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Abstract: The absolute convergence and absolute summability of Lacunary Fourier series was studied by several authors and obtained
many results on it. In this direction ,N.V.Patel [2] has obtained a result on absolute summability of Lacunary Fourier

series. In this paper, we have proved a results by considering more general absolute summability under same hypothesis

which generalizes the results of N.V.Patel [2].
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1. Introduction

∞∑
k=1

(ank cosnkx+ bnk sinnkx) (1)

be the Fourier series of a 2π-periodic functions f ∈ [−π, π] with an infinity of gaps (nk, nk+1), where (nk) (k ∈ N) is a

strictly increasing sequence of natural numbers. Several mathematicians have studied the absolute convergence and absolute

summability of the Fourier series (1), as well as the order of magnitude of Fourier coefficients, by considering various

properties of f .

Definition 1.1. The series (1) is said to be summable |c, θ|τ τ ≥ 1, (see [1]) if

∞∑
k=1

nτ−1
k

∣∣∣σθnk (x)− σθnk−1
(x)
∣∣∣τ <∞.

where σθnk (x) denotes the nth Cesaro mean of order θ and for a real numbers γ, which is not a negative integer and

Eγn =

 n+ γ

n

, where n ∈ N and Eγ0 = 1.

In particular cases, if

(1). τ = 1, then |c, θ|τ reduces to absolute summability |c, θ|.

(2). τ = 1 and θ = 1, then |c, θ|τ reduces to absolute summability |c, 1|.
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2. Main Result

Theorem 2.1 ([2, Theorem 2]). If f ∈ Lipα at a point x0 ∈ (−π, π) and if (nk) satisfies

(nk+1 − nk) > Anβk (0 < β < 1)

then the Fourier series (1) of f is absolute summable (c, 1) when α > β−1 − 2.

We will prove the following results for more general absolute summability under the same hypotheses. In fact, our result is

as follow:

Theorem 2.2. If f ∈ Lipα at a point x0 ∈ (−π, π) and if (nk) satisfies

(nk+1 − nk) > Anβk (0 < β < 1) ,

then the Fourier series (1) of f is summable |c, 1|τ ; τ ≥ 1 when α > 2−β−τ−τβ
τβ

.

Remark 2.3. If we put τ = 1 in Theorem 2.2, then |c, 1|τ reduces to |c, 1| summability and condition α > 2−β−τ−τβ
τβ

reduces

to α > β−1 − 2 which is same as in the case of N.V.Patel [2] and hence we get Theorem 2.1.

For the proof of the Theorem 2.2, we need the following lemma.

Lemma 2.4 ([2]). If (nk) satisfies (nk+1 − nk) > Anβk (0 < β < 1) then nk ≥ kδ for all k ∈ N .

Proof of Theorem 2.2. As per the proof given in Theorem 2.1 due to [2], we have

∣∣∣σθnk − σθnk−1

∣∣∣ =
1

nkEθnk

∣∣∣∣∣
k∑
p=1

Eθ−1
nk−npnp

(
anp cosnpx+ bnp sinnpx

)∣∣∣∣∣
≤ 1

nkEθnk
{|nk (ank cosnkx+ bnk sinnkx)|}+

∣∣∣∣∣
k∑
p=1

Eθ−1
nk−npn

p (anp cosnpx+ bnp sinnpx
)∣∣∣∣∣

Let θ = 1. Then by Theorem 2.1, we have

∣∣∣σnk (x)− σnk−1
(x)
∣∣∣ =

1

nk (nk + 1)

∣∣∣∣∣
k∑
p=1

np
(
anp cosnpx+ bnp sinnpx

)∣∣∣∣∣ .
= O (1)

{
k

kδ(αβ+1)

}
.

= O (1)

{
1

kαβδ+δ−1

}
.

Therefore, we have

nτ−1
k

∣∣σnk (x)− σnk−1 (x)
∣∣τ = O (1)

(
k−δ(τ−1)

{
1

kαβδ+δ−1

}τ)
.

= O (1)
1

kτ(αβδ+δ−1)+(δτ−δ) .

= O (1)
1

kταβδ+τδ−τ+δτ−δ
.

= O (1)
1

k
ταβ+2τ−τ+τβ−1

1−β
for δ =

1

1− β .

= O (1)
1

k
ταβ+τ+τβ−1

1−β
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Thus we have
∞∑
k=1

nτ−1
k

∣∣∣σnk (x)− σnk−1
(x)
∣∣∣τ = O (1)

∞∑
k=1

{
1

k
ταβ+τ+τβ−1

1−β

}
.

Now,
∞∑
k=1

nτ−1
k

∣∣σnk (x)− σnk−1 (x)
∣∣τ <∞, if

ταβ + τ + τβ − 1

1− β > 1

⇒ ταβ + τ + τβ − 1 > 1− β

⇒ τβα > 1− β − τ − τβ + 1

⇒ α >
2− β − τ − τβ

τβ

Hence
∞∑
k=1

nτ−1
∣∣∣σnk (x)− σθnk−1

(x)
∣∣∣τ <∞.

which implies that the series (1) is |c, 1|τ summable and thus Theorem 2.2 is proved.
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