊆ I∗ and R∗a ⊆ I∗ for all a ∈ I∗. The smallest *-ideal containing an element ‘a’ is the principal *-ideal

generated by ‘a’ and is denoted by J∗ (a) . For a, b ∈ S, aJ ∗b if and only if J∗ (a) = J∗ (b). The relations J ∗ contains D∗.

A semigroup S is said to be *-simple if the only *-ideal of S is itself. Clearly a semigroup is *-simple if all its elements are

J ∗-related.

Lemma 1.1 ([3]). Let S be a semigroup and a, b ∈ S. Then b ∈ J∗ (a) if and only if there are elements a0, a1, . . . , an ∈ S,

x1, x2, . . . , xn, y1, y2, . . . , yn ∈ S1 such that a = a0, b = an and aiD∗xiai−1yi, for i = 1, 2, . . . , n.

Other basic results discussed in [3] and [8] will be assumed. The notation used in this paper is similar to that in Fountain

[3], Howie [5] and Asibong-Ibe [1]. Recently type A semigroups have been shown to be special type of restriction semigroups.

In this case type A ω-semigroup will essentially be an ω-restriction semigroups. The idea developed here will prove useful

in the study of restriction semigroups. However, we will in this work retain the term type A semigroups generally.

2. The *-Simple Type A I-Semigroup: Construction

Consider a chain of cancellative monoids T =
d−1⋃
i=0

Mi. Each element xi ∈ T is necessarily in Mi for 0 ≤ i ≤ d − 1. An

identity ei ∈Mi is an idempotent in T . Thus in T, ei ∈ T form a chain of idempotents e0 > ei > · · · > ed−1. Let θ : T →M0

be a monoid morphism and let S = T × I × I (where I is the set of all integers) be the set of all ordered triples (xi,m, n)

where m ∈ N0, n ∈ I, 0 ≤ i ≤ d− 1 and xi ∈ T . Define multiplication on S by the rule

(xi,m, n)(yj , p, q) =


(
xi.f

−1
n−p,p.yjθ

n−p.fn−p,q,m, n+ q − p
)

if n ≥ p(
f−1
p−n,m.xiθ

p−n.fp−n,n.yj ,m+ p− n, q
)

if n ≤ p

where θ0 is the identity automorphism of T , and for m ∈ N0, n ∈ I, f0,n = ei, the identity of Mi, while for m > 0,

fm,n = un+1θ
m−1.un+2θ

m−2 . . . un+(m−1)θ.un+m, and f−1
m,n = u−1

n+m.u
−1
n+(m−1)θ . . . u

−1
n+2θ

m−2.u−1
n+1θ

m−1, where {un : n ∈ I}

is a collection of T with un = ei for n > 0. A routine calculation shows that S = T × I × I is a semigroup. This semigroup

constructed will be called the generalized Bruck-Reilly *-extension of the semillatice of cancellative monoid T determined

by θ and will be denoted by S = GBR∗ (T, θ) where T =
d−1⋃
i=0

Mi. If for each i we now let Mi = {ei}, a monoid with one

element, we obtain the set I × I under the multiplication

(md+ i, nd+ i)(pd+ j, qd+ j) =

 (md+ i, (n+ q − p)d+ i) if n ≥ p

((m+ p− n) d+ j, qd+ j) if n ≤ p

We denote I × I under the above multiplication by B∗d and call it the extended bicyclic semigroup. Now let (xi,m, n) be an

idempotent in S. Then

(xi,m, n) = (xi,m, n)(xi,m, n) =


(
xi.f

−1
n−m,m.xiθ

n−m.fn−m,n,m, n−m+ n
)

if n ≥ m(
f−1
m−n,m.xiθ

m−n.fm−n,n.xi,m− n+m,n
)

if n ≤ m

in which case m = n, x2i = xi.

Conversely, suppose x2i = xi then certainly (xi,m, n) (xi,m, n) = (xi,m, n). Thus (xi,m, n) is an idempotent if and only if

m = n and xi is an idempotent in S.
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Lemma 2.1. Let S = GBR∗ (T, θ) be the generalized Bruck-Reilly *-extension of the semilattice of cancellative monoid

T =
d−1⋃
i=0

Mi. Let (xi,m, n) , (yj , p, q) ∈ S. Then

(1). (xi,m, n)R∗ (yj , p, q) if and only if m = p and i = j.

(2). (xi,m, n)L∗ (yj , p, q) if and only if n = q and i = j.

(3). (xi,m, n)J ∗ (yj , p, q). That is S is *-simple.

Proof.

(1). Suppose (xi,m, n) , (yj , p, q) are elements in S such that (xi,m, n)R∗ (yj , p, q) where xi ∈Mi and yj ∈Mj . Then there

exists (ei, 0, 0) , (ei,m,m) ∈ S = GBR∗ (T, θ) such that

(e0, 0, 0) (xi,m, n) = (ei,m,m) (xi,m, n) ,

(e0, 0, 0) (yj , p, q) = (ei,m,m) (yj , p, q) .

Consequently, we have that

(yj , p, q) = (ei,m,m) (yj , p, q)

=


(
ei.yjθ

m−p,m,m+ q − p
)

if m ≥ p(
eiθ

p−m.yj ,m+ p−m, q
)

if m ≤ p

If m > p, this gives (yj , p, q) =
(
ei.yjθ

m−p,m,m+ q − p
)
. If we compare the middle coordinates, then m = p, which

is a contradiction. Thus m ≤ p. Similarly it can be shown that p ≤ m, and from inequality follows m = p. Obviously

ei ∈ Mi, yj ∈ Mj , thus ei.yj ∈ Mi,j . But ei.yj = yj implies i ≤ j. Similarly, ej .xi = xi implies that j ≤ i. As a result

m = p and i = j.

Conversely, let m = p and xi, yj ∈ Mi. Then for any arbitrary elements (vi, c, z) , (wj , l, k) ∈ S = GBR∗ (T, θ), where

vi, wj ∈Mi,

(vi, c, z) (xi,m, n) = (wj , l, k) (xi,m, n).

If z ≥ m and k ≥ m. Then

(
vi.f

−1
z−m,m.xiθ

z−m.fz−m,n, c, z + n−m
)

=
(
wj .f

−1
k−m,m.xiθ

k−m.fk−m,n, l, k + n−m
)
.

Comparing the first and the third coordinates we have

vi.f
−1
z−m,m.xiθ

z−m.fz−m,n = wj .f
−1
k−m,m.xiθ

k−m.fk−m,n, z + n−m = k + n−m

respectively. Consequently,

vi.f
−1
z−m,m.yjθ

z−m.fz−m,q = wj .f
−1
k−m,m.yjθ

k−m.fk−m,q, z + n−m = k + n−m.

Hence, (vi, c, z) (yj ,m, q) = (wj , l, k) (yj ,m, q). A similar argument shows that

(vi, c, z) (yj ,m, q) = (wj , l, k)(yj ,m, q) =⇒ (vi, c, z) (xi,m, n) = (wj , l, k)(xi,m, n).

Thus (xi,m, n)R∗ (yj , p, q).
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(2). The proof is similar to that of (1).

(3). Let (xi,m, n) , (yj , p, q) ∈ S = GBR∗(T, θ) where xi ∈Mi and yj ∈Mj . Then

(ej , p,m+ 1) (xi,m, n) = (ej .xiθ, p, n+ 1) .

Obviously, ej .xiθ ∈Mj . Then (ej .xiθ, p, n+ 1)D∗ (yj , p, q). In a similar way, we have

(ei,m, p+ 1) (yj , p, q) = (ei.yjθ,m, q + 1) .

So ei.yjθ ∈ Mi. Hence (ei.yjθ,m, q + 1)D∗ (xj ,m, n). Thus (xi,m, n)J ∗ (yj , p, q). Then by Lemma 1.1, we conclude

that S is *-simple.

Lemma 2.2. S = GBR∗(T, θ) is an adequate semigroup if and only if T is adequate.

Proof. Let S = GBR∗(T, θ) be adequate. Suppose that xi ∈ T , (xi, 0, 0)L∗(ei,m,m) ∈ S. Thus, each L∗-class contains

an idempotent. Similarly, each R∗-class contains an idempotent. Let ei, ej be idempotents in T . Then (ei, 0, 0) and (ej , 0, 0)

are idempotents in S. Consequently,

(ei, 0, 0)(ej , 0, 0) = (eiej , 0, 0)

(ej , 0, 0)(ei, 0, 0) = (ejei, 0, 0)

which implies that

(ei, 0, 0)(ej , 0, 0) = (eiej , 0, 0) = (ej , 0, 0)(ei, 0, 0)

= (ejei, 0, 0)

hence eiej = ejei. Thus idempotents commute showing that T is adequate.

Conversely, let T be adequate, it follows from Lemma 2.1 that each L∗-class and R∗-class of S = GBR∗(T, θ) contain an

idempotent element. Suppose (ei,m,m) and (ej , n, n) be any two idempotents in S = GBR∗(T, θ) where ei, ej ∈ T . Let

m > n. Then we have

(ei,m,m)(ej , n, n) = (ej , n, n)(ei,m,m)

since ejθ
m−n = ei, f

−1
m−m,nfm−n,n = ei and eiej = ejei.

Lemma 2.3. S = GBR∗(T, θ) is a type A semigroup if and only T is a type A semigroup.

Proof. Let S = GBR∗(T, θ) be a type A semigroup. It follows from Lemma 2.2 that S is adequate and T is also adequate.

Let (xi, 0, 0) , (ei, 0, 0) ∈ S where xi ∈ T and ei ∈ E (T ). So we have that

(ei, 0, 0) (xi, 0, 0) = (eixi, 0, 0) ,

(xi, 0, 0) ((ei, 0, 0) (xi, 0, 0))∗ =
(
xi(eixi)

∗, 0, 0
)
.

Consequently, (eixi, 0, 0) =
(
xi(eixi)

∗, 0, 0
)
. Hence eixi = xi(eixi)

∗ which implies that T is right type A. That T is left type

A follows similarly. Thus T is a type A semigroup.
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Conversely, let T be a type A semigroup. We are to check that for (xi, p, q) ∈ S, (ei,m,m) ∈ E (S),

(ei,m,m) (xi, p, q) = (xi, p, q)((ei,m,m) (xi, p, q))
∗ (for right type A)

(xi, p, q) (ei,m,m) = ((xi, p, q) (ei,m,m))† (xi, p, q) (for left type A)

Suppose m ≥ p, we have that

(ei,m,m) (xi, p, q) = (ei.f
−1
m−p,p.xi?

m−p.fm−p,q,m,m+ q − p).

Consequently,

(xi, p, q) ((ei,m,m) (xi, p, q))
∗ =

(
f−1
m+q−p−q,p.xiθ

m+q−p−q.fm+q−p−q,q.
(
ei.f

−1
m−p,p.xiθ

m−p.fm−p,q

)∗
,

p+m+ q − p− q,m+ q − p)

=
(
f−1
m−p,p.xiθ

m−p.fm−p,q

(
ei.f

−1
m−p,p.xiθ

m−p.fm−p,q

)∗
,m,m+ q − p

)
Since T is type A, we have that

f−1
m−p,p.xiθ

m−p.fm−p,q.
(
ei.f

−1
m−p,p.xiθ

m−p.fm−p,q

)∗
= ei.f

−1
m−p,p.xiθ

m−p.fm−p,q.

Thus (ei,m,m) (xi, p, q) = (xi, p, q) ((ei,m,m) (xi, p, q))
∗. Hence S is a right type A semigroup. That S is a left type A

semigroup follows similarly. Therefore S is a type A semigroup.

Theorem 2.4. Let S = GBR∗(T, θ) be the generalized Bruck-Reilly *-extension of the semilattice of cancellative monoids

T =
d−1⋃
i=0

Mi . Then S is a *-simple type A I-semigroup with d D∗-classes.

Proof. Since S = GBR∗ (T, θ) is a *-simple type A semigroup, we need to show that S is an I -semigroup. Let

(ei,m,m) , (ej , n, n) ∈ E(S) where m > n. Then

(ei,m,m) (ej , n, n) = (ej , n, n) (ei,m,m)

because (ejθθm− n) is the identity of T. Thus (ei,m, n) < (ej , n, n) if and only if m > n. On the other hand, if m = n and

i ≥ j, then

(ei,m,m) (ej ,m,m) = (eiej ,m,m) = (ei,m,m) .

Thus (ei,m,m) ≤ (ej ,m,m) if and only if ei ≤ ej ∈ T . This shows that E(S) is a chain

. . .

> (e0,−1,−1) > (e1,−1,−1) > · · · > (ed−1,−1,−1)

> (e0, 0, 0) > (e1, 0, 0) > · · · > (ed−1, 0, 0)

> (e0, 1, 1) > (e1, 1, 1) > · · · > (ed−1, 1, 1)

> . . .

Hence S is a *-simple type A I-semigroup.

Finally, we show that S has d D∗-classes. But D∗ = L∗ ◦ R∗. Let (xi,m, n)L∗(zk, p, q)R∗ (yj , h, k). Then it follows that

n = q, p = h and xiL∗ (T ) zk, zkR∗ (T ) yj . If xi ∈ Mi, yj ∈ Mj and zk ∈ Mk, then it is evident that i = j = k, which

shows that a D∗-class of S = GBR∗ (T, θ) is contained in Mi × I × I. Also, (xi,m, n)D∗(yj , p, q). Thus each D∗-class of

S = GBR∗ (T, θ) equals Mi × I × I, 0 ≤ i ≤ d− 1 and the proof of the theorem is completed.
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3. The Structure Theorem

Let S denote a *-simple type A I-semigroup and let C∗ be a *-ideal of S consisting of the H∗-classes.

S =
⋃

(md+i,nd+i)∈B∗
d

H∗md+i,nd+i,

where d denotes the number of D∗-classes of S. Observe that with respect to *-simple type A ω-semigroups, we have

Bd =
{

(m,n) : N0 × N0 : m ≡ n (mod d)
}

, the bicyclic semigroup. Let us put

B∗d = {(md+ i, nd+ i) ∈ I × I : md+ i ≡ nd+ i (mod d)} ,

the extended bicyclic semigroup. Put T =
d−1⋃
i=0

Mi where Mi = H∗i,i, i = 0, 1, 2, . . . , d − 1. Then T is a finite chain of

cancellative monoids, and the idempotents form a chain e0 > e1 > · · · > ed−1. Let H∗i,i, H
∗
j,j ∈ T , then we have that

H∗i,i.H
∗
j,j ⊆ H∗i,j . Define a map fi,j : H∗i,i → H∗j,j by the rule mfi,j = ejm where i ≤ j For all m ∈ H∗i,i and ej ∈ H∗j,j we

have that mej , ejm ∈ H∗j,j so that mej = ejm. Since mn = mϕi,j .nϕi,j , it follows that the maps are morphisms and they

satisfy the following

(a). ϕi,i is the identity map.

(b). ϕi,jϕj,k = ϕi,k for k ≤ j ≤ i.

The following Lemma establishes some important relationship

Lemma 3.1. Let a ∈ H∗0,d ∩ C∗ then a−1 ∈ H∗d,0 and aka−k = e0, a
−kak = ekd.

Proof. Since (0, d)−1 = (d, 0) ∈ B∗d ∼= C∗, we have that a−1 ∈ H∗d,0. Also we have that a2 = a.a ∈ H∗0,dH∗0,d ⊆ H∗0,2d, and

more generally by induction we have that ak ∈ H∗0,kd, a−k ∈ H∗kd,0 (k ∈ I). Now aka−k ∈ H∗0,kdH∗kd,0 ⊆ H∗0,0 which implies

that aka−k = e0, since aka−k ∈ C∗. Similarly, we have a−kak ∈ H∗kd,0H∗0,kd ⊆ H∗kd,kd which implies that a−kak = ekd.

Lemma 3.2. Every element z ∈ S can be uniquely written in the form: z = xif
−1
u,va

−mfu,wa
n where m,n, u, v, w ∈ I,

xi ∈ H∗i,i, f−1
u,vfu,w = fu,wf

−1
u,v = ei ∈ T .

Proof. First we show that m,n, u, v, w are uniquely determined by the H∗-class of z. By Lemma 3.1, we have that for

any m ∈ I, am ∈ H∗0,md, a−m ∈ H∗md,0, ama−m ∈ H∗md,md. Let m,n ∈ I and xi ∈ H∗i,i, then we have

xif
−1
u,va

−mfu,wa
n ∈ H∗i,iH∗i,iH∗md,0H

∗
i,iH

∗
0,nd ⊆ H∗md+i,nd+i.

So if z ∈ H∗k,l and z = xif
−1
u,va

−mfu,wa
n then i ≡ k ≡ l (mod d) and k = md + i, l = nd + i. So m = (k−i)

d
and n = (l−i)

d
.

Hence we can define a map f : H∗i,i → H∗md+i,nd+i by the rule that xif = xif
−1
u,va

−mfu,wa
n. It is clear that f is injective

and surjective. Consequently,

xif
−1
u,va

−mfu,wa
n =

(
ufu,wa

mf−1
u,va

−n
)
f−1
u,va

−mfu,wa
n

= ua−mama−nan

= uemdend

= uemdemd+iend+iend
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= u.

Hence ϕ is a bijection from H∗i,i → H∗md+i,nd+i with the inverse map given by

v 7−→ vama−n (v ∈ H∗md+i,nd+i)

showing that z can be uniquely as xif
−1
u,va

−mfu,wa
n where xi ∈ H∗i,i.

Lemma 3.3. For any xif
−1
u,v ∈ T there exists a unique x∗i f

−1
u,v ∈ H∗0,0 such that axif

−1
u,v = x∗i f

−1
u,va, xif

−1
u,va

−1 = a−1x
∗
i f
−1
u,v.

Let θ : T → H∗0,0, xif
−1
u,v 7−→ ax∗. Then f−1

u,va
kxi = f−1

u,v

(
xiθ

k
)
ak, xif

−1
u,va

−k = f−1
u,va

−k
(
xiθ

k
)

and θ is a monoid morphism.

Proof. Suppose x∗i = axif
−1
u,va

−1. Then we have that

x∗i = axif
−1
u,va

−1 ∈ H∗0,dH∗i,iH∗d,0 ⊆ H∗0,0.

Consequently, we have

x∗i f
−1
u,va = axif

−1
u,va

−1a = axif
−1
u,v.

That xif
−1
u,va

−1 = a−1x
∗
i f
−1
u,v follows similarly. Now let us define θ : T → H∗0,0, xif

−1
u,v 7−→ ax∗i . Then for xi, yi ∈ T we have

that

(
xif
−1
u,vyif

−1
u,v

)
θ = a

(
xif
−1
u,vyif

−1
u,v

)
a−1 (x∗i =

(
xif
−1
u,v

)
θ = axif

−1
u,va

−1 ⊆ H∗0,0)

= axif
−1
u,vedyif

−1
u,va

−1

=
(
xif
−1
u,v

)
θ
(
yif
−1
u,v

)
θ.

Thus θ is a morphism. Also it can be easily seen that f−1
u,v

(
xiθ

k
)
ak = f−1

u,va
kxi. That xif

−1
u,va

−k = f−1
u,va

−k
(
xiθ

k
)

follows

similarly.

Lemma 3.4. Let un ∈ T , m ∈ N0, n ∈ I and let θ : T → T where T =
d−1⋃
i=0

H∗i,i. Then for m > 0, fm,n =

un+1θ
m−1.un+2θ

m−2 . . . un+(m−1)θ
m−(m−1).un+mθ

m−m, where f0,n = e0 is the identity of T .

Proof. Now since un ∈ T , then un+i ∈ T . Obviously, unθ, un+iθ
m−i ∈ T for m ∈ N0 and i = 0, 1, . . . d − 1 where d is

a positive integer. For i = 0, we have unθ
m while for i = 1, we have un+1θ

m−1 and subsequently . . . i = d − 1, we have

un+(d−1)θ
m−(d−1). For i = m, we have un+mθ

m−m = un+m. Now if we let fm,n be the collection of the images of T and

m > 0, we obtain the desired result.

We will now prove the structure theorem for *-simple type A I-semigroups.

Theorem 3.5. Let S be a *-simple type A I-semigroup with d D∗-classes. Then S is isomorphic to a generalized Bruck-

Reilly *-extension S = GBR∗(T, θ) of a monoid T , where T =
d−1⋃
i=0

H∗i,i is a finite chain of cancellative monoids Mi and θ is

an endomorphism of T with image in M0.

Proof. Let S be a *-simple type A I-semigroup. From Lemma 3.2, every element of S has a unique expression in the form

xif
−1
u,va

−mfu,wa
n for xi ∈ H∗i,i, u, v, w ∈ I and a is a fixed regular element in H∗0,d and T =

d−1⋃
i=0

H∗i,i. Thus we can define a

bijection ψ : S → T × I × I by the rule that

(
xif
−1
u,va

−mfu,wa
n)ψ = (xi,m, n).
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From Lemma 3.3, we have that for any xi ∈ T , there exists a unique x∗i f
−1
u,v ∈ H∗0,0 such that axif

−1
u,v = x∗i f

−1
u,va, xif

−1
u,va

−1 =

a−1x
∗
i f
−1
u,v. Let us define θ : T → H∗0,0 as xif

−1
u,v 7−→ ax∗i . Thus θ is a monoid morphism, and for all k ∈ I clearly

f−1
u,va

kxi = f−1
u,v(xiθ

k)ak and xif
−1
u,va

−k = f−1
u,va

−k(xiθ
k). Let xif

−1
u,va

−mfu,wa
n, yjf

−1
u,va

−mfu,wa
n ∈ S where xi, yj ∈ T . We

consider the following cases;

Case 1: If n ≥ p, we have that

(
xif
−1
u,va

−mfu,wa
n) (yjf−1

u,va
−mfu,wa

n) = xif
−1
u,va

n−pyjfu,wa
−maq

= xif
−1
u,v(yjθ

n−p)an−pfu,wa
−maq (since f−1

u,va
kxi = f−1

u,v(xiθ
k)ak)

= xif
−1
u,vyjθ

n−pfu,wa
−man+q−p

= xif
−1
n−p,pyjθ

n−pfn−p,qa
−man+q−p

where u, v = n− p, p and u,w = n− p, q (since n− p, p, q ∈ I).

Case 2: If n ≤ p, we have that

(
xif
−1
u,va

−mfu,wa
n) (yjf−1

u,va
−mfu,wa

n) = xif
−1
u,va

−(p−n)yjfu,wa
−maq

= f−1
u,va

−(p−n)(xiθ
p−n)yjfu,wa

−maq (since xif
−1
u,va

−k = f−1
u,va

−k(xiθ
k))

= f−1
u,vxiθ

p−nfu,wyja
−(m+p−n)aq

= f−1
p−n,mxiθ

p−nfp−n,nyja
−(m+p−n)aq

where u, v = p− n,m and u,w = p− n, n (since p− n,m, n ∈ I). Thus the mapping ψ : S → T × I × I defined by the rule

that (
xif
−1
u,va

−mfu,wa
n)ψ = (xi,m, n)

is an isomorphism. This completes the proof.
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